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PREFACE TO VOLUME TWO 

'All substances deform under applied loads. This phenomenon 
is the aspect of natural science considered in the present work after 
imposing certain idealising restrictions to bring such a wide subject 
within the scope of one set of mathematically linear equations/ 
This introduced the formulation of the theory in volume I of this 
treatise and indicates the general attitude adopted there. 

Here, the theory is applied and the available experimental 
evidence is examined for the equilibrium deformation of various 
solids having various boundary conditions. Even for economi- 
cally important materials like engineering metals and rubber, 
there is very little experimental evidence at present on their be- 
haviour under complex stresses. The present author undertook 
a research in the period from October 1945 to September 1950. 
After some preliminary simple tensile loading of engineering metals 
to get the 'feel' of the situation and to develop and make suitable 
instruments 3 ' 8 ' 9 ' 27 , it was seen to be essential to test at least 
one engineering metal over as much of the stress universe as is 
physically possible. 

The importance of using the whole strain field of the deformable 
body itself as a reference for the observation of stress-strain effects, 
rather than to use a reference fixed in space, was realised early in 
1946. The consequences of this idea are examined in general 
terms in volume I and an extremely simple presentation of the 
relevant ideas is given here, in chapter II. 

The classical Navier, Cauchy, Saint-Venant theory on infini- 
tesimal elastic straining was shown to be insufficiently restrictive 
on the theoretical distribution of complex stresses. This criticism 
led to a polemical situation with the elasticians, while the analyti- 
cal methods used led to controversy with the mathematicians 69 > 70 . 
The author hopes that the first volume together with this 
second volume will clarify the difficulties. Further, the original 
three stress functions of Maxwell have been shown to remove the 
essential property of invariant transformability from the stress 
dyadic when it is expressed in terms of them. (See volume I, 
article 11,9.) When modified suitably to a single function then 
there appeared inferences from the classical theory similar to those 
said to be unacceptable from the author's theory. 
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PREFACE 

Even such a trivial case as simple tension on duralumin led to 
controversy when the value of the plastic transverse contraction 
ratio was published 84 ' 48 as less than | for small strains. (See 
article 1,11 here.) It was contended that plastic straining in- 
volved only a rearrangement of particles in the metal lattice so 
that volume change could not occur and, therefore, the plastic 
transverse contraction ratio could not be less than |-. The 
evident weakness of the argument is in reasoning to a conclusion 
based on a homogeneous lattice of particles whereas the metallic 
body is definitely of crystalline heterogeneity. The author's use 
of electrical resistance-wire strain-gauges was said to be the cause 
of the error in the observation. Therefore considerable time was 
spent in designing, making and using a multiply-armed optical 
extensometer 3 . The same values were found. Next, it was said 
that the use of rectangular cross-sectioned test specimens was 
unsatisfactory since, undoubtedly, the plastic transverse contrac- 
tion value through the smaller thickness of the section was greatly 
different from that across the width on which the measurements 
were taken. (This same statement has appeared again, elsewhere 
in 1950 83 , since the original discussion in 1946-47.) A check 
using less accurate means of measurement gave virtually the same 
value in both directions. It transpired that the other experi- 
menter had tested steel and a measurement on this material did 
indeed give a value not much less than . Tests on copper, brass 
and aluminium gave values well below -J- similar to that for duralu- 
min. 

This rather trivial case demonstrates the danger of extrapolating 
measurements from one substance to another or, even worse, to a 
general conclusion which, by a coincidence, may be in accord with 
a preconception on what should be observed. This book is not 
one on strength of materials, so the experimental data in chapter I 
are less than those available to the author. When more tests 
are available then there can be written a book which is the complex 
stress equivalent of the familiar type of book dealing with simple 
loading of engineering materials. A survey of the literature shows 
that the necessity for a programme of complex stressing of materials 
has not been realised yet by the learned societies dealing with this 
topic. So very much experiment is needed on many substances! 

During such experiments and while analysing the measurements, 
fresh directions for investigation will undoubtedly appear. The 
present author has dimly seen several directions for advance, from 
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his rudimentary experiments and the analysis of measurements by 
others, as the careful reader will note here. The present author 
hopes that he, or somebody else, will secure in the near future the 
experimental facilities necessary to extend knowledge in this field 
which affects the current ideas in so many topics discussing the 
change of shape of bodies under force. There is so much to be 
done that many workers can spend full, profitable lives without 
seeing the end of the task. 

The few measurements that have been taken are rarely given 
in the memoirs published more recently. Usually, an author gives 
only a printed curve, so that a reader is unable to examine any 
alternative method of analysing the observations. The present 
author experienced this difficulty, so several of the experimenters 
were kind enough to supply their readings privately on request. 
For the convenience of the present reader, the measurements are 
given in the Tables and their sources gratefully acknowledged. 

The Navier, Cauchy, Saint-Venant theory leads to equations 
which are mathematically necessary but are not sufficient. Even 
with the ISaint-Venant compatibility conditions, which are less 
restrictive than the present author's, the usual biharmonic distri- 
bution of the Airy stress function is not sufficiently restrictive for 
'plane stress'. It is shown how to utilise these 'approximate 5 
solutions for infinitesimal strain and to extend them to finite 
elastic strain by using whole-body convected axes and the principle 
of straining equivalence of relative-displacement and straining- 
displacement. This shows that the orthogonal transformation, 
from the unstrained elastic body to the strained elastic body, is 
performed with precisely the same equations for any finite magni- 
tudes of strain when the two orthogonal (usually curvilinear) grids 
are locked together at one arbitrary point and a 'true' strain 
measure is used. Thus, the immense labour expended on the 
solution of particular boundary problems, since the Navier, 
Cauchy inception of the current theory in the period 1822-27, is 
not completely discarded but it needs to be recognised that each 
solution is mathematically approximate and that it must be 
examined for possible error. 

The impact of the present ideas on the deservedly famous 
theory of torsion due to Saint- Venant is seen in chapter XI. The 
inferences there are consistent with qualitative ideas expressed 
separately by Cauchy and Kelvin, but which were discarded as 
valueless (but, fortunately, were placed on record) because only 
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the insufficient compatibility conditions of Saint -Venant were 
available then. The modification of Saint-Venant's theory by the 
present author shows that radius vectors do not necessarily 
remain straight as hypothesised by Saint-Venant following 
Coulomb. Cauchy doubted the validity of such an hypothesis 
when considering Saint-Venant's memoir prior to publication. 

Further, the unhappy Navier was not completely in error with 
some of his inferences, since greatest stresses on a boundary can 
occur at its most distant points from the axis of twist in some cases. 
This suits Kelvin's analogue to irrotational fluid circulation which 
is discarded by the Saint-Venant theory as dealing with the trivial 
case of zero torsion. The Saint-Venant compatibility conditions 
allow physically unacceptable ' dislocational rotations' to occur 
in general solutions. The torsion solutions illustrate this dis- 
locational rotation on the so-called axis of twist and give point to 
Cauchy's query on their validity. A more general theory of 
torsion, with fewer arbitrary hypotheses, is then given. The 
Boussinesq stress function is seen to be the conjugate of a parti- 
cular form of the present author's stress potential. 

The self-conjugacy (i.e. symmetry) of the stress and strain 
dyadics allows each to be expressed in terms of three mutually 
orthogonal principal components. The principal directions for 
these two dyadics are not coaxial in anisotropic straining. One 
arbitrary choice of reference directions is allowable to relate these 
two dyadics by phenomenological stress-strain parameters. This 
has been discussed in volume 1 and is re-emphasised here, but it is 
not clear from the usual statement of Cauchy's generalised Hooke's 
law. 

The recent observations, by L. R. G. Treloar, on the apparently 
anomalous stress-strain effects on the application of apparently 
homogeneous, complex, apparently 'plane' stress to a thin 
rubber sheet are presented in chapter X. The resolution of the 
difficulty is seen to be consistent with predictions from the present 
author's theory. This led to the reconsideration of Pilon's well- 
known generalised plane stress theory and to the formulation of a 
quasi-plane stress theory. This latter suits the observations that 
plane strain solutions, of particular boundary value problems, are 
in accord with the observations of strain on the main faces of thin 
sheets apparently loaded with plane stress and with photo- 
elastic observations on relatively thick plates. 

Further, consideration of the stress-strain relations derived 
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from strain energy functions by M. Mooney, L. R. G. Treloar, 
R. S. Rivlin and others using the same methods indicates that 
bheir neglect of the first stress invariant is unjustified. A zero 
strain energy function influencing the stress-strain relations for 
incompressible elastic substances, like rubber, is seen to occur. 
The zero component of the strain energy function for incom- 
pressible substances means that the stresses cannot be specified 
from observations of only strain energy and strain in such cases. 

The present author's theory on the shearing of laminae leads to 
an analogy with the two-dimensional flow of inviscid, irrotational, 
incompressible fluid. Hence, the well-known powerful methods 
of conformal transformation with the complex variable can be 
applied. 

The contemporary recent writers on finite elastic strain have 
brought into prominence the so-called Poynting effect, due to 
which an elastic cylindrical rod extends under axial torsion. 
These writers use quadratic strain theories and introduce a third 
stress-strain parameter, the ' modulus of cross-elasticity', to 
analyse the effect. The present author points out that the Poynting 
effect is a stretch, rather than a normal strain, and analyses the 
effect by the mathematically linear theory, with only two stress- 
strain parameters and the further idea of strain transfer, which 
has no place in other theories. This leads to the theoretical 
derivation of Poynting's observation that, after application of 
axial tension to a rod, further axial stretch (referred to as ' strain ' 
by Poynting and subsequent writers) occurs on applying a small 
shear stress. The increased axial stretch is proportional to the 
square of the shear stress. 

The recent important tests by J. L. M. Morrison & W. M. 
Shepherd in England, and by R. W. Peters, N. F. Dow & S. B. 
JBatdorf in America, on elasto -plastic straining in metals, emphasise 
further the necessity of considering strain transfer explicitly. 
The author's analysis 64 of these tests indicates what is to be taken 
as elasto-plastic 'strain' to fit the evidence and shows how to 
analyse the elasto-plastic displacement. A survey of the literature 
between 1946 and 1950 indicates a severe theoretical controversy 
on the plastic stress- 'strain' relations. These tests appear to 
have concluded 64 that discussion. The plastic equivalent of the 
Poynting effect appears again in an example on simple shear. 

The relationship between the methods of the 'stress-fluidity' 
school of plastic strain analysis and that of hydrodynamics, as 
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given originally by Tresca and Saint-Venant in 1870, seems to 
have been lost. Much of the controversy in the period 1946-50 
can be traced to the misunderstanding arising from the use of the 
same terms to denote different physical situations by different 
analysts following upon this loss of sight of the initial formulation. 
(See article IV, 16. 15.) Further, the writers have riot discussed 
all their physical assumptions, so the matter is presented briefly 
in article IV, 16. It is commonly accepted as a fundamental 
hypothesis that plastic stress-strain relations are independent of 
the first stress invariant. The present author opposes this idea 
and presents his theoretical reasons and experimental evidence. 
Usually, the elastic and plastic stress-strain parameters are 
hypothesised as isotropic but the usual form of the stress-strain 
relations does not facilitate the experimental examination of this 
aspect. The assumed isotropy of the plastic modulus is shown to 
be very much an approximation. Again, it is seen that when the 
components of the stress dyadic have some independence of 
variation one from another then, correspondingly, the variations 
of the elasto -plastic strain dyadic show some independence one 
from another. This does not mean that the 'simple' super- 
position of elasto-plastic stress-strain effects is allowable. 

It is of interest that the same sort of polemic has arisen indepen- 
dently in Russia. The applied-mathematician A. A. Ilyushin 
complained in 1 949 86 of attacks by the physicist V. D. Kuznetsov 87 
and the experimentalist 8. I. Ratner 88 . The physicist com- 
plained that the mathematician ignored physical evidence, had 
no physical 'feel' for what was happening and in consequence 
the mathematical theory of Ilyushin 89 did not suggest further 
directions for experiment but arrived at a dead end. {Quoting 
Pasteur in the preface of our volume I, the theory is not ' fruit- 
ful'.) The experimentalist complained that there are so 
many unexamined physical hypotheses and suggested tests 
involving the rotation of stress and strain relative to the substance 
(present author's ' transfer'). Ilyushin rejects 86 such a test as 
unenlightening. (Outside Russia such a test was accepted as 
crucial 64 and carried out 60 ' 61 .) More broadly, it is seen that 
the quarrel between the physicist and the mathematician is only 
that between the atomistic and phenomenological approaches 
similar to the polemic between Navier and Cauchy in the nine- 
teenth century 19 , while that with the experimentalist is similar 
to that with the engineer Vicat 19 who stimulated Saint-Venant to 
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an improved theory. In fact, the first step towards synthesis of 
the atomistic and phenomenological approaches has been taken 
by A. M. Freudenthal o. 

Very steep stress gradients are possible in a deformation but 
do not appear to have been discussed in detail previously except 
in Rayleigh's theory 102 of propagation of surface strain waves 
and rather by implication in Griffith's idea 113 of surface energy 
to predict rupture of brittle solids. Their observation in experi- 
ments is likely to be extremely difficult and could be overlooked 
in some cases unless a theory had inferred their presence . Further, 
interior stresses are never measured but must be inferred from 
some stress-strain theory. Unfortunately, theory is not always 
amenable to experimental examination and even when tests are 
carried out the manner of their interpretation is as important as 
the test, which rarely gives the desired information directly. 

Volume I needed to be rigorous since it considered the mathema- 
tical consistency of the present theory. This volume II is more 
concerned with 'practical' aspects, HO that in some cases approxi- 
mations have been made in the intuitive, engineering sense as 
required but always indicating the nature of the approximation 
when compared with the rigorous theory. Thus, it is hoped that 
the present volume supplies a need for the research engineer, 
experimentalists and physicists without unduly emphasising the 
mathematics from which this subject cannot be divorced. If the 
reader desires more detail of basic formulation then volume I gives 
it. Other topics such as thin plates, buckling, stress propagation, 
vibrations, etc. will be treated in subsequent volumes. The de- 
formation of 'solids' has been considered primarily in the first 
two volumes even when discussing stress-fluidity or plastic flow- 
strain. The inclusion of elasto-viscous fluids like molten solids, 
pitch, oil, water, air and other gases, etc. in the present compre- 
hensive theory is done readily in terms of the partial-increment 
dyadics. Volume III, now in preparation, develops the method 
and shows that the usual restriction to inviscid fluids is unneces- 
sary, as the elasto-viscous flows are analysed just as readily. 
It is unnecessary to subdivide lfj * a flow arbitrarily into zones 
within and outside a ' boundary layer ' (in which velocity 
gradients are appreciable near a surface) as though the fluid body 
is inhomogeneous, nor to assume arbitrary conditions for its 
analysis 150 156 - 2 157 . Some deficiencies are revealed in the classical 
theory of hydrodyamics. 
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The relevant expressions are given in appendix A, of the various 
operators and operations in the vector analysis of curvilinear 
coordinates required here for the particular deformation cases 
analysed. This, with the appendix A of volume I, gives a concise 
introduction and summary of vector analysis methods for ready 
reference, but cannot replace one of the many excellent books on 
the subject. 

Part of this analysis was formulated, some of the examples were 
worked and the experiments were performed during the author's 
tenure of an Imperial Chemical Industries Research Fellowship in 
the University of London from October 1945 to September 1950. 
Because the theory conflicted with the generally accepted old 
theories it proved impossible to have published a full account in 
the scientific journals, so the present treatise was undertaken. 
The dates for the more important unpublished matter are given 
in footnotes. The novelty of the ideas led to lack of support of 
the necessary experimental work, so that there still remains a 
great deal to be done. This volume was virtually complete in 
1952 but, in the interim, a few articles have been added, as shown 
by the dates in the footnotes. 

It is a pleasure to record again the continued encouragement 
and courtesy of the publishers, Messrs. Chapman & Hall, Ltd., and, 
in particular, that of Mr. G. Parr, Technical Director. Without 
this impartial support by the publishers, the new ideas may not 
have been available for the reader's consideration for many years. 
Mr. E. W. Hamilton, in charge of the production of the 
publishers' technical books, has given his helpful guidance again 
and expedited this volume. The printing and proof-reading by 
Messrs. William Clowes and Sons, Ltd., have been even more 
accurate and helpful in this volume, so that the author's task has 
been light. The author is grateful for this help. 

It is hoped that the good offices of these helpers have produced 
an accurate text. If, however, there are any inaccuracies of 
presentation or printing, then, clearly, the author is responsible 
alone. 

K. H. S. 

Gth July, 1954 
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PRINCIPAL NOTATION 

R Current position vector of a point. 

R Initial position relative to a spatially fixed reference. 

R inst Initial position relative to non-deformable whole- 

body convected axes. 

R* Initial position relative to the deformable refer- 

ence given by the body itself. 

R def Initial position relative to non-deformable whole- 

body convected axes for an elasto-plastic body. 

U Spatial-displacement of a point. 

D Straining-displacement of a point. 

D* Relative-displacement of a point. 

D abs Absolute-displacement of a point. The differen- 

tial form dD abs is usually considered. 

V Deformation-displacement relative to non-deform- 

able whole-body convected axes for an elasto- 
plastic body. (Also used for velocity in chapter 
XII.) (Also used for spatial-displacement aver- 
aged over the thickness of a plate.) 

C Convection-displacement. 

C sp Spatial convection-displacement. 

(jwb^ QHt Whole-body and straining convection-displace- 

ment components, respectively, of C sp . 

O Position of the arbitrary origin of non-deformable 

whole-body convected axes. 

M Strain dyadic. 

j& Stress dyadic. 

}3 Stress-strain parameters dyadic. Superscript M 

denotes the general member of E, P for elastic 
and plastic respectively. 

P Stress-strain parameters quadadic. 

3 Idemfactor. 

Q Versor operator. 

A Partial-increment operator. 
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PRINCIPAL NOTATION 

V Vector gradient operator referred to generally as 

'nabla'. 

* Dot ' of scalar product, 
x * Cross ' of vector product. 

: Double scalar product. (See volume I, article 

A,22.1.) 

* Double vector product. (See volume I, Article 

A,22.2.) 

^ Sign meaning 'equivalent to*. 

== Sign meaning * approximately equal to*. 

V = div Divergence operator. 

Vx = curl Curl operator. 

V 2 Laplacian operator found here from 3:W. 

V 4 = V 2 V 2 Biharmonic operator. 
Displacement potential or, otherwise, the scalar 

potential of the strain dyadic. 
H Stress potential. 

<A Airy stress function. 

a Special form in the stress potential ff = 72 2 a. 

j3 Boussinesq stress function shown to be conjugate 

to a. (Also a constant of proportionality in 

article IV,16.) 
., ., k Direction subscripts for cartesian axes. Each 

can represent the general member of 7, 2, 3. A 

specialised sequence used frequently is 



k=3 



2 
3 
1 



3 
1 

2 



9 s Direction subscripts used sometimes in place of 

i, j, k. 

j . k Subscripts denoting the principal directions of 

the self-conjugate strain dyadic. 

,,,,,, Direction subscripts for the typical point in a typi- 

cal curvilinear coordinates system. 

r , Direction subscripts for cylindrical coordinates 

(R r , e, B.). 

r 99 Direction subscripts for spherical coordinates 

(*, ^ 
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PRINCIPAL NOTATION 

Cj or Cp Spatially fixed cartesian axes unit vectors. 

x i Non-deformable whole-body convected axes unit 

vectors. 
Xi Principal directions (unit vectors) of the strain 

dyadic. 

c a> C 6> c c Curvilinear coordinates unit vectors. 

cp j9 ..., c x Cy, ..., x 4 Xj, ..., XjXj, ..., c a Cft, ... Unit dyads for the 

various dyadics and directions. 
Si Principal directions (unit vectors) of the stress 

dyadic. 

n Unit vector normal of a surface. 

t, p Orthogonal unit vectors tangential to the surface 

and forming a set n, t, p. 
n^ ..., HJ., ..., n a , ... Scalar components of n to the various 

coordinate directions. Also direction cosines 

since, for example, n i = n*c L . 
R t < ..., Rj., ..., R n , ... Scalar components of R to the various 

coordinate directions. 

r/ r ..., U^ ..., U tr ... ] Scalar components of the various dis- 
/>,., ..., D x , ..., D a , ... > ])la(^ements for the various coordinate 
D* ,...,!>*,..., D* 9 ... j directions. 

r/R Arbitrary, differential change of position from R 

in the deformed body. 

X 7i , Unit vector in the direction of rfR. 

F h ..., F x , ..., F. n , ... Abbreviated notation for partial 
differentiation of any function F. For example, 
F. L = 8F/d i9 so that the subscript semicolon 
represents the operator 8/8R for brevity. 

S Vector stress. Components of the stress dyadic 

for various directions are S t , ..., S^, ..., S a , ..., 

s,, .... 

S Scalar stress. Components of vector stress for 

various coordinate directions are Sy, ...,S X y, ..., 
S ab , ..., /Sjj, .... When Si is the principal 
value for the stress dyadic then the scalar value 
is A^. 

e 'True' strain. Scalar components of the strain 

dyadic are e iJ9 ..., e xy , ..., e ab , ..., e i9 .... 
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a>n Unit stretch of the line element, in direction X 1{1 

of current length dB and initial length dR. 
Thus, dD abs = atflR* R . 

Partial-strain component of e. Appropriate sub- 

scripts give the various directions. 

*l*,q Stress-strain parameters. Modulus and trans- 

verse contraction ratio, respectively. Super- 
script M denotes various * qualities' of the strain. 
Direction subscripts are used when the para- 
meters are not isotropic. 

K 9 E 'True* and * nominal* Young's elastic modulus, 

respectively. (For linear, true, elastic stress- 
strain relations E = 0~ l .) 

P Elasto -plastic tangent modulus. 

~ f Stress-strain parameters usually as suitable com- 

j 9 g < binations of the i/r's and g's. (J, K also used 

' [ as geometrical quantities in article 111,8.) 

<P, A Strain transfer angle for an elastic body and an 

elasto-plastic body, respectively. 
K Modulus of infinitesimal dilation. 

v Infinitesimal volumetric dilation per unit volume. 

(Also used for areal dilation in article V,19.) 

3 S]) Infinitesimal spatial-rotation antiself-con jugate 

dyadic. Sometimes just 31 for brevity. 

60,-y, ... Scalar components of 2l sp for various coordinate 

directions. 

ap , wb , st , (lr Spatial-, whole-body, straining-, dislocational- 
rotation, respectively, of a principal element 
during infinitesimal elastic deformation. 

e 'Nominal' or Cauchy strain. Appropriate sub- 

scripts of direction, similar to those for e, are 
inserted as required. 

e nat ( or a j Natural, logarithmic or Roentgen, Ludwig, Hencky 
strain, (oc also used for the 'real' component of 
a complex function, as an elliptic coordinate and 
as Trouton's coefficient of viscous extension.) 

m, m Current and initial density, respectively. 

wB Body force per unit current volume. 
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X (i) Three invariants of a self-conjugate dyadic. 

X s , x 1 * First invariant of the stress dyadic and strain 

dyadic, respectively. The superscript (1) is left 
off for brevity. 

A?, Aj Extension ratio (er) and inverse extension ratio 

(inver), respectively, for principal directions. 
(A? here is A i9 the strain ellipsoid semi-axis in 
volume I, article 1,4.1.) 

u\, u i Squared extension ratio (ser) and inverse squared 

extension ratio (invser), respectively, for prin- 
cipal directions. 

w 9 w Strain energy per unit current and initial volumes, 

respectively. Referred to more briefly as cur- 
rent and initial unit strain energy, respectively. 
(w is also used for infinitesimal spatial-rotation 
in article V,19.) 

w" Zero strain energy function in article X,5.8. 

13. = (3 VU)(3 UV) A self-conjugate dyadic in the strain 
ellipsoid equation with the coordinates of the 
point in the deformed body. 

1ft" = (3-|_vUH3+UV ) A self-conjugate dyadic in the in- 
verse strain ellipsoid equation with the co- 
ordinates of the point in the undeformed body. 

, First invariant of 1BI and 1ft, respectively. 

u lt X 7e 1dx^ Quadratic invariant (elastic) strain metric 
analysing spatial-displacement relative to the 
deformed body. 

u R = x, 1tl xJ 2 Quadratic invariant (elastic) strain metric 
analysing spatial-displacement relative to the 
undeformed body. 

x^ Initial direction of a line element having current 

direction x^. 

(7, C Stress-strain parameters in chapter X. (Also 

used as geometrical quantities in article 111,8.) 
(C also denotes the constant first stress invariant 
sometimes.) 

0, Q, q Torque vector, scalar magnitude and direction, 

respectively. 

o Octahedral unit vector. 
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S oct Octahedral stress vector. 

cr, r Octahedral normal and shear scalar stress, re- 

spectively. 

v, y Octahedral normal and shear strains, respectively. 

i -= y'(-.-i) Imaginary, so-called. 

c ==. Rj+iliy Complex variable. 

c' -~= R x iR u Conjugate complex variable. 

y, y' Function of c. and c', respectively. 

a, ]8 Real and imaginary components of y. (Also 

elliptic coordinates in article XII, 7.) 

c c c 

c, cc Complex unit vector, unit dyad, respectively. 

2fjL, a Coefficient of fluid viscosity and viscous extension, 

respectively, in article IV, 10. 

/> /'8( ) Incremental plastic parameters in article IV, 16. 
Jft, 1C Strain and stress dyadic, respectively, from JH, 

J5, each averaged over the thickness of a plate. 
V, F r , ... Spatial-displacement averaged over the thickness 

of a plate. Vector and the scalar components, 

respectively. 

X T First invariant of *C. 

/, T Scalar component of M and 1C, respectively, with 

appropriate direction subscripts. (7 7 is also 

used sometimes for shear stress.) (Again, in 

article XI,5 it is used for the infinitesimal angle 

of twist.) 
^, J Scalar potentials of dyadics ,R, *C, respectively. 
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Chapter I 
ONE-STRESS DEFINITIONS AND TESTS 

1. One -stress test 

Simple tension is the most usual loading to test the behaviour 
of common engineering substances. An extensile or tensile force 
is applied axially to a right cylinder of the substance and distri- 
buted as uniformly as possible over the cross-section, which is 
usually circular or rectangular. The changes in dimensions of 
the specimen are frequently very small over important ranges of 
the loading, so that accurate means of measurement are required. 

1.1. Extensometers. Many optical instruments have been 
devised using the relative rotation between a mirror effectively 
fixed to the specimen and another moved by the relative displace- 
ment between two points of the loaded specimen at a distance 
apart known as the gauge length. The Martens extensometer is 
a typical instrument of this sort to measure longitudinal stretch, 
while the Lamb extensometer also measures the transverse con- 
traction of a rectangular-sectioned specimen 1j 2 . 

An instrument constructed by the author 3 measures simul- 
taneously the longitudinal stretch, transverse contraction and, 
also, stretch at 45 to the axis on a rectangular-sectioned specimen. 
Several gauge lengths are available in each of these directions, 
stretches of any finite magnitudes can be accommodated by means 
of a zero resetting device, while high sensitivity of the order 
10~ :> inches per inch is retained. 

A device developed 6 from an observation by Kelvin 7 is to 
cement a very thin electrical resistance-wire to the surface to be 
strained. The stretch changes the specific resistance of the wire 
and this, after suitable calibration, gives a measure of the strain. 
Most gauges operate within the extension 0-03 inches per inch, 
but the author found 8 ' 9 wire filaments operating to 0-14 inches 
per inch, and then W. Weibull found 10 materials operating to 
0-65 inches per inch before they ruptured. 

1.2. Simple compression test. Axial compression is the 
other simple loading for a substance. This is not easy to achieve, 
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1,2 ANALYSIS OF DEFOBMATION 

as it is difficult to apply the load evenly over the cross-section, to 
have a specimen long enough to secure a length reasonably free 
from the end effects, such as friction, and yet short enough to 
prevent unwanted 'buckling' of the specimen. 



2. Normal strain 

As the load increases, the simple tensile specimen extends in 
length and contracts in width. Thus, a short line in the direction 
of pull and local to a given point on the surface of the specimen 
increases in length, while one normal to the direction of pull 
decreases in length. More generally, two such initially orthogonal 
short lines not in the direction of nor orthogonal to the direction 
of pull will depart from orthogonality one to another and also 
change their lengths. The relative displacements between the 
ends of the short local lines in the direction of and orthogonal to 
the pull constitute strain at the point. f 

The change in length of the lines at an angle to the pull is not 
'strain', in general, but is known as stretch. 'Strain' is the com- 
ponent of a dyadic (or second-order tensor), while 'stretch' is not, 
as it refers only to the effects in a single line. Elaboration of this 
distinction, while seeu to be most important subsequently, is 
inappropriate at this introductory phase of the discussion but is 
given J in chapter III. 

2.1. Normal strain definition. Many mathematical defini- 
tions have been proposed for strain. Cauchy's nominal normal 
strain defined as line wise relative displacement per unit length of 
the undeformed body appears to have been the first. Other 
definitions can be found in the literature or, as discussed briefly, 
in volume I, articles 111,8, III, El. Unless indicated explicitly 
otherwise, there is always used here a true normal strain defined 
as line wise relative displacement per unit length of the deformed 
body. Thus 5 , 

/Stretched InitiaA / /Stretched \ (21^ 

e ~~~ \ length ~~ length// \ length / * ' ' 

The term 'true' does not imply 'falseness' for other definitions 
but merely that all quantities are 'actual' or 'true' in referring 
to the current state of strain. 

f See volume I, chapters I, III. 

J A more general discussion is given in volume I, article 111,13. 
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ONE-STBESS DEFINITIONS AND TESTS 1,2.2 

2.2. Comparison of nominal and true strains values. 

If a line is initially straight and of length R while currently it is 
straight and of length R, with the notation (R~R) D, then 
true strain 

e --= D/R (2.2) 

while nominal strain is 

e =-- D/R (2.3) 

so that 

e/e = R/B (2.4) 

Rearrangement gives 

e = e/(l+e) e = e/(l-e) (2.5) 

2.3. Extension ratio, nominal and true strains. Recent 
writers 12 * 13 * 14 ' 17 on the high elasticity of substances puch as 
rubber have used the extension ratio 

X = R/R (2.6) 

and its inverse 

A RjR (2.7) 

to be related to stress when analysing the stress -strain effects. 
Then, true strain 

e = 1-A (2.8) 

while nominal strain 

e = \-l (2.9) 

2.4. Normal increment strain from a current state. 

The foregoing evolves normal strain definitions regarding the 
initial, undeformed body as the reference from which to pass to 
the deformed state or conversely, so that total strains are con- 
sidered. Now, regard the currently deformed body as the 
reference from which to pass to a state only incrementally 
different, so that increment strains will be considered. Thus, 
by definition, with 8D the increment displacement of the point 
relative to the currently deformed state, the true increment 
strain isf 

~R 8D . . 

"IT (2 ' 10) 



2.5. Comparison of true total and increment strains and 

logarithmic strain. Throughout the present treatise the dis- 

placement of particles, relatively one to another, is regarded as 

f See volume I for a full discussion. 
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1,3 ANALYSIS OF DEFORMATION 

the primary quantity analysed. Therefore, in articles 1,2.2, 
1,2.4 the 'strains' definitions suit this viewpoint. Thus, for 
example, 

8e - 8D/R -/- 8(D/R) = 8D/R-~D8R/R^ (2.11) 

because 8(D/R) is an increment of true strain referred to the 
initially undeformed body, whereas 8D/R is a true increment 
strain referred to the currently deformed body. 
Then, using total strain gives 

D Re (2.12) 

or using increment strain 

D USD = ^R8e (2.13) 

with the summation between the initial and current states. 

The Roentgen lf) , Ludwig 1J , Hencky 1L> natural or logarithmic 
strain is 



_ log AU (2 . 14) 

Comparison with 1(2.11) shows that 

8e* --. 8e (2.15) 

but, because displacement D is the primary quantity here, we 
do not integrate 8e like Roentgen but integrate 81) as in 1(2. 13). 
The natural strain definition leads to rather clumsy exponential 
expressions to pass from strain, and therefore stress, to displace- 
ment. 



3. Transverse contraction 

A substance generally contracts in all directions orthogonal to an 
applied longitudinal stretch as in simple tension. This is the 
transverse contraction. For the purpose of analysis it is usually 
convenient to introduce a transverse, contraction ratio q such that, 
when the longitudinal strain is e, then the transverse contractile 
strain is qe, with the negative sign to indicate contraction when 
the positive sign indicates extension. 

Sometimes it is more convenient to analyse the deformation 
into longitudinal increment strain 8e and transverse contractile 
increment strain q8e, where, however, the transverse increment 
contraction ratio q is not necessarily of the same value as that 
associated with e, although they all apply to the same current 
state. 
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4. Stress in simple tension 

Simple tensile stress has been defined as one in which the axial 
force is distributed uniformly across the section. This is a con- 
venient approximation, but it should be borne in mind that actual 
materials are usually crystalline, with consequent non-uniformity 
of loading. The true stress is defined as force per unit area of 
actual cross-section at the current strain. Thus, with cross- 
sectional area a and axial force F the true stress is an average 
value 

S=F/K (4.1) 

4.1. Stress in real substances. Fig. 1,4.1 represents the 
crystal structure in metal, for example. The crystals vary in 




FKJ. 1,4.1. Crystals shown, diagrammatical ly in a small, rectangular 
element of metal under simple tensile force /*\ The stress distribution 
on the faces of the small element is not uniform. However, the 
present theory supposes the metal to he amorphous so that stress 8 is 
assumed to bo uniform on the faces of the element. 

size depending on the metal and its previous treatment. As 
some indication for engineering metals they are classified as 4; * : 
coarse grains > 0-04 mm, fine grains 0-004 mm, very fine 
grains ~ 0-0004 mm. The individual crystals have different 
stress-strain properties for different directions of loading on each ll , 
so that the force distribution cannot be strictly uniform across 
the section. Each crystal carries a different loading from its 
neighbour, depending on its orientation in the specimen. The 
mathematical theory evolved neglects the non-uniformity of the 
stress, so that it postulates an ideal substance that is effectively an 
amorphous continuum. This fact should be borne in mind if 
apparent anomaly occurs when comparing theory and experi- 
ment. 
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1,4.2 ANALYSIS OF DEFORMATION 

Further, it is supposed that the stress is zero transversely to the 
applied axial stress 8. It can be seen intuitively as most unlikely 
that the transverse stresses are zero in such a complex arrange- 
ment of crystals in a real substance, although it seems plausible 
in the ideal amorphous substance postulated in the theory. 
W. Boas n studied the interaction of crystals in such an aggregate 
and found neighbouring crystals suffering different amounts of 
deformation, indicating that each carries a different load. The 
forces appear to act all round on a given crystal, while deformation 
is continuous across crystal or grain boundaries. 




7357 
JO 3 Nominal strain 

FIG. 1,5.1. Duralumin under simple tensile load. The working cross- 
section was 1-200 inches wide by 0*233 inches thick. The full line is 
that for longitudinal strain and the dotted lino that for transverse 
strain in the width of the working section. After the almost linear 
primary elastic straining there appears plastic strain that remains as 
irreversible strain on unloading as shown. See Fig. 1,5.3 for more 
detail and Fig. I, ,5. 2 for a greater strain range. The departure from 
initial linearity occurs at approximately 34 000 pounds per square 
inch (psi). The primary ratio N/c is 10 10 psi. 

4.2. Nominal stress. It is sometimes convenient, when 
discussing the properties of a substance, to refer to the nominal 
stress defined as force per initially imdeformed area. Thus, with 
a the initial cross-sectional area of the simple tensile specimen 
and F the current force, then nominal stress is 



8 = F/of 
Hence, with 1(4.1), there is found the relation 

8/8 = a/a 



(4.2) 



(4.3) 



This is of the same form as equation 1(2.4) between the true and 
nominal strains. 
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5. Duralumin under simple tension 

The light alloys of aluminium known as 'duralumin' have 
become increasingly important in recent years because of their 
use in aircraft and special civil engineering structures where 
lightness is essential. Under simple tension the typical stress 
vs. strain curve has the form shown in Fig. 1,5.1. The opposing 
arrow-heads in Fig. 1,5.3 indicate that, over that part of the load- 
ing sequence, the strain is reversible or recoverable by merely 




40 60 

JO 3 True strain 

Fiu. 1,5.2. Tho duralumin of Fig. 1,5. 1 for a greater strain range with four 
elastic unloading, loading cycles. The transition from such secondary 
elastic straining is not quite sharp but as shown diagrammatically in 
Fig. 1,5.4. The unloading curve practically coincided with the 
loading curve in each case, so that the straining hysteresis was low. 
The 'loops' shown diagrammatically in Fig. 1,5.4. indicate the trend 
m such unloading, loading cycles. The post -secondary yield curves 
virtually coincide with that for which unloading, loading has not 
occurred. Thus, the post-primary yield curve is the locus of the 
secondary yielding. 

releasing the load, but a single arrow-head indicates that the 
stress-strain path cannot be retraced by mere load change. For 
convenience, the transverse strain is plotted as though of the 
same sign as the longitudinal strain, but it should be noted that 
it is negative. 

Up to a stress of value $ p , say, the longitudinal strain e L and 
transverse strain e T can be removed by merely releasing the load. 
This is the primary elastic range, in which the longitudinal and 
transverse stress-strain curves are practically straight. Thus, 
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1,5.1 ANALYSIS OF DEFORMATION 

the elastic transverse strain contraction ratio q E is almost con- 
stant. It is usually called 'Poisson's ratio' after the nineteenth- 
century mathematician 19<15 who indicated its presence from a 
theoretical study on the straining of an assembly of points 
intended to represent the idealised elastic solid. 



Primary^ 
yield 



o> 




Stroti n 

Fits. 1,5.3. Duralumin simple tensile stress vs. longitudinal strain shown 
as a full line and stress vs. transverse strain shown dotted. Plastic 
or irreversible strains occur after the elastic or reversible unloading. 
The stress at which plastic strains first appear is the primary yield 
stress, while all other post-primary yield stresses are secondary yield 
stresses. 

5.1. Post-yield straining. Beyond stress tf 1 * the strains 
increase more rapidly than before it, and if the stress 8 > A tp is 
released then the resulting strain is not zero. This permanent 
strain is now usually called the plastic strain or, in older books, the 
permanent set. The stress-strain recovery curve for unloading is 
not quite coincident with that followed on reloading up to the 
stress from which the metal was unloaded. The narrow loop 
formed is the hysteresis loop and is a measure of energy absorbed 
by a sort of friction and small-scale slippage in the substance 
which is largely dispersed as heat. However, for the analysis 
developed in this treatise the hysteresis loop is neglected, so that 
both curves are taken to coincide on the mean curve between them. 
The stress S p at which plastic strains begin to appear is the primary 
yield stress. The stress continues to increase beyond the primary 
yield and for this reason the duralumin is said to work-harden. 
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5.2. Secondary yielding. When stress S greater than $ p is 
released then the elastic recovery curve is followed. On reloading 
it is found that the secondary yield usually begins again at a 
slightly lower value than S, but soon follows a stress-strain path 
that is practically a continuation or a little above that of the one 
previous to unloading. The result is a rounded corner as in 
Fig. 1,5.4, but this is neglected in the analysis developed here; 
it is supposed that the secondary yield is sharply on to a curve 
which is the continuation of that from which unloading occurred. 
Therefore, the 'stress-strain curve beyond primary yield can be 




Strain 



FTCJ. 1,5.4. Duralumin unloading, loading curve subsequent to primary 
yield, shown diagrammatically. The "loop' indicates that energy is 
absorbed by 'solid viscosity ' or frictional effects. The transition from 
the unloading, loading curve to the post-secondary yield curve is not 
very sudden but slightly rounded as shown. 

regarded as the locus of all the secondary yield points for the 
duralumin. 

The terminology 'elastic limit 3 has been used frequently and 
rather loosely in the literature on this topic when referring to 
primary yield, but it will be avoided in the present work because 
the term so easily becomes interpreted as that the duralumin, or 
any other metal, no longer has elastic properties. As seen 
already, the duralumin does retain its elastic properties even up 
to the verge of rupture, but some rearrangement of its particles 
leads to permanent changes in shape. The current elastic strain 
can be visualised as due to relative, reversible displacements 
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between the particles at any given instant after rearrangement 
has occurred to give the appropriate plastic strain. 

5.3. The terminology plastic * strain* is not satisfactory. 

The author feels that a new term should be coined to replace plastic 
'strain', because this component of the deformation merely gives 
some measure of the deformation history of the specimen from an 
arbitrary initial time. If such a plastically strained specimen is 
handed to another experimenter not told of its history then he 
would quite happily regard it as a specimen of metal with a 
'primary yield' etc. merely as noted by himself. However, the 
term has such general usage that it is retained here although 
'plastic set' would be suitable and consistent with the older usage. 

6. Steel under simple tension 

Many steels have stress vs. strain curves of the same general 
character as that for duralumin in Fig. 1,5.1 except that the 
elastic strains are smaller for given stress values. The common 
engineering material mild steel, on the other hand, usually 
displays effects not found in duralumin or most other engineering 
metals. 

6.1. Unstable primary yield. The primary elastic range is 
practically linear up to an upper yield stress $ u that, however, is 
not a definite value. Quite suddenly, as in Fig. 1,0.1, the load 
drops off the tensile specimen until it reaches a lower yield stress S L 
which is also not quite definite, while at the same time the strain 
increases quite considerably. The mild steel is in an unstable 
condition at yield. It has been suggested that the steel would 
yield at a much lower stress if its atomic lattice behaved like 
duralumin, for example. In this case, the post-yield curve would 
be like that dotted in Fig. 1,6.2 and joining fairly smoothly into 
the curve actually observed after the unstable yielding. The mild 
steel appears to be in a 'super-stressed* condition. 

6.2. Experiment on unstable primary yield. The mechani- 
cally unstable character of mild steel near primary yield can be 
shown in the following manner.f Several specimens were cut 
from neighbouring positions in the same stock bar. The upper 
yield approximate value was found from two specimens and then 

t Author, 1939. 
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a third specimen loaded to a value a little below the upper yield. 
The load was supported for several minutes without creep of the 
strain but immediately yielded considerably when the specimen 
was given a light transverse tap with a pencil. This behaviour 
was not repeatable at every attempt, as may be expected for an 
unstable condition. Various theories attempt to explain the 



6 - 
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JO 3 Nominal strain 

FIG. 1,6. 1. Mild steel under simple tensile loading. Longitudinal strain is 
the full line and transverse strain in the width of the specimen is 
dotted. The working cross-section was 1-125 inches wide by 0-246 
inches thick. Letter U indicates upper primary yield and L the lower 
value for which the strain was stable subsequent to the sudden, 
unstable primary yield. Line LM is shown full, but it was impossible 
to measure the sudden stress and strain changes between the limits 
IT and M. Subsequent to this unstable primary yield the secondary 
yielding is fairly stable, with only small sudden changes in strain. 
The transverse strains do not ' follow ' the longitudinal strains smoothly. 
Fig. 1,6.3 shows the situation diagrammatically. 

physics of this unstable condition for the yielding of mild steel, 
but the suggestion of J. Palm 44 that it is due to hydrogen in the 
lattice of the steel crystal seems to fit the facts. 

6.3. Transverse contraction. The transverse contraction of 
mild steel frequently follows the longitudinal straining fairly 
faithfully, as in Fig. 1,6.1, but even this is not quite predictable, 
as shown in a number of tests.f 

t Author, 1946. 
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The typical measurements of longitudinal and transverse 
strains are shown in Fig. 1,6.3. Range OA is the primary elastic 
with primary yield point A. At the first sudden yield over AB 
the longitudinal strain increased considerably but the transverse 




Si rain 

FIG. 1,6.2. Mild-steel unstable primary yielding diagrammatically from 
upper- vali 10 II to lower -value stress at L and on to strain value M. 
The dotted curve shows tho possible transition from a much lower 
primary yield stress in the absence of any 'super' yield effects. 




Longitudinal strain 



FIG. 1,6.3. -Mild-steel unstable primary yielding diagrammatically. The 
transverse strain does not 'follow' the longitudinal strain faithfully. 
Primary yield is at A. Full secondary yield at D. Line ADE is 
that for stable yielding. 

strain remained practically constant, so that the plastic straining 
effect was not observed equally for all directions. Decrease of 
load caused a normal elastic recovery over BC for both directions. 
On reloading to yield, the transverse strain suddenly increased but 
the longitudinal strain remained practically constant to reach 
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point D apparently on the dotted line that would have been 
followed if the unstable transverse and longitudinal strain effects 
had not been present. Path DE is the normal elasto -plastic one 
once yield occurs again. The foregoing is merely a fairly typical 
case and differs somewhat in different specimens and steels. 
This effect was not found to be so severe for secondary yield in the 
steels tested. 



7. Copper and brass under simple tension 

Copper is a well-behaved material without any temperamental 
effects like those noted for mild steel. If the simple tensile 
specimen is initially soft then primary yield occurs at a low load. 
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70 3 Nominal strain 

FIG. 1,7.1. -Copper under a simple tensile load. Working section was 
1-137 inches wide by 0-253 inches thick. When plastic straining was 
well established the secondary yield loading increased very little over 
the strain range. The yielded state was quite stable ami strain 
increase occurred only with stress increase. 

The transverse strain follows the longitudinal strain without 
obvious lag such as occurred for mild steel. The hysteresis loop is 
fairly narrow and the mean curve practically linear. Secondary 
yield occurs at the stress value that allows the smooth continuation 
of the stress -strain curve previous to unloading. 

Once the deformation is well established the copper does not 
work-harden very much, as shown by the very small positive slope 
of the stress-strain curve in Fig. 1,7.1. The specimen can sustain 
a constant load quite well, but the slightest vibration or load 
increase leads to appreciable strain increase. 

The brasses are alloys of copper and other metals and have 
stress-strain curves of the same general character as duralumin, 
so they will not be repeated. 
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8. Rubberlike substances under simple tension 

Rubber and substances of like character are distinguished by 
the very large elastic strains they can suffer before plastic strains 
appear. Compared with metals, for example, their extensibility 
is 10 3 to 10 4 times greater. Such great strains presented some 
difficulty of explanation, as it was fairly clear that mere inter- 
atomic relative displacements could not give such values. 
W. Ostwald, in 1926 45 , seems to have started theory on the 
mechanism of the effect by picturing the rubber to consist of a 
liquid and globules having micellar outer sheaths. Progress by 
subsequent writers modified the ideas, until now the structure is 
regarded as one of greatly ' kinked ', very long molecules bonded 
to their neighbours by appropriate forces. The topic is discussed 
fully in L. R. G. Treloar's recent book 13 and, as the method of 
analysis is to be phenomenological here, the physics will not be 
pursued further. 

TABLE 1,8.1 



Load, gm 
^i 


Extension ratio 

\o 

AI 


58 


1-056 


108 


1-119 


158 


1-192 


208 


1-270 


258 


1-364 


308 


1-478 


358 


1-613 


408 


1-769 


458 


1-939 


508 


2-121 


558 


2-305 


608 


2-506 


658 


2-686 


708 


2-874 


758 


3-056 


808 


3-225 


858 


3-383 


908 


3-525 


958 


3-680 



Initial cross-sectional area 0-0688 cm 2 . 

Measurements by R. S. Rivlin & D. W. Saunders 16 . 
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8.1. Simple tensile test. The simple tensile load-deformation 
curves in Figs. 1,8.1, 1,8.2 are for a typical rubber tested by 
R. S. Rivlin & D. W. Saunders 16 and given in Table 1,8.1. 
Experiments on rubber are frequently analysed in terms of exten- 
sion ratio A = R/R, with initial length E and current length R 
of a homogeneously strained line. These curves are plotted for 




FIG, 1,8.1. The typical rubber tested under simple tension as given in 
Table 1,8.1. Plotting the quantities nominal stress, true stress and or 
gives curves of different character for the same physical event. Such 
different plots suggest various forms for complex stress-strain relations 
subsequently for rubber. Note the approximately linear initial range 
for true stress and er, while nominal stress and er are approximately 
linear beyond this initial range. 

the longitudinal extension ratio f Aj, simple tensile nominal stress 
S 9 true stress $, true strain e and the ser (A?) 2 . 

These various plots of the same physical event show that the 
'physical behaviour' observed for a substance depends, in a 

t It is convenient to use a briefer terminology based on initial letters: 
Er extension ratio = A 
Ser = squared extension ratio = (A ) 2 
Inver = inverse extension ratio (A )" 1 A 
Invser inverse squared extension ratio (A)~ 2 A 2 
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1,8.2 ANALYSIS OF DEFOKMATION 

sense, on the mode of measuring or analysing it. Thus, this 
rubber exhibits stress-strain curves that are concave-down and 
concave-up over some parts of the range, at least, depending 
upon which stress and which strain variables are plotted. The 
effects of this are seen in article 1,9 when parameters to relate 
stress with strain are considered. 

The experimental curves are accepted and fitted into the 
mathematical analysis of this book, but it is of interest that some 
success has been achieved in formulating a molecular theory to 
fit, or predict, the simple tensile stress-strain curve for 8 vs. ( AJ) 2 up 




0-6 



FIG. 1,8.2. The typical rubber tested under simple tension as in Table 
1,8.1. Note the approximate linearity of true stress and strain over 
the initial range, corresponding to an er of more than 1-5, while true 
stress and ser are approximately linear beyond this initial range. 
Such results suggest analytically convenient methods for complex 
stress and strain in rubber as in the text subsequently. 

to values of AJ equal to 3 or 4. W. Kuhn 12 began the develop- 
ment in 1934 with a statistical analysis of the thermodynamical 
behaviour of an aggregate of long, kinked molecules under simple 
tensile stress and other writers followed to improve the approach. 
L. R. G. Treloar, from his viewpoint, gives a concise account 13 of 
the method that is otherwise widely dispersed through the scien- 
tific periodicals. 

8.2. Nominal and true stress on incompressible rubber. 

Rubber is virtually incompressible for large strains, so that 
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ONE-STRESS DEFINITIONS AND TESTS 1,9 

as shown in volume I, article 111,8.5. M. Mooney 17 quotes 
W. L. Holt & A. T. McPherson 18 as giving the most exact experi- 
mental information on this aspect. This leads to simple formulae 
to convert nominal stress to true stress. If R^ R% are the initial 
cross-sectional dimensions of the simple tensile specimen then the 
current simple tensile force is 



8 = AJS (8.2) 



But 

so that true stress 

9. Elastic modulus 

Hooke, in 1678 19 - 16 , and Mariotte independently, in 1680 l9 - 17 , 
showed that the load vs. extension curve for an elastic metal spring 
is linear. Hooke appears to have regarded all elastic bodies as 
'springs', so that the nominal stress vs. nominal strain curve was 
thought to be always linear, and found to be approximately so, 
for engineering metals at least. 

Young,, in 1807 19 - 18 , introduced his well-known modulus 
definedf effectively as the stress required to produce unit strain. 
Originally, this was based on nominal stress S and nominal 
elastic strain e, as in articles 1,4.2, 1,2.1, to give Young's modulus 

E=S/e (9.1) 

f Thiw is the form which Young's idea assumed with later writers and is 
accepted here to conform with general u&age . Young originally stated 
that lca : 'The modulus of the elasticity of any substance is a column of the 
same substance, capable of producing a pressure on its base which is to 
the weight causing a certain degree of compression as the length of the 
substance is to the diminution of its length.' Therefore, if the height of 
the column is h, its density m, cross-section of unit area and the gravita- 
tional constant g then it seems that the modulus defined by Young is 

h = S/(em g) = E/(mg) 

so that the modern Young's modulus is, in fact, the weight mgh of his 
column and not his original h. Todhunter & Pearson remark 19 18 that 
Young's presentation is obscure throughout his writings. He preferred 
the discursive mode rather than concise mathematical expression. The 
mathematical expression of Hooke's law requires a constant of proportion- 
ality and this is the modern modulus without any long, obscure definition. 
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1,9.1 ANALYSIS OF DEFORMATION 

9.1. True Young's modulus. In the present treatise 'true' 
stress $ and 'true' elastic strain are used, so that, by analogy, a 
'true' Young's modulus can be defined by 

E = S/e (9,2) 

The qualifying term 'true' does not mean that the original 
definition is false but merely distinguishes the two. In engineer- 
ing metals the elastic strains are so small that the difference 
between E and E is negligibly small. Just as the qualifying 
'true' is usually left out when discussing stress and strain, then 
so is it also for the modulus. 



9.2. Secant modulus. The definition of Young's modulus 
does not require the stress vs. strain curve to be linear. If the 
ourve is not linear, as shown diagrammatically in Fig. 1,9.1, then 




f Strain 

Fid. 1,9.1. A secant elastic modulus defined as stress divided by strain for 
a non-linear stress -strain relationship in an elastic substance. 

the modulus of equation 1(9.2) should be qualified as a secant 
elastic modulus. Clearly , there is no absolute merit in a particular 
definition of a modulus so long as it is convenient in the mathema- 
tics used to analyse the deformation. 



9.3. Tangent modulus.' Increment stress and elastic incre- 
ment strain are analysed frequently, rather than the total 
quantities, so that it is convenient to define the corresponding 
tangent elastic modulus 



as in Fig. 1,9.2. 



= 8S/Se 



18 



(9.3) 



ONE-STRESS DEFINITIONS AND TESTS 1,9.4 

The inverse of the tangent elastic modulus is used so frequently 
that it is convenient to have a distinct symbol 



(9.4) 
so that 

Se = $88 (9.5) 

This also will be called the tangent elastic modulus, but there is 
no confusion with E, as the context always makes clear which is 
meant. 

When the stress vs. elastic strain curve is linear then the 
Young's modulus, secant modulus and tangent modulus are all 
the same value at any given point on the curve. 



AS 



Q> 






Strain 

FIG. 1,9.2. A tangent elastic modulus defined as increment stress divided 
by increment strain for an elastic substance. 



9.4. Elastic tangent modulus for elasto -plastic strains. 

Substances frequently have a plastic strain component as well as 
the elastic, so that in such cases, with 8e E the elastic increment 
strain, this will be related to the stress increment by the elastic 
modulus $ E . Thus, 

(9.6) 



9.5. Elastic modulus for duralumin. Fig. 1,9.3 givesf 
typical values of Young's modulus for a duralumin with the true 
strain range of zero to about 0-090, corresponding to the true 
stress 65 10 3 psi. This shows how the value of the modulus 
depends on the definition of stress and strain. When stress and 
strain are calculated on area and length in the undeformed body 

f Author, 1947. 
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1,9.6 ANALYSIS OF DEFORMATION 

then the corresponding ' nominal' modulus E decreases con- 
tinuously in value over the range studied. When stress and 
strain are 'true' then the modulus increases at about 50 10 3 psi, 
corresponding to a true strain of about 0025. However, just 
beyond primary yield the true and nominal moduli are about 
equal and both decrease in value. This is of some physical 
interest, since it shows that the duralumin strains more easily 
elastically as well as more easily plastically when yield is reached. 




8*0 



Fiu. 1,9.3.- Duralumin elastic modulus for the motal in Fig. 1,5.1. The 
decrease in nominal Young's modulus should be noted. The true 
Young's modulus remains more nearly constant over the stress range. 
Both nominal and true moduli decrease initially at primary yield. 



9.6. Duralumin and rubber stress-strain curves com- 
pared. Comparison of the stress-strain curves for duralumin in 
article 1,5 and those for rubber in article 1,8 shows their difference 
in behaviour both qualitatively and quantitatively. The large 
elastic strains for rubber under quite small loads presented a 
difficult problem for analysis so long as the classical theory on 
infinitesimal strains was the only one available. Consider the 
various simple tensile elastic moduli that can be used to relate 
force and deformation, as shown in the forms of Figs. 1,8.1 and 
1,8.2. 
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ONE-STRESS DEFINITIONS AND TESTS 1,9.7 

9.7. Rubber stress-ser curve modulus. True stress 8 vs. ser 
(Aj) 2 in Fig. 1,8.2 appears reasonably linear away from the initial 
curvature. A secant modulus (Aj) 2 /$ to relate these two quanti- 
ties when plotted against S gives the curve shown in Fig. 1,9.4, 
with quite high values for the modulus at low stresses. That is, 
the stress-ser curve departs definitely from linearity for fairly 
small stresses. However, for practical calculation, the mean 
curve for which the stress-ser secant modulus is of constant value 




FKJ. 1,9.4. -Stress-strain relations for the simple tensile loading of the 
typical rubber as in Fig. 1,8.2. The calculation of elastic moduli in 
terms of true stress, true strain, increments of these two and ser gives 
the three curves shown to relate stress and 'strain' for the same physical 
event. 

270 10~ 6 (gm/cm 2 )"" 1 approximates quite well to the actual 
experimental results. This indicates the order of approximation 
introduced when constant stress-strain parameters are assumed 
for mere mathematical convenience to obtain solvable equations 
for complex straining subsequently. 

9.8. Rubber stress -strain curve modulus. Inspection of 
Fig. 1,8.2 shows reasonable correlation between the mean curve 
and the actual curve for true stress and true strain up to strain 
values of about 0-4 to 0-5. These are large values for many 
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1,9.9 ANALYSIS OF DEFORMATION 

purposes and outside the range of applicability of an infinitesimal 
strain theory. Displacements (i.e. change in shape) in some 
problems can be large although the strains fall within this range 
of values. The constant true stress-strain secant modulus for 
such a mean initial curve is 41 10~ 6 (gm/cm 2 )" 1 . Other moduli 
and plots for true stress and strain are given in Fig. 1,9.5. 

9.9. Rubber stress -er curve modulus. The approximate 
initial linearity of true stress S and er AJ in Fig. 1,8.1 suggests a 
mean value for the stress-er secant modulus S/AJ in Fig. 1,9.6. 



- 3 







6S 




FIG. 1,9.5. The true stress and strain moduli of Fig. 1,9.4 for simple 
tension on rubber are inverted in some cases here and plotted against 
other independent variables. Sometimes such replotting for a 
particular substance suggests tho form to be adopted for the complex 
stress -strain relationship for the simplest analysis in a particular case. 
Note the approximate linearity over some ranges of stress. 

The constant value 11 10 3 gm/cm 2 for the initial mean stress-er 
modulus gives a fair approximation to the curve up to the large 
strains for er value 3. 



10. Plastic modulus 

Plastic moduli of the 'secant' type have been used fre- 
quently 46 ' in the literature, but here only a tangent plastic 
modulus involving increment stress and increment strain is con- 
sidered. 
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ONE-STRESS DEFINITIONS AND TESTS 1,10 

Define the slope of the elasto -plastic increment stress vs. incre- 
ment strain curve, or the elasto -plastic modulus, by 

P = 88 /8e (10.1) 

so that 

Se=P-*SS (10.2) 

But, from article 1,9.4, 

8e E = E~ 1 88 (10.3) 




FIG. 1,9.6 The elastic modulus relating true stress and er for the typical 
rubber in Fig. 1,8.1. Note that the adoption of the constant value 
8 10 3 would reasonably well represent the curve in Fig. 1,8.1 for the 
considerable elastic er of about 2-5, although over the stress range, as 
here, the modulus varies from this value down to zero. 

Prom Fig. 1,10.1 

8e = 8e E +Se p (10.4) 

so then, the plastic increment strain is 47 

8e p - (P-i-^-i)SS (10.5) 

By analogy with 1(9.6), 1(9.4) write the tangent plastic modulus 
relating increment stress to plastic increment strain as 

,/r p =P-i-#-i (10.6) 

Then, 

8e p = t P 8S (10.7) 
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1,10.1 ANALYSIS OF DEFORMATION 

10.1. Elasto -plastic modulus is not convenient. At this 
early stage of the analysis it may seem to be too artificial introduc- 
ing elastic and plastic moduli where one might write, for example, 
1/P == ^ = (</r +</f p ) and deal with .Se directly as in 1(10.2). 



<o 




Strain 

Fio. 1,10.1. An elasto-plastic increment strain due to an increment stress. 
The plastic increment strain is the el asto -plastic increment strain less 
the elastic increment strain. 



60 



50 




30 



FIG. 1, 10.2. --Simple tensile elasto-plastic modulus P and plastic modulus 
i/J 1 ' of the duralumin in Figs. 1,5.1 and 1,5.2. 

However, this is seen to introduce difficulties when the stressing 
is more complicated than the present simple tension. 

10.2. Duralumin plastic modulus. The value of P and </r p 
for the duralumin of Fig. 1,5.2 is shown in Fig. 1,10.2. The 
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ONE-STRESS DEFINITIONS AND TESTS 1,11 

virtual linearity of iff when plotted against true stress is not 
necessarily general but applies to this specimen. 

11. Elastic and plastic transverse contraction ratios 

Under a simple tensile load the specimen suffers transverse 
contractile strain e T as well as longitudinal extensile strain e L as 
discussed in article 1,3. For the infinitesimal elastic strains 
Poisson introduced a transverse contraction ratio bearing his 
name. Thus, 

q = \e T \l\el\ (11.1) 

or, since contraction is negative in our sign convention, 



11.1. 'True' elastic transverse contraction ratio. Here, 
true elastic strains are used to analyse a deformation, so that it is 
convenient to define a 'true' elastic transverse contraction ratio 

by 

q=\e T \l\e L \ (11.3) 

or 

e T = qe L (11.4) 

11 .2. Transverse contraction ratios for elastic and plastic 
increment strains. The longitudinal elasto-plastic increment 
strain 8e L can be resolved to elastic and plastic components S?f , 
8e. It is convenient to regard each of these components as 
inducing a transverse contraction effect and write 



(11.8) 
More briefly, with M E, P to denote either symbol, 

8e^ = -? Jlf Scf (11.7) 

Now, it is clearer why an elasto-plastic modulus is not satis- 
factory, as mentioned in article 1,10.1. As the deformation 
becomes more complicated it is seen to be essential to separate 
elastic and plastic effects. Thus, it is not convenient to define 
an elasto-plastic transverse contraction ratio by 
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1,11.3 ANALYSIS OF DEFORMATION 

11.3. Duralumin elastic and plastic transverse contraction 
ratios. Figs. 1,11.1 and 1,11.2 show the elastic and plastic 
transverse contraction ratios for the duralumin of Fig. 1,5.2. 



0>28 

q s 

0-26 
0-24 
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10 e L 
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FIG. 1,11.1. Elastic transverse contraction ratio vs. true longitudinal 
strain for the duralumin shown in Fig. 1,5.2. The values shown were 
found from longitudinal and transverse unloading, loading curves. 
The scatter of points from the mean curve appears to be a real physical 
effect and not mere experimental error. 



0-3 



0*2 



0-1 



0u 




JO 



Yield 



FIG. 1,11.2. True plastic transverse contraction ratio vs. true longitudinal 
strain for the duralumin in Figs. 1,5.1 and 1,5.2. At primary yield 
the transverse plastic strains did not develop at the same rate as the 
longitudinal plastic strains. The dotted part of the curve is the 
'transition' to complete yielding. The values of q p less than indi- 
cate dilation due to the plastic component of the strain. 



26 



ONE-STRESS DEFINITIONS AND TESTS 1,11.8 

The mean curve of the elastic transverse contraction ratio 
measurements is seen to decrease slightly with increase in strain. 
The scatter of the results is fairly high about the mean curve, 
indicating that the elastic transverse contraction is rather an 
unstable effect for this duralumin. The plastic transverse 
contraction ratio, however, shows an appreciable increase with 
increase of strain, but the curve is smooth, with slight scatter of 
measurements . 
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Chapter II 
ONE-STRESS THEORETICAL CONSIDERATIONS 

1. Straining - displacement, spatial - displacement and 
whole -body rotation in the simple tensile test 

A theory of analysis is trivial for the simple tensile test, but 
it is convenient to illustrate here some fundamental ideas re- 
quired to analyse complex stressing. The approach by other 
writers l 3 * 1 4 > 15 ' 17 31 39 42 using only a spatially fixed reference is 
simpler for formulation but tends to obscure the basic aspects, 



o 



-R- 



KKJ. 11,1.1.- A point at the scalar initial position R suffers straimtig- 
displacemetU D to the scalar current position R under simple tension. 

leads away from simple analysis to complicated non-linear 
equations difficult to solve in particular cases and, according to 
the author's theory, leads to some erroneous inferences for com- 
plex stress. The formulation here is more elaborate but the 
equations found ultimately are simple. 

l.l. Straining -displacement. Fig. 11,1.1 shows an elastic 
sheet extended by normal stress- 8 from an initially unstretched 
length R to currently stretched length R. Suppose the centre 
line of the plate remains collinear in all positions between these 
two states, while the point O at the end of the centre line keeps 
its position at the origin of two-dimensional cartesian coordinate 
axes QR { RI. The point at R i = R on the centre line of the sheet 
has been displaced by vector D. say, due to the strain established 
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ONE-STRESS THEOBETICAL CONSIDERATIONS 11,1.2 

throughout the sheet. Thus, it is convenient to call D the 
straining-displacement 5j 48 of the point at R { relative to the axes 



With D the arithmetical magnitude of vector D the strain for 
this direction is given by article 1,2.2 as 

6i = D/R = dD/dR { = D. { (1.1) 

The partial differential coefficient form follows from the fact that 
the strain is constant along the direction OR { , while the last form 
is the abbreviated notation used throughout this treatise. The 
reader will find this a convenience in. the saving of labour of 
writing the more complicated forms. 




Fiu. 11,1.2.- -Whole-body convected reference axes OR{R^ are carried 
around, through angle 0wb of whole-body rotation, with the body as it 
deforms. Axes OjRi/?j coincide initially with the spatially fixed 
axes QRjRy. Spatial-displacement U of a point is from spatially 
initial position R. Straining-displacement D is from instantaneously 
initial position R inst relative to the whole-body convected axes. 
Whole-body convection-displacement is the difference between spatial- 
displacement and straining-displacement. 

1.2. Straining - displacement, spatial - displacement, 
whole -body rotation and whole -body convection -displace- 
ment. Now consider a new situation. In Pig. 11,1.2 the axes 
OR X R V are fixed in space. Suppose that, initially, axes OR { R} 
coincide with OR x R y but, during the evolution of the strain 
under current stress S 9 the two sets of axes separate by rotation 
through angle wb . That is, the axes OJ^-Rj are imbedded in 
and carried around or convected by the sheet. 

Relative to the whole-body convected axes OR^ the straining- 
displacement is still D, due to the establishment of the whole 
strain field as seen by a whole-body observer. Relative to the 
spatially fixed axes ORyJR v the spatial-displacement of the point 
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11,1.3 ANALYSIS OF DEFORMATION 

is U as seen by a spatially fixed observer. Of course, the recti- 
linear vector U is not the path of the point but only connects the 
end points of the path. The difference between these two obser- 
vations of displacement of the same point is C wb , conveniently 
called the whole-body convection-displacement. If the whole body 
is rotated back through angle wb until O^JRj and OR x R y 
coincide then the whole-body rotation is zero and straining- 
displacement equals spatial-displacement. The whole-body rota- 
tion and, hence, whole-body convection-displacement can be any 
arbitrary values without affecting the strain field. 

1 .3. Doublet vector fields.f The point considered is currently 
at position R and initially at instantaneously initial position 
jjoiiist relative to OR L R^ while it is at spatially initial position 
R relative to OR^Ry. Geometrically, 

R = R" insfc +D 



- R + U (1.2) 

The pairs of vector fields (R oinst , D) and (R, U) are doublet 
vector fields. Merely adding the whole-body convection-dis- 
placement field to one component vector field of a doublet and 
subtracting it from the other component vector field allows 
transition from one doublet vector field to the other doublet 
vector field. The component vector fields of the straining doublet 
are in one-one correspondence with the applied force or stress; 
that is, to each value of stress there is a definite, unique initial 
position and displacement for each point. The component 
vector fields of the spatial doublet, however, are not one-one with 
the deforming forces. Therefore, observations of strain effects 
must be relative to whole-body convected axes unless some other 
condition such as infinitesimal straining and spatial-rotation is 
applied as in the classical Navier, Cauchy theory. J 

1.4. Arbitrariness of straining -displacement. The choice 
of position on the centre line of the sheet for the origin of whole - 
body axes was quite arbitrary, so that any one of the infinite 
number of points on the line could have been chosen. If any 
other point were chosen than that at the end of the line then the 

t Soo volume 1, articles 1,11.2, 1,12, ..., A,32. 

f {See i.5w.a,4i>,5o or volume 1, articles 1,15.5, ..., 111,9, VI,11. 
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ONE-STRESS THEORETICAL CONSIDERATIONS 11,2 

value of straining-displacement changes accordingly. In this 
sense, the straining-displacement is as arbitrary as the choice of 
position of origin O of whole-body axes, although the strain field 
as a whole is unique. 



2. Straining -displacement, stress and instantaneously 
initial position in the simple tensile test 

The position R of the typical point could have been anywhere 
along the centre line of the sheet without affecting the equations 
of article 11,1. At another, closely adjacent point (R+r/R) still 
on the centre line all the associated quantities will have changed 
differentially as in Fig. 11,2.1. Thus, the differential of 11(1,2) 




(U+eHJ) 



Fra. 11,2.1. The continuous vectors of spatially initial position, spatial- 
displacement, convection -displacement, instantaneously initial position 
and straining-displacement are all associated with the point at current 
position R. All these vectors suffer differential changes in value with 
differential change r/R of position in the body. 

with respect to change in position gives 

dR = f/R oinst +rZD 

- (dR insfc ~dC wb ) + (dfD +r/G wb ) 

= dR + dU (2.1) 

The analysis of this treatise uses the deformed body as the 
function domain. The current position R is the independent 
variable, while initial position, displacement, stress, etc. are the 
dependent variables. Thus, in Fig. 11,2.1 all five vector fields 
R oinst ? D C wb ? R0j u are associated with point R, while their 
differentially increased values are associated with (R+dR). 
With unit vectors X|, Xj for the cartesian axes OE^ then, using 
equation 11(1.1), the differential change in straining-displacement 
with respect to position is 

r/D (WXi -= D.jr/ftjX, = ry^Xj (2.2) 
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11,2.1 ANALYSIS OF DEFORMATION 

2.1. Stress and straining -displacement on the centre line 
of the specimen. Suppose the strain e { is elastic and related to 
stress by a secant modulus i/j as in article 1,9. Then, 

dD = SitXidRi (2.3) 



The straining-displacement relative to O is then 



D = SfadRi = SifiXiRt = Si/jR (2.4) 

Jo 

From equation II(1.2).l the instantaneously initial position of 
the point currently at R in the deformed body on the axis OR i is 

(2.5) 



2.2 Straining -displacement at a general point. Consider 
a general point R with components R h Rj as in Fig. 11,2.2. 




Fid. 11,2.2.- Straining -displacement of a point at general position R 
under the current tensile force. 

Using a transverse contraction ratio q appropriate to the secant 
modulus ift, then transverse strain 

6j = ~qe, - -qtftS (2.6) 

Resolve a general differential of position rfR to components 
dRi, rfRj, calculate the differentials of straining-displacement in 
each to give dD i9 dD j? add to give dD, the differential of straining- 
displacement, and then integrate to give the straining-displace- 
ment relative to O as 

D = SMRiXiqRfa) (2.7) 

The instantaneously initial position is R D. 

2.3. Strain dyadic, straining -displacement and instan- 
taneously initial position for a general point. Noting that 
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ONE-STRESS THEORETICAL CONSIDERATIONS 11,3 

the scalar products R^XJ = JBj, RXJ = R^ then 11(2.7) can be 
written as 

D=R-M (2.8) 

with the strain dyadic 

H = jSWxft-gXjXj) (2.9) 

Then, 

Roinst = R_R.ftJl = R.(|-Hl) (2.10) 

with the idemfactor 3 which, in scalar product with a vector, gives 
the vector unchanged, f 

Thus, given the elastic strain dyadic throughout the deformed 
sheet due to the applied stresses, we may calculate the shape of 
the corresponding undeformed sheet if the stress-strain para- 
meters are of secant form. 



3. Spatial - displacement, straining - displacement and 
infinitesimal whole -body rotation 

The classical theory of straining due to Navier, Cauchy and 
subsequent writers uses a spatially fixed reference to observe the 
movement of a point when the body is loaded. Consider again 
the point on the centre line of the sheet under simple tension as in 
Fig. 11,1.2. The classical approach, however, focusses attention 
on an element and not on the whole body as here. 

3.1. Whole -body geometry. Suppose the whole-body rota- 
tion angle wb is infinitesimal, then, geometrically, the scalar 
components of U relative to axes OT^JBj are 

U i = D (3.1) 

JJj = .fioflwb (32) 

But R is the arithmetical magnitude of either R or R inst and, 
therefore, R = R D, so that 

U j = CR-D)0 wb (3.3) 

3.2. Differential geometry of an element.^ Fig- 11,3.1 
shows just an element of the body in the manner of approach of 

t See volume I, article A, 10 or reference 28 for a fuller discussion, 
j See volume I, articles 1,15, 111,9, VI, 11 for a fuller account. 
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11,3.3 ANALYSIS OF DEFOKM ATION 

the classical theory. For this line element on the centre line of 
the simple tensile specimen, the geometry gives 

dR +dU = dR - dR insi +rfD (3.4) 

Since dE is the arithmetical value of either dR or dR inst then, 
relative to axes 



But 



dB = dRdD 



(3.5) 
(3.6) 




R 



Fiu. 11,3.1. A line clement on the centre line of the sheet under simple 
tension. Spatial-displacement U is relative to spatially fixed axes, 
while straining-displacement D is relative to whole-body axes eon- 
vected through whole-body rotation angle wb . 

so that, scalarly, 11(3.5) gives 

dUi = dD (3.7) 

dUi = (dRdD)0^ (3.8) 

Note carefully that, if the form of the whole strain field cannot be 
seen, as in this simple case, then the 'rotation' would have to be 
given the more general label 'spatial', so that it becomes spatial- 
rotation 8P relative to spatially fixed axes. Thus, according to 
the classical theory, 



= (dR-dD)P 



(3.9) 



3.3. Stress and gradients of spatial -displacement and 
straining -displacement. Noting that, with respect to change 
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in position along axis OK if the differentials r/7j = Ui ;i dR lt etc., 
then, from 11(3.7), 11(3.9), 

tT 1;i =D. { = e { (3.10) 

tf j;i = U-*i)0 sp (3.H) 

when only a single element of the whole field is considered to 
formulate these differential equations. Similar expressions follow 
from differentiating 11(3.1), 11(3.3) with respect to B i9 except that 
then the known constant wb replaces sp here that must be 
assumed to be a function of position until it is shown otherwise. 
The classical theory of infinitesimal strains neglects the products 
of strain and rotation, so that, in this simpler case, 11(3.11) 
becomes 

UK = 0"* (3.12) 

Suppose the strain and stress are related by a secant modulus 
as in article 11,2.1. Then, 11(3.10) becomes 

C7 1;i =$8 = Ai ( 3 - 13 > 

while 11(3.12) is independent of stress. 

3.4. Stress and gradients of spatial -displacement at a 
general point in the sheet. Let R be a point not on the axis 
OJKj of the sheet. Let dR be a differential change in position 
from R as in Fig. 11,2.2. The scalar components clE { , rfJZj of 
(/R define an orthogonal element of the deformed sheet that is also 
orthogonal in the undeformed sheet. For infinitesimal strain and 
spatial-rotation, by methods similar to that in article 11,3.3 (or 
with more detail in volume I, article 1,15.7, applied to the present 
case), are found the relations for a single element 



U _ e _ n f (3-14) 

L/ 1.1 Cj , 



Assuming the stress -strain relations of secant form, as in 
article 11,2.2, gives 

e { =i/jS e] = -qi/jS (3.16) 

Since 8 is constant and */r, q assumed to be so, then, from 11(3.15), 
11(3.14) on differentiation, 

C7 1;lj = = -0- :I 

u m = o = 0*p ;J 
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Then, evidently, 8P is constant and equals wb , as required for the 
geometry in article 11,3.1. 

3.5. Integration of the stress, displacement equations at 
a general point in the sheet. Integrating the spatial-displace- 
ment, spatial-rotation equations 11(3.15) gives 

17 = -*"> 



with /(7?i), /(^j) the arbitrary functions of integration. Substi- 
tute 11(3.16) in 11(3.14) and integrate these stress, spatial- 
displacement relations to give 



1 

/ 



, 819) 

t ^ J; 

Comparison of 11(3.19) and 11(3.18) gives 

l ' ' 



1 
J 



satisfying the conditions .R, = J?j = = 7, = /j. 

Now substitute 11(3.16) in 11(3.14) and integrate these stress, 
straining-displacement relations to give 



with the correct fixing conditions B i = B^ = Z>j = Z> t . 

Inspection of the solutions 11(3.21), 11(3.20) shows that if the 
displacement, stress equations only are solved then the resulting 
displacement is straining-displacement and not spatial-displace- 
ment, as this latter also requires the solution of the displacement, 
whole-body rotation equations. Clearly, the conclusion is not 
altered if all the equations are transformed to another set of axes 
not in the directions x^ Xj and then solved for displacements 
relative to them. 

3.6. Displacements in the classical Navier, Cauchy 
infinitesimal strains theory. The trivial example of simple 
tension has been chosen deliberately for its geometrical simplicity 
to encourage the reader to examine the fundamentals of the 
classical theory more closely. The classical theory considers just 
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one typical element, a spatially fixed reference, and formulates the 
equations effectively as 

C7 1;1 = *S ] 

U j:j = -q+S I (3.22) 



8P (3.23) 

in a form similar to equations 11(3.14), II(3.15).f 

Equations 11(3.22) between stress and displacement are inte- 
grated for the 'spatial-displacement' U and then, to put things 
right, since a whole-body rotation can have occurred, a 'comple- 
mentary ' solution like 

C = AtffrR&i) (3.24) 



is added with arbitrary constant A, while 11(3.23) is not used 
explicitly .J 

However, article 11,3.5 shows that the integration of 11(3.22) 
gives straining-displacement D and not spatial-displacement U, 
while A in 11(3.24) equals sp in 11(3.23) and cannot be calculated 
in terms of 'spatial-displacement' U found from equations 
11(3.22). Thus, with the classical stress-strain forms there should 
be solved 



= o (3.26) 

with the addition of the arbitrary 'complementary' or whole- 
body convection -displacement 



C wb ^ flw^fl^-^xj) (3.27) 

independent of the stress field. 

3.7. Relative -displacement and straining -displacement. 

The present author's theory goes a step further in pointing out 
that, for infinitesimal strain, whether it is heterogeneous or homo- 
geneous as here, straining-displacement D virtually equals a 

f See, for example, the standard works 19.23.29,49,50^ 
J See, for example, S. Timosheuko 23fi . 
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11,5.1 ANALYSIS OF DEFORMATION 

5.1. Vector stress on an oblique plane. Let unit vectors 
n, t be in the plane of x i} Xj and consider the strip of plate of 
width B and unit thickness in Fig. 11,5.1. Then volume I, 
article 11,2.1 gives the vector stress S n acting on the plane normal 
to n as 

S n = n- (5,2) 

But nX| = cos 6, so that 

S n = tfjXj cos (5.3) 

The scalar 



5.2. Stress components on an oblique plane. 

normal stress component of S n is 

{ cos 2 = *Si(l+cos 26) 



S nn = n-S n = 



(5.4) 



B 




FIG. 1 1, 5.1. --Vector stress S n on a plane normal to unit vector n in the 
plane of X|, Xj duo to applied tensile vector stress S|. 

while the scalar shear stress component is 

S nt = t-S n = -tfi sin cos 6 = -Jfli sin 20 (5.5) 

since t-Xj = sin 0. This shear stress has a maximum value 
when sin 20 = 1, so that in this case = 45 and 135. Then, 

= -IS, (5.6) 



5.3. Complementary shear stresses. Now consider the 
vector stress S t acting on a plane normal to t and then resolve it 
to the scalar shear stress component in direction n. Then, 

S tn = n-(t-3) = Iflfj sin 20 (5.7) 
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Therefore, with 11(5.5), 

Stn=Snt (5.8) 

are the complementary shear stresses in Fig. 11,5.2. 

5.4. Vector stress on a more general oblique plane. 

Suppose now, more generally, that n is not in the plane of x f , Xj, 
so that, if n, t, p is a mutually orthogonal set to define an orthogo- 
nal element, then the vector stresses are 

S n -n- S^t-3 S p =p-& (5.9) 

The scalar stress components are S nn n(n-^), ..., so that 




Fio. 11,5.2. Vector stresses S n , S$ acting on planes normal to unit vectors 
n, t respectively are resolved to normal and shear components on 
their respective planes. Complementary, scalar shear stresses 
8 n t, &t n are of equal magnitudes for rotational equilibrium of the 
element. 

with n { the cosine of the angle between n and x iy and so on, this 

then gives 

8^ = 1^81 S nt =Sfc,=nAflfi ] 

S* =*i 2 S| S* =Spi=*iftflf| > (5.10) 



Notice that, similar to the conclusion in article 11,5.2, the 
maximum arithmetical value of the shear stress is S 4 on the 
inclined face of a cone with a vertex semi-angle of 45 and its 
axis in the direction of ASfj. 

6. Body force 

Stress is the force acting across unit area of a plane described 
in the loaded body. Body force is the force acting on the particles 
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11,6 ANALYSIS OF DEFORMATION 

within a volume usually taken to be elemental about a given point. 
Such a body force is usually due to weight or some other accelera- 
ting force. If dV is an elemental volume about a typical point R, 
the density of substance is ra and the body force B per unit mass, 




FIG. 11,6.1.- Element of volume dV and density m with body force mB 
per unit volume acting on its particles. 



then the force acting on the particles of the element is 
Thus, mB is the force per unit volume on the element particles 
shown diagrammatically as acting on the centre of mass of the 
element in Fig. 11,6.1. 
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Chapter III 
HOMOGENEOUS, PLANE TWO -STRESS 

1. Stress dyadic for a two -stress system 

A two-stress system is such that, at all points of the loaded 
body, the stress dyadic can be reduced to only two normal stresses 
by mere choice of direction about each point. Thus, with prin- 
cipal normal stresses S iy Sj in the directions of unit vectors x , Xj 
respectively, the stress dyadic is 

g^xft+SjXft (1.1) 

so that the component S k is zero in the direction x k orthogonal 
to the other two directions. 

With X 1? Xj coplanar with the constant unit reference vectors 

<V 





FNJ. 111,1.1.- Two-stress system principal normal stress directions 
and general directions c x , c y . 



Xj 



c X9 c y of cartesian axes OR x R y , then volume I shows that, on 
transformation , 

& = Sc x c x +S yy c y c y +S x (c x c y +c y c x ) (1.2) 

1.1. Homogeneous two -stress definition. The two-stress 
is homogeneous for axes ORjJly if all the stress components S xx , 
S UIP S xy have the same values at all points of the plane sheet. 

It is convenient to give here a more general definition of homo- 
geneous two-stress for cylindrical coordinates (R r , 0, R z ) having 
local unit reference vectors c r , C , c z and spherical coordinates 
(R r , 0, <f>) having local reference vectors c r , C , C as in article A,7. 
Thus, any of the three pairs of unit vectors in each curvilinear 
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system replaces c x9 c y in 111(1.2), while corresponding subscripts 
replace x, y to give the two-stress dyadic. Now, for homo- 
geneous, curvilinear stress the scalar components 8 rr , ... retain 
their values from point to point in the curvilinear coordinates 
system. 

1.2. Stress on a plane. Just as in article 11,5 the vector 
stress S n , acting on a plane normal to unit vector n in the plane of 
c xt c u and from the given point at which the stress dyadic is 
&is 

= n. (1.3) 

With unit vector t normal to n and in the plane of c,., c^ the normal 
and shear stress components of S /t are 

(1.4) 



1.3. Principal normal stresses and their directions. 

Choose n, t to have the particular values x i} Xj to give, with 
111(1.2), 



8inM HU.) 

~J J ?V " J | 

= %(S xx +S yy )%(S xx -8 yy ) cos 20-^ sin 26 
while shear stress 8^ is zero for the principal directions. Thus, 

- Xi .g. Xj - (-S+S w ) sin 20+^ cos 20 
so that the principal normal stress directions are given by 

1.4. Partial -increment stress dyadic. Suppose the prin- 
cipal normal stress directions Xj are held constant in 111(1.1) 
during an incremental change of the dyadic. Referring to this as 
a partial-increment, since the directions are unchanged, gives 



Xj (1.7) 

This self-conjugate dyadic f transforms to 

A$ = 88 xx c x c x +8S xy (c x c y +c y c x )+88 yy c y c y (1.8) 

with 



t See article A,6 or volume I, articles A,9, A,ll for a fuller discussion. 
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1.5. Principal normal increment stresses and their 
directions. With x i} Xj the principal directions of the increment 
stress dyadic and the angle between x, and c x then, just as in 
article 111,1.3 for the stress dyadic, there are found 



8S yy ) cos 20+S/S^, sin 26 1 

as, - KaSax+as^-^as^-sflf^) cos 20-8s xy sin 20 j ( ' 

tan 20 = 28S JBy /(8flf-8flf w ) (1.10) 

This transformation is the converse of that in article 111,1.4. 

1.6. First invariants of the total stress dyadic and partial - 
increment stress dyadic. Suppose the stress and increment 
stress dyadics are transformed invariantly for rotation of axes 
about an axis in the direction c z x k , then volume I, article 
11,3 shows that, with the idemfactor in double scalar product, 



(1.12) 

are the first invariants. That is, each of these sums maintains its 
arithmetical value whatever orthogonal axes are chosen in the 
(B x , R y ) plane. 

1.7. Maximum shear stress on each of some particular 
planes. Substituting 111(1.1) in 111(1.4). 2 gives 



j*, (1.13) 

with the direction cosines notation similar to article 11,5.4. 
Now choose some particular directions for the unit vectors. 

(a) n, t coplanar with S 4 , S r Denote f by <f> the angle between 
S| and n, so that n { fy cos <, n^ = t { = sin <f>. Substitu- 
ting in 111(1.13) gives 

Snt = -1 i(i-j) sin 2<f> (1.14) 

This has the maximum value 



S,) (1.16) 

(b) n, t coplanar with S i} x k . Again denote by < the angle 
between S t and n, but now both n and t are orthogonal to Sj. 

t This avoids confusion with the principal normal stress direction in 

111,1.3. 
6 45 



111,1.8 ANALYSIS OF D J3FOKMATJLON 

Therefore, HI cos <f>, ti = sin <f>, n^ = tj, to give, from 



<8 = -iS, sin 20 (1.16) 

and then 

^(max) - -IS, (1.17) 

(c) n, t coplanar with Sj, x k . In this case the shear stress 
value is given by an appropriate expression similar to 111(1.16), 
while 

S^max) - Jflj (1.18) 

1.8. Maximum shear stress in a thin sheet loaded plane - 
wise. Note carefully that the demonstration in equations 
111(1.13) to 111(1.18) has not necessarily shown the maximum 
value of S nt in 111(1 .13). All that has been found is the maximum 
stress in each of three cases of a plane having a normal which is 
normal to one of the principal normal stress directions. Thus, 
geometrically, as in Mohr's construction of Fig. A,6.2 there have 
been considered three such figures for the cases of (S l} /8j, ($ k = 0) ), 
(81, (# k = 0)), (Sj, (# k = 0)). Which case gives the greatest 
arithmetical value of shear stress depends on the signs of Si and 
Sj. If Si and Sj are of opposite signs then 111(1.15) gives the 
greatest of the three $ n< (max) found. If S { and $j are of the 
same sign, with the former arithmetically greater, then 111(1.17) 
gives the greatest of the three $ w j(max). The general proof of 
these results is given in article A,6.4. 

The criteria in the inequalities A(6.7), A(6.8) show when the 
maximum shear stress in a thin sheet is given by the difference of 
the planewise principal normal stresses or only the arithmetically 
greatest of them . Thus , 



| S n( (max) | = | K/fif.-iS,) | when | SJ3 VU \ < SJ \ 
K,(max) | = | 4^ | when \8 fJ S m \> SJ ] (L ' IV > 

Therefore, if, for example, a photoelastic 79> 115 observation gives 
($! $j) directly, it does not necessarily give the maximum shear 
stress in the sheet, since 111(1. 19). 2 may apply.f Thus, it is 
necessary to find the signs of the two principal normal stresses. 

f Among the recent writers (see, for example, S. Timoshenko 23 - 14 , 
R. V. Southwell 29 - 4 , A. Nadai 46 - 2 , M. M. Frocht 1161 ) there seems to be no 
other explicit statement than that in 111(1.15). The various writers 
accept the three-dimensional analyses such as in article A,6.4, so that 
there seems to be an inconsistency in their treatment. R. Hill 37 - 7 notes 
the need for care about signs. 
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2. Strain and partial -strain for a two-stress 

Volume I, chapter III formulates the strain expressions in 
terms of a 'partial' strain 47 preparatory to relating them to stress. 
Reconsider, briefly here, the simplest case in which the principal 
normal total strains have no components due to shear stresses. 
Visualise the substance as elastic and that principal normal 
stresses $ i? /Sj act parallel to the two edges of a rectangular, plane 
sheet in directions x i? Xj. 

2.1. Elastic substance of general isotropy. Apply partial- 
strains |, j to the sheet and allow for the fact that each induces a 
transverse contraction effect in the direction of the other. Then, 
strains 



These equations should be regarded as a geometrical statement 
on the whole complex strain state at the point. 

The transverse contraction ratios have subscripts indicating that 
their value may differ between the various directions. Thus 
</jLj means 'the transverse contraction ratio for the effect of jin 
direction Xj'. 

2.2. Elastic substance of restricted isotropy. By defini- 
tion, a substance of restricted isotropy is one for which the stress- 
strain parameters are isotropic; that is, they are independent of 
direction. Then, for such a case 111(2.1) becomes 



(2.2) 



2.3. Elastic increment deformation. When the currently 
deformed elastic body is used as the reference to observe an 
increment deformation then the increment strains can be analysed 
to increment partial-strains with appropriate transverse con- 
traction ratios. Thus, for general isotropy y 



(2.3) 

Sc k = ft-kS 
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and, for restricted isotropy, 



(2.4) 



Note carefully that, in general, the g's in this article for an incre- 
ment deformation are not of the same values as those for total 
strains as in articles 111,2.1 and 111,2.2 

2.4. Elasto -plastic increment deformation. An elasto- 
plastic substance generally requires to be analysed incrementally, 
because the plastic component of the strain does not 'transfer' 
with the stress if this rotates relative to the substance. Article 
111,6 describes this briefly or volume I, article 111,7 gives a fuller 
account. 

The elasto-plastic increment strain at each point of the deformed 
body is resolved to its elastic and plastic components 8e E and 8e p 
respectively. Then, analysing these by appropriate increment 
partial-strains and transverse contraction ratios gives, similar to 
111(2.3), 



8e, = (Sef-^jSeft+CSef-^f) (2.5) 



For restricted isotropy the transverse contraction ratios are 
independent of direction and become q E 9 q p respectively, giving 
expressions similar to 111(2.4) but with a plastic component. 

2.5. Strain dyadic. The scalar strains in 111(2.1) are shown, 
in the manner of volume I, article 111,2.1, to be the components 
of the self-conjugate strain dyadic. 



(2.6) 

of similar form to the stress dyadic in 111(1.1). 

Scalar product of the stress dyadic with a unit vector gave the 
vector stress acting on a plane normal to the unit vector. Scalar 
product of the strain dyadic with a unit vector n gives the vector 
straining-displacement between its ends at unit distance apart 
in the present case of homogeneous strain. Thus, similar to the 
simpler, one-stress case in article 11,2.3, 

D n-M flieiXH-fljejXj+^kXk (2.7) 
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If, in particular, n = X 4 then 

D 1 = x i -iffil=:e 1 x i (2.8) 

and so on for the other two vector components analogous to the 
vector stress components of the stress dyadic. 

2.6. Partial -increment strain dyadic. Similarly, the scalar 
increment strain components in 111(2.5) are those of a self-con- 
jugate dyadic similar to 111(2.6). Its vector components can be 
extracted for given directions. Then, the increment strain 
dyadic is 

A $1 = S^XiXj+SejXjXj+SekXkXk (2.9) 

while the increment straining-displacement between the ends of a 
unit length is 

8D -= n.JM = WiSe^+WjSejXj+'/ifcSekXk (2.10) 

(2.11) 



2.7. Principal normal strains and their directions. The 

principal normal strains and their directions are found for the 
strain dyadic just as the corresponding values were found for the 
two-stress dyadic in article 111,1.3. Thus, 



e 7/w ) cos 20+e sin 20 \ 

| (2.12) 



Cj = ^(e^-^Cyy) \(e xx e yy ) cos 20 e^ sin 20 
while 

(2.13) 



2.8. Principal normal increment strains and their 
directions. In a similar fashion the principal normal increment 
strains and their directions for the increment strain dyadic are 

, r Se, Mt ) cos 20+8* sin 20 



0082086^8^120 



} (2.14) 



tan 20 = 28eJ(8e xx -8e yy ) (2.15) 



3. Stress -strain relations for a two -stress 

The strains of article 111,2 are 'total' and 'incremental', so 
that the transverse contraction ratios are of corresponding 
'secant' and 'tangent' form. Similarly, now use secant and 
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tangent moduli to relate stress and partial-strain or their incre- 
ments. 

3.1. Secant elastic moduli. The elastic partial-strains of 
article 111,2.1 for general isotropy are now related to stress by 
secant moduli in 

(3.1) 



while, for restricted isotropy, 

e , = ^f, ej = ^ (3.2) 

Thus, explicitly in 111(2.2), for example, 

e^GSi+Fx 3 j=0,+.*y e k =F x s (3.3) 

with isotropic secant stress-strain parameters 

G = (l+q)t F = -<rf (3.4) 

and first stress invariant 

(3.5) 



3.2. Tangent elastic moduli. The elastic increment partial- 
strains of article 111,2.3 are related to increment stresses by 
tangent moduli for general isotropy in 

Sc, = ^SSi S<-j = 0jS#j (3.C5) 

while, for restricted isotropy, 

Sq - i/rSS, Sej = 08/S'j (3.7) 

Thus, explicitly in 111(2.4), for example, 

861 - G&Si+JV* Sej = GSSi+F&jf 8e k = F&jf (3.8) 
with isotropic tangent stress-strain parameters 

G = (l+q)t F = -qt (3.9) 

not equal, in general, to the secant parameters in 111(3.4). The 
increment stress first invariant is 

(3.10) 



3.3. Elasto -plastic tangent moduli. The elastic and plastic 
increment partial-strains components of elasto-plastic increment 
strain in article 111,2.4 are similarly related to increment stresses 
by tangent moduli. Thus, for general isotropy , 



Sef = 0f 
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Substituting in 111(2.5) and writing explicitly for restricted isotropy 
gives 

Se { = (G E 8S i +F E 8 x ^)+(G p 88 i +F P 8 X S ) } 



3.4. Current total stress and elasto -plastic strains rela- 
tions. In general, stress rotates relative to the substance but the 
plastic strain does not transfer with it, as is discussed in article 
111,6. Thus, current elasto-plastic ' strain' is the total trans- 
ferred elastic strain and last plastic increment strain. Then, for 
restricted isotropy, with Se { in 111(3.12) this gives 

p. [Y s 

e { = G E d8 i + F E d x ff +(G p 8S l +F p 8 x s ) (3.13) 

Jo Jo 

with similar integral forms for ej and e k . 

4. Shear stress on a sheet 

As a particular case, suppose the principal normal stresses are 
equal but of opposite sign in the stress dyadic of article 111,1. 
Then, with Si = S = $j the stress dyadic is 

= SteXr-XjX,) (4.1) 

Choosing unit vector n at 45 and unit vector t at +45 to 
ORi gives the normal stresses S nn , S tt as zero for these directions, 
while the complementary shear stresses are 

8 nt = n.&t=S tn =T (4.2) 

say, of the same arithmetical value as 8. This gives the homo- 
geneous two-stress system in Fig. 111,4.1. See volume I, article 
11,13 for a fuller treatment. 

The principal normal stresses 8 and 8 are equivalent to, and 
of the same arithmetical value as, the complementary shear 
stresses T. Therefore, it is convenient to call them the auxiliary 
normal stresses of the applied shear stresses. 

5. Pure shear strain in a sheet 

It is supposed that the current, complex, two -stress system 
having principal normal components S, 8 as in Fig. 111,4.1 
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111,6 

evolves from zero without the axes OR { R^ rotating relative to the 
spatially fixed set OE X R V as in Fig. 111,5.1. Thus, the squares 
drawn as solid lines in the deformed sheet were the parallelograms 
shown as dotted lines in the undeformed sheet. 

At each intermediate load between zero and the current state 
the stresses $, 8 are equivalent to the intermediate-state 
complementary shear stresses T as in Fig. 111,4.1. Such a defor- 
mation is called pure shear strain due to the applied pure shear 
stress. Then, relative to the whole-body convected axes O^JRj, 
that do not rotate spatially in this case, the straining-displace- 
ment of point A is D(A) and that of point B is D(B). 




FIG. 111,4.1. The applied complementary shear stresses T can be repre- 
sented by the auxiliary normal stresses # of equal magnitude to T, 
while one is tensile and the other compressive. 

The analytical discussion of these straining-displacements is 
given in volume I, article 111,3 and illustrated in the subsequent 
examples here. 



6. Stress and strain transfer 

In the pure shear strain of article 111,5 the principal normal 
stresses always act on the same ' strings ' of particles of the sub- 
stance, while the strain and stress evolve from zero to the current 
values. Therefore, the stress and strain can be said to have 'not 
transferred'. If the principal normal stresses do not always act 
on the same 'strings' of particles then they 'transfer'. That is, 
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111,6 



the principal normal stresses rotate relative to the particles of 
substance about the typical point considered. 

Elastic strain is due to the current relative-displacement 
between each pair of particles constituting the body, but plastic 
strain is due only to their rearrangement during the strain history 
previous to the current state. Therefore, it is clear that only 
elastic strain can transfer with the stresses, while plastic strain 



R* 



Ri 



D(B) 



\ ^w x 




D(A) 







FJCJ. 111,5.1. Pure shear strain induced by the pure shear stress system 
S 9 # of Fig. 111,4.1. The unstrained lozenge shown dotted becomes 
the strained square shown by full lines, while the small rectangle 
shown dotted becomes the small square shown in solid lines. 



'remains behind'. If this were not so then a square initially in 
the directions of the first applications of principal normal stresses 
would deform elasto -plastically to a rectangle always in the direc- 
tion of the principal normal stresses whatever their rotation. A 
simple experiment with a sheet of plasticine soon disposes of such 
a possibility. Stress and strain transfer are discussed in more 
detail in volume I, articles 11,10, 111,7. 
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ANALYSIS OF DEFORMATION 



7, Simple shear in an elastic sheet 

A simple shear of the sheet occurs under the applied complemen- 
tary shear stresses T when one pair of opposite edges of the 
lozenge in Fig. 111,5.1 remains parallel to the spatially fixed axis 
OR X . This gives the situation in Pig. 111,7.1 . The point currently 
at A suffers spatial-displacement U(A) from spatially initial 
position A, while B has suffered U(B) from B. Relative to 
whole-body convected axes the straining-displacements are still 




RX 

Fin. 111,7.1. Simple shear strain induced by the applied shear stress T. 
The initially undeformed line AB and deformed line AB remain 
parallel to spatially fixed axis OR X . Directions OA, OB are the 
initial directions of the whole-body convected axes that are currently 
O#i, (XRj. The strain 'transfers' by angle 0. 

D(A), D(B) as for pure strain shear in article 111,5. The differences 
U(A) D(A) and U(B) D(B) are due to strain transfer through 
angle 0. 

7.1. 'Rigid -body rotation* in simple shear. The current 
strain state can be visualised in two stages. If the current, 
deforming shear stress is removed and the whole-body convected 
axes held spatially fixed, then points A, B suffer elastic recovery 
displacements D(A), D(B) as in article 111,5. However, side 
AB is not parallel to OR X until the whole, now undeformed, 
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sheet is rotated back through angle 0. This is usually referred 
to as the 'rigid-body rotation ' of simple shear. This terminology 
is misleading, as it disguises the idea of strain transfer which does 
not occur in general for a whole-body rotation. 

After application of the first incremental shear stress 8 (1) T, say, 
the square of side length AB in the slightly deformed sheet does 
not contain the same set of particles as the same square of the 
same size when the shear stress reaches finite value T. At each 
load stage, however, between 8 (1) T and T the auxiliary normal 
stresses and principal normal strains are in the auxiliary direc- 
tions at 45 and 135 respectively to OR X . The mutually ortho- 
gonal line elements currently in these directions were mutually 
orthogonal at an orientation at strain transfer angle $ from the 
auxiliary directions. 

7.2. Unit stretch and normal strain are not the same 
thing generally. The stress dyadic with principal normal com- 
ponents S, 8 in the auxiliary directions has normal stresses 
8jcr> vv zero on transformation to axes OR x R y . Volume I, 
article 111,13.2 shows that when the principal normal strains 
in the auxiliary directions are equal and of opposite sign then, 
like the stresses, the normal strains e xjc , e vv are zero. However, 
line AB ^ AB in Fig. 111,7.1, so that the unit stretch is not zero. 
Similarly, line elements currently parallel to OR y are of different 
length from the corresponding line elements in the undeformed 
sheet. Again, the depth of the dotted lozenge in Fig. 111,7.1 
is less than the depth of the solid-line square. This increase in 
width under simple shear is the Poynting effect 30 , first noticed 
for circular cylinders under axial torsion. It is an effect of 
'stretch' and not 'strain'. Recent writers have evolved 
quadratic strain theories introducing at least one more 'stress- 
strain parameter' to be 'adjusted* to allow for this 'strain 5 . 
M. Reiner 52 has called his third parameter the 'modulus of cross- 
elasticity ' but has not noticed that the Poynting effect is explain- 
able, in part at least, in terms of stretch and strain transfer as here. 



8. Analysisf of simple shear in an elastic sheet 

A shear stress T acts on the long edges of an elastic strip of 
depth H as in Fig. 111,8.1. The straining-displacements of 

t Author, 1950. 
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points A, B are C, D respectively relative to the whole-body con- 
vected axes Ol^JSj. The auxiliary normal stresses 8 9 8 
transform the strip of depth W in the direction of unit vector w 
into the strip of depth H in direction c y . However, it is required 
that, for simple shear strain, the long edges of the strip shall be 
parallel in the undeformed and deformed states. Therefore, the 
rotation through angle of strain transfer gives the geometry in 
Fig. 111,8.2. Relative to the whole-body convected axes in their 
initial orientation the straining-displacements are C, D as 
shown. The spatial-displacements are M, N, so that (M C), 
(N D) are the strain transfer displacements due to spatial- 
rotation of the whole-body convected axes. 





H 



B 




B' 







W 



*A 



3 



Fio. 111,8.1. An elastic strip of defrfrrned depth H is maintained in this 
state by shear stress T applied to its long edges or, otherwise, by 
auxiliary normal tensile and compressive stresses S. Relative to 
whole -body convected axes in the auxiliary directions the point A 
suffers straining-displacement G and point B suffers D. The un- 
deformed strip is of depth W. The shear strain is to be one of simple 
shear, so that the undeformed strip is incorrectly orientated by strain 
transfer angle <f> from the required parallelism with the spatially fixed 
axis OR X . 
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8.1. Strain transfer angle in terms of straining -displace- 
ment. From Fig. 111,8.1, 

J = C+D+K (8.1) 

Effect the 'rotation' of vector J into vector J through angle 
by the ' versor operator ' f 

Q, = c s c s +(c x c x +c y c v ) cos <t>+(c y c x -c x c y ) sin # (8.2) 
in prefactor scalar product. Thus, 

Jo = Q.J (8.3) 

Since J is parallel to K then their vector product is zero. Then, 
substituting for J from 111(8.1) gives 

Kx (Efc.(K C+D) = (8.4) 




B 



K 





FIG. 111,8.2. Relative to the whole-body convected axes in their orienta- 
tion corresponding to the orientation of the initially undeformed sheet 
the point A suffers straining-displacement G, while point B suffers 
D. The spatial -displacements of points A, B are M, N respectively, 
while (M C), (N D) are the strain-transfer displacements. 

f This term is carried over from Hamilton's quaternion analysis by the 
present author. See volume 1, article A, 14 for its formulation geometri- 
cally. Familiarity with its use will show the reader that it is a powerful 
and convenient mathematical device saving much avoidable geometrical 
analysis while economising in thought and writing. 
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But 

K - 2Hc x C = Cx i D = - 

x,V2 = c x +c y XJV2 - -c x +c y (8.5) 

CrXC,. = C x xC y = C Z = C^XC, } 

Substituting in 111(8.4) gives, on rearrangement, 

tan <Z> = (C+D)!(2H^/2-C+D) (8.6) 

Note that (7, D are the arithmetical values of C, D respectively, 
since the signs have already been considered. 

8.2. Change in length of the strip in terms of straining- 
displacement. The change in length of the strip can be found 
from (KJ) with K the modulus of K and J the modulus of J 
or J. From 111(8.1), 



But C and D are orthogonal, so that their scalar product is zero, 
while using 111(8.5), taking the square root, and subtracting from 
K gives 

K-J = 2H-^[C*+D*+4:H*+2-i4:H(-C+D)] 

Written as the change in length per unit length of deformed sheet 
this gives 

J/K = V[l(C 2 +D*)H~* + l+(-C+D)H-i2-*] (8.8) 



8.3. Change in depth of the strip in terms of straining - 
displacement. The change in depth of the strip can be measured 
by (H W). Depth W can be found by resolving the vector 
OA oi to the direction w in Fig. 111,8.1. Thus, 

W = w-( V2//XJ-C) (8.0) 

with 

cos 



Substituting appropriately from equations 111(8.5) and then 
substituting for sin from equation 111(8.6) gives 

W _ (V2+D/H)[l-G/(V2H)] cos <& 

H " { ' } 



8.4. Unit stretches in the length and depth of the strip. 

Volume I, article 111,13 discusses the 'stretch' of a line. The 
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unit stretches here of the length and depth of the strip are defined 

by 

a x = (K-J)jK a v = (H-W)/H (8.11) 

Substituting from 111(8.8) and 111(8.10) gives 



cos 



8.5. Spatial -displacements of points A, B. To find the 
spatial-displacement M of point B from its initial position B 
consider the geometry of Fig. 111,8.2. 

M = C+(M-C) (8.13) 

But 



with the idemfactor 

3 = C x C x +C y C y +C z C z = Xft+XjXj+C^C, (8.14) 

while, also, 

C = Q-C (8.15) 

Then, from 111(8.13), 

M = Q.C+ v /2 #(3 <$)-Xi (8.16) 

Similarly, the spatial-displacement of point B is 

N = Q-D+V^J-^-Xj (8.17) 

Using 111(8.5), 111(8.2) to expand these two expressions to the 
spatially fixed axes and substituting for sin from 111(8.6) gives 
the scalar components of M as 

M x = H+(2-*C-H)[l-(C+D)/(2HV*-C+D)] cos 
M y = H+(2-*C-H)[l+(C+D)/(2H^2-C+D)] cos 
while a similar form can be found for N. 



\ 
J ^' 



8.6. Spatial -displacement of a general point. Let R be a 

general point in the sheet with components Ufa, TJjXj relative 
to the whole-body convected axes. Let D be the straining- 
displacement of R with components Dfa, Z)jXj. Then, with 
(7, D as previously, 

D = (C^ty(V2H)-(x J )*j/(v'2ff) 

RK^H) (8.19) 
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The instantaneously initial position of a point is 

R oi =R D (8.20) 

while its spatially initial position, allowing for the strain transfer 
of this simple shear, is 

Ro^Q.R 01 (8.21) 

The spatial-displacement is then 

U = R-R = 3-R-Q.R oi 

= { J~(^-[3-(Cx i x 1 -J9x j x j )/( V2# )]}-R (8.22) 

Equations 111(8.17), 111(8.16) are seen to be special cases of this 
equation when R has the components of the particular values 
there. The expansion of this to the spatially fixed axes is left as 
an exercise for the reader. 

8.7. Straining -displacement of a general point. The 

straining-displacement of a point at general position R is given 
in equation 111(8.19) relative to the whole-body convected axes. 
Resolve the self-conjugate dyadic on the right-hand side to the 
spatially fixed axes. Thus, on transforming the unit vectors 

x i> x jj 

D = M-R (8.23) 

with strain dyadic 

m = ((C-D)(c x c x +c y c y )+(C+D)(c x c y +c y c x )]l(2^/2H) (8.24) 

8.8. Anisotropic sheet. A substance is anisotropic when the 
principal normal stresses and strains are not always coaxial as the 
deformation evolves but differ by phase angle ph as in volume I, 
article IV,2.1. In this case the vectors C, D of Fig. 111,8.1 
are not in the auxiliary normal stress directions and corres- 
pondingly alter the strain transfer angle. 

There appears to be no experimental evidence (March 
1954) on this aspect but, in subsequent tests, it is a theoretical 
possibility to be borne in mind when analysing physical data. 
The writing out of the geometry and consequent changes in the 
foregoing expressions for unit stretches are left as an exercise for 
the reader. 

9. Simple shear in an elastic sheet: theoretical examples f 

The various expressions in article 111,8 for the spatial-displace- 
ment of points and the unit stretch of length and depth of the 

t Author, 1950. 
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strip are given in terms of the arithmetical magnitudes C, D of 
the straining-displacement of the auxiliary directions at 45, 135 
respectively to axis OR X . Principal normal stresses and strains 
are coaxial, so that general, or restricted, isotropy is implied. 
Within this restriction, the problem is now to express the magni- 
tudes of the current (7, D in terms of the current applied shear 
stresses T. 

The increment stress and increment strain approach is con- 
venient here. Thus, 

80 = V2# 8e, = V2# (Se.-r/j-.jScj) 1 ({} n 

87; - V^Sej - V 2 #(8j--fc-jSi) J 

and these are integrated between the initial undefonned and 
current deformed states, since the elastic strains and elastic 
straining-displacement transfer as the stress system evolves. 

9.1. Constant elastic tangent modulus and restricted 
isotropy. Suppose the transverse contraction ratios are iso- 
tropic of value </, as are also the tangent moduli i/j of equations 
111(3.6). The principal normal increment stresses are equal and 
of opposite sign, so that 

8C = ^2H(l+g)^8T = 8D (9.2) 

Further, suppose that the stress-strain parameters are constant 
to give 

C - ^2H(l+q)^T = D (9.3) 

Therefore, the principal normal strain 

e { = C/( V2# ) = (l+q)^T = f (9.4) 

say, while compressive strain e^ is of the same arithmetical value. 
Substituting 111(9.3) in 111(8.6) together with 111(9.4) gives the 
strain transfer angle in 

tan0 / (9.5) 

The unit stretches in the length and depth of the strip are given 
by substituting 111(9.4), 111(9.3) in 111(8.12). Thus, 



(96) 

a y = 1-(1-/ 2 ) cos { ' ] 

Substituting 111(9.3) in 111(8.23) gives the straining-displace- 
ment of the general point R as 

D = MR (9.7) 
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with strain dyadic 

W=f(c x c y +c y c x ) (9.8) 

Since the dyads c x c x , c y c y do not appear, then the normal strains 
are zero in the directions of the spatially fixed axes although the 
unit stretches are not zero. Thus, symbolically, 

* 7* = e, x a y ^0 = e yy (9.9) 
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FIG. 111,9.1. Simple shear of an elastic sheet of restricted isotropy and 
constant stress -strain parameters. Shear strain is measured by the 
auxiliary normal strain /. The values of the unit stretches a X9 a y 
are those for the initial, fairly small deformation. 

The normal strains components of the strain dyadic are zero 
but the Poynting 30 ' normal strains ' (as discussed recently by 
M. Reiner 52 , for example, in terms of a modulus of cross-elasticity) 
are not zero. Figs. 111,9.1, 111,9.2 give the length and depth 
unit stretches vs. auxiliary normal strain as the measure of shear 
strain. 
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When the strains are small enough to neglect their squares as in 
classical infinitesimal strains theory then 



a x = = e xx 



(9.10) 



9.2. Isotropic tangent modulus a function of shear stress. 

Suppose, again, that the transverse contraction ratio is constant 




-0*2 



-0'4- 

0-2 0>4 O'Q 0'8 1-0 

'Auxiliary* true normal strain f 

Fro. 111,9.2. Simple shear of an elastic sheet of restricted isotropy and 
constant stress-strain parameters. The strain range here is much 
greater than that in Fig. 111,9.1. 

while the isotropic tangent modulus $ is a function of shear stress 
of the form 

j = k+jexp(hT) (9.11) 

with parameters h, j, Tc to be fitted to experimental measurements 
on the behaviour of the substance. Substitute in 111(9.2) and 
integrate to give 



G = <S2H(I+q)[kT+jh-i exp (hT)] = D 



(9.12) 



Thus, the principal normal stress and the partial-strain are 
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related by a form similar to that for the rubber in article 1,8. 
Therefore, the principal normal strain 

e, = (I+q)[KT+jh-i exp (hT)] =/ (9.13) 

say, while e^ is of the same magnitude but opposite sign. 
From 111(8.6) the angle of strain transfer is found from 

tan<Z>=/ (9.14) 

while, from 111(8.12), 

a x = l-V(l+/2) a y - 1-(1-/ 2 ) cos <P (9.15) 

The relationships 111(9.10), 111(9.9) are found again for the 
present case. 

9.3. General isotropy and constant tangent moduli. In 

111(9.1) suppose, for simplicity, that the g's are isotropic, as they 
are of less importance than the moduli, while the tangent moduli 
are anisotropic as in equations 111(3.6). Thus, 



80 = ^2H(^ { +q^)8T 8D = ^/2H(^+q^)8T (9.16) 
With all stress-strain parameters constant then integration gives 

C = ^2H(^+q^)T D = ^/2H(h+qh)T (9.17) 
Thus, 011 reinserting the sign for compression, the total strains are, 

(9.18) 



and are not equal as for restricted isotropy. 

Substituting 111(9.17) in 111(8.6), 111(8.12) gives the strain 
transfer angle and unit stretches respectively, while in the strain 
dyadic 111(8.24) the normal strains are not zero. Thus, for 
general isotropy, 

(a x ^ a v ) ^ (e xx = e yy ) ^0 (9.19) 

9.4. Non-constant tangent moduli and general isotropy. 

More generally, the stress-strain- parameters of equations 111(9.16) 
may be functions of current stress in the manner of article 111,9.2. 
At present (March 1954) there seems to be no experimental 
evidence on anisotropic, non-constant parameters. The reader 
may find it an interesting exercise to assume plausible values and 
study their effects on strain transfer, unit stretches of the strip 
and the effect on the components of the strain dyadic. 
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10. Simple shear in an elasto -plastic sheet f 

Article 111,3.4 mentions that the plastic component of elasto- 
plastic strain does not ' transfer' when the stress and strain 
rotate relative to the substance about a typical point. The 
elastic strain adds up, or sums scalarly, as it transfers to follow 
the rotating stresses. Thus, the current principal normal strains 
at a point due to a two -stress system are given by adding the 
elastic total strain and the last plastic increment strain. Thus, 
the curi^nt straining-displacements (7, D as in Figs. 111,8.1, 
111,8.2 are 

= C E +8C P D = D E +8D P (10.1) 

With this restriction the equations formulated in article 111,8 
for an elastic sheet apply to the present elasto-plastic case. 

The elasto-plastic strain transfer angle A, say, is given by 
111(8.6) from 

tan A _ (C E +D E )+(8C p +8D p ) _ 

^ ' } 



The strain transfer versor operator is now, similar to 111(8.2), 

Q = c z c z +(c x c x +c y c y ) cos A +(c y c x -c x c y ) sin A (10.3) 

10.1. Elasto-plastic spatial -displacement. The current 
4 spatial -displacement' is now an elastic component and the last 
increment plastic component. Thus, from 111(8.22), with Q, 
from 111(10.3) and (7, D from 111(10.1), 

U - U E +8U P 



(10.4) 

10.2. Depth change of the elasto-plastic strip. If, parti- 
cularly, 

R = Hc y (10.5) 

then the component of 111(10.4) in direction c y gives the elastic, 
or reversible, and increment plastic, or increment non-recoverable, 
depth changes of the strip due to the current load and its last 
increment. Thus, the strip of current depth H has suffered the 
last, permanent, incremental increase of depth 

8W P = c y -8V p = 2-ky( 

t Author, 1950. 
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But the direction cosines x^ = 2"* Xj-c^, so that 

8W P = ^-Q-tSC^Xi-SlXxj) 

Substituting for Q,from 111(10.3) and Xj, Xj from 111(8.5) gives 
SW p = (2^2)-i[(8C p -8D p ) cos A+(8C P +8D P ) sin A] (10.6) 

Suppose the strip is still elastic but just about to yield when it is 
of depth W under shear stress 2 T . Under the shear stress 
(T-{-8 (l) T) the strip suffers an elastic increase in depth 
gd)jp# an( j a pi as tic increase in depth S (1) TF P to become 
(W+&MW S +#UW P ). Again, let the shear stress increase by 
another increment 8 (2) y, using the latter depth to calculate the 
new depth (W+8 ( ^W E +8 ( ^W E +8^W P +8 ( ^W P ). This incre- 
mental process can be continued to give the current depth of a 
strip initially of depth W just before plastic strains appeared. 

10.3. Length change of the elasto -plastic strip. If, parti- 
cularly, 

R - Hc x (10.7) 

then this component of 111(10.4) in direction c r gives the elastic 
and last increment plastic length changes due to the current load 
and its last increment. Denote the increment plastic length 
change by 8L P and derive its form in a similar manner to the 
derivation of 111(10.6). Thus, 

8L P = c x -8U p 

= (2V2)-i[(SC p -SZ> p ) cos ^l-(86 rp +8^ p ) sin A] (10.8) 



The length change at the current state of the strip can be 
computed incrementally in a manner similar to that for depth 
change as in article 111,10.2. 



11. Simple shear in an elasto -plastic sheet of restricted 
isotropy: theoretical example f 

The elasto -plastic sheet is supposed to be of restricted isotropy 
and have the idealised normal stress vs. normal partial-strain 
relationship in Fig. 111,11.1, so that the elastic and plastic moduli 
are both constant. Further, it is supposed that the elastic and 

t Author, 1950. 
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plastic transverse contraction ratios are equal and remain constant 
at value q. The constant elastic modulus is 

</j E = E-i (11.1) 

and we may write 

</,/> = (P-1-J57-1) =*0R (11.2) 

with constant ratio h. Then, in 111(10.4) the elastic and plastic 
increment straining-displacements are 



V " 



8C P = 81)*' = 
with H the current depth of the strip. 

S 




FTG. 111,11.1. Idealised elasto -plastic normal partial -strain vs. normal 
stress. The elastic modulus is E' 1 , while P~ l is the elasto -plastic 
modulus. The plastic modulus is (P~ l E~ 1 ). 

11.1. Spatial -displacement of a particular point for 
particular increment stress -strain parameters values. 

The particular point followed is initially at 

R = c y (11.4) 

when the strip is just about to yield. Its spatial-displacement is 
computed incrementally in equation 111(10.4) using the values: 

Primary yield auxiliary normal strain / (0) = 0'2 "| 
Plastic modulus ratio h = 10 > (1 1.6) 

Shear stress increment S = 20" 1 J 

The method of computation suggested in articles 111,10.2, 111,10.3 
is used and gives the spatial-displacement path of the point shown 
as a solid line in Fig. 111,1 1.2. The dotted curve is the trajectory 
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of the point when the applied shear stress is reduced to zero and 
shows the extent of the permanent increase in depth of the strip. 

11.2. Simple shear and reversed shear. The spatial- 
displacement trajectories in Fig. 111,11.3 for simple shear and 
reversed shear have been constructed from the analysis giving 
Fig. 111,11.2. The trajectory FG is elastic and GHJ... is 




FTU. 111,11.2. The elasto -plastic trajectory of a point at initial position 
(0, 1) when the applied simple shear stress is just at yield. The 
post-yield increase of R u with applied shear stress shows that the 
depth of the strip increases considerably relative to its lower edge 
at H u 0. The clotted trajectory is that of the point when the shear 
stress is reduced to zero from successive positions on the elasto- 
plastic trajectory. 

elasto -plastic. At H unloading of the strip commences, is com- 
plete at K and again reaches yield at L under reversed shear 
stress, while LMN... is the elasto-plastic range as this reversed 
shear stress increases further. Reversal of the reversed shear 
stress commences at M, is complete at P, yield commences again 
at Q, while QR... is again the elasto-plastic strain range. The 
qualitative similarity of these trajectories and those noted experi- 
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111,12 



mentally by H. W. Swift 53 for fairly small unit stretches as in 
article IV,4 should be noted. 



12. Simple shear in a slightly elastic elasto -plastic sheet 
of general isotropy: theoretical example 

Suppose that the yield stress and work-hardening of a substance 
are both 'small'. Then, in article 111,10 the strain transfer angle 




Frrj. 111,11.3. Shear and reversed shear trajectories of the point in Fig. 
111,11.2. Segments of trajectory with arrows in both directions are 
those for elastic unloading, loading to yield again. The qualitative 
similarity of those curves to the experimental curves in Fig. IV,4.1 
should bo noted. 

is small, so that tan A = A == sin A and cos A = 1. Therefore, 
from articles 111,10.2, 111,10.3 and neglecting the products 
A8C P , A8D P this gives 

8W P = (2 v /2>-i(8C rr -3D J> ) = 8L P (12.1) 

Suppose the plastic moduli are not isotropic but, for simplicity, 
that the plastic transverse contraction ratio is isotropic. Then, 

8C"' = (tf-q' n 9 < 

SD 1 ' - (tff-q 
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Then, 

Therefore, the permanent ch'ange in depth of the strip is an 
increase or a decrease depending on the relative magnitudes of the 
plastic moduli in the auxiliary normal stress directions of the 
applied simple shear stress. 

In a test by H. W. Swift 53 , axial torsion was applied to a solid 
lead cylinder not previously worked after casting. There was an 
appreciable stage of zero length change and then the cylinder 
shortened, but no observation of the change in diameter is 
recorded. If the length changes of the cylinder could be analysed 
approximately by such as 111(12.3) then, initially, iff = 
subsequently 0f < /TJ P . 



and 
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Fia. 111,13.1. Shear stress T and transverse normal stress S applied to a 
long, isotropie, elastic, strip for which appropriate strain transfer 
keeps the long edges always parallel to the spatially fixed axis (XR,.. 
The whole-body convected axes O#i#j are shown in their current 
position in the directions of the principal normal stresses and strains. 



13. Shear stress and transverse normal stress applied to an 
isotropic elastic strip 

Consider the shear stress T and normal stress 8 applied to the 
long edges of an elastic, deformed strip as in Fig. 111,13.1. The 
strip is to have its long edges always parallel to the spatially 
fixed axis OE X between its initially undeformed and currently 
deformed states. This is something like the simple shear in 
articles 111,7 and 111,8, but it is not simple shear because of the 
presence of normal stress on planes normal to the axis OR U . 
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HOMOGENEOUS, PLANE TWO-STRESS 111,13.1 

13.1. Stress dyadic. For this complex stress system the 
stress dyadic is 

3 - Sc x c x +T(c x c u +c y c,) (13.1) 

Article 111,1.3 gives the principal normal stress direction Xj at 
angle Q, say, from 

tan 2,0 = -22Y/S (13.2) 

while the principal normal stresses are 

, = 1^(1 -cos 2fi)+T sin 2Q 



i = Jflf(l+cos 2S2)-T sin 2,0 r (13>3) 

The principal normal stress directions unit vectors are now 

X! = c^ cos Q+c y sin Q j 

X = c x sin &+C cos Q J 



13.2. Strain transfer angle. The principal normal strains 
are in the directions of principal normal stresses for an isotropic 
substance, so that, in Fig. 111,13.1, the straining-displacements for 
these directions are 

C - Cx i D - Z>Xj (13.5) 

Note that this does not take account of sign as in article 111,8. 
Similar to article 111,8 there is found geometrically 

j = _C-D+K (13.6) 

J = <$-J (13.7) 

<$ - c a c s +(c x c x +c y c y ) cos <P+(c y c x -c x c y ) sin $ (13.8) 

for strain transfer angle 0. This is found in the tan $ form from 

Kx<$.(K-C-D)=0 (13.9) 

while, here, 

K = (I/tan +tan Q)Hc x (13.10) 

13.3. Length change of the strip. The unit stretch in 
length of the strip is again 

a x = l-J/K (13.11) 

with 

J = V(J'J) (13.12) 

and J from 111(13.6). 
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111,13.4 ANALYSIS OF DEFORMATION 

13.4. Depth change of the strip. Kimilar to article 111,8.3 
the initial scalar depth of the strip here is 

W = w.[(ffx,/sin Q)C] (13.13) 

with 

w = c,. sin <P+c y cos $ (13.14) 

The unit stretch in depth is, again, 

a y = l-W/H (13.15) 

13.5. Spatial -displacement of a point. Relative to the 
whole-body coiivected axes currently in directions x i? Xj the 
instantaneously initial position of a point at current position R is 



^ R~(C//7? 1 /sin ^-(DH^/cos fi) = R.(| Ml) (13.16) 
with strain dyadic 

Ml == [(XjC/sin fi)+(XjD/cos Q)\H (13.17) 

14. Transverse normal stress and a small shear stress 
applied to an isotropic elastic strip 

In the applied complex stress S, T of article 111,13 suppose that 
T is small. Then, from 111(13.2), with p a small angle the principal 
normal stress direction 

fi = ITT-P (14.1) 

with 

p = T/S (14.2) 

The principal normal stresses are then found from 111(13.3) to be 

tfi = S+(2T2/S) flf, - -2T*/S (14.3) 

and their directions from 111(13.4) to be 

Xi = (c x T/S)+c y x, = -c x +(c y T/S) (14.4) 

14.1. Strain transfer angle: The vector of 111(13.10) is now 

K = [(lip) + P ]Hc x = [(S/T)+(T/S)]Hc x (14.5) 

while 

C = C[(c x T/S)+c u ] D = D[-c x +(c v T/SK (14.6) 

UseQfrom 111(13.8) and with 111(14.6), 111(14.5) substitute in 
111(13.9). Neglecting T 3 and smaller terms gives the strain 
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HOMOGENEOUS, PLANE TWO-STRESS 111,14.2 

transfer angle from tan 0. However, it can be approximated 
by to give 

= TCI(8H)+T*D(1-CIH)I(S*H) (14.7) 

14.2. Length change of the strip. From 111(13.12), 111(13.6) 

J = y'(J.J) (14.8) 

J = K C D (14.9) 
Therefore, with 111(14.6), 111(14.5), 



- 

VI +(TI8)2HD+(T/8)*[(HC)*+D*] J ' 

The lengthwise unit stretch is 

a x = lJ/K (14.11) 

while, from 111(14.5), 

K = [(S/T)+(T/S)]H (14.12) 

14.3. Depth change of the strip. Using 111(14.1), 111(14.4), 
then 111(13.13) gives 

W = w[(c x TIS)+c y ](H-C) (14.13) 

and with the small strain transfer angle then, from 111(13.14), 

w = c x 0+c y (14.14) 

so that 

W = [(0T/S) + l](H-C) = [(T/S)*(C/H) + 1](H-C) (14.15) 
with 111(14.7) and neglecting T% and smaller. The depthwise 
unit stretch is 

a y = 1-WfH 

so that, with 111(14.15), then 

11} (14.16) 



15. Depth change of an elastic strip of restricted isotropy 
due to a small shear stress and a finite transverse 
normal stress: theoretical example 

Article 111,14.3 gives the depthwise unit stretch of an elastic 
strip due to small shear stress T and finite normal stress S as 

a v = (C/H){l+(TI8)*[(CIH)-l-\} (15.1) 

Article 111,14 gives the principal normal stresses as 

) S j = -2T*/S (15.2) 
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111,15.1 ANALYSIS OF DEFORMATION 

15.1. Depthwise unit stretch. The generalised Hooke's law 
is given from article 111,3.1 as 

* 

( * ) " ; 



6j = MS,-* 8 !) - 0[-0S-2(l +q)T*/S] 
The scalar straining-displacement, noting 111(14.1), is 

G = Ciff/ain ,Q = i/,H[S+2(l+q)T2/S] (15.4) 

Substitution in 111(15.1) and neglecting terms of order T 3 and 
smaller gives the depthwise unit stretch as| 

a y = t8[l+(T/8)*W8+} +2g)] (15.5) 

If, in particular, shear stress T is zero, or else if T 2 is negligible 
then 

a y = l = fS (15.6) 

the depthwise strain due to the normal stress only. 

15.2. Depthwise normal strain. The depthwise normal 
strain is found from the strain dyadic 

M = c 1 x l x I +0JXJXJ (15.7) 

as 

*yy ^ Wfflll (15.8) 

But c^Xi 1, while c^Xj = p = T/8, the small angle of article 
111,14, so that 

e i/y - e,+(T/8)^ (15.9) 

Substituting 111(15. .3) and neglecting (T/8) 4 gives 

e iw = 0S[l+(2 T /S)2(2+ ? )] (15.10) 

Com])arison with 111(15.5) gives 

^'- ; 



as the ratio of depthwise unit stretch to normal strain. 

15.3. Poynting effect. Poynting 30 , in 1909, extended cir- 
cular rods f metal and rubber by axial tensile load that was then 
held constant during the application of an axial torque which 
induced increased change in length. While the torque is small 
this is rather similar to the case just discussed. Poynting found 

t Author, 1950. 
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tlio unit axial stretch proportional to the square of the super- 
imposed shear stress T, similar to the theoretical result in equation 
111(15.5). However, Poynting and subsequent recent writers 
(R. S. Rivlin 14 and M. Reiner 52 , for example) have regarded the 
axial change of length in the cylinder (or depthwise as in the strip 
here) as a 'normal strain', whereas the present author treats it as 
a 'stretch'. 'Normal strain' is a component of the strain dyadic 
(or second-order tensor) as in 111(15.10), calculated by invariant 
transformation from the unit stretches in the principal directions. 
M. Reiner 52 , in fact, introduces a 'coefficient of cross-elasticity' 
as a modulus to account for this Poynting ' strain '. A survey and 
comparison by C. Truesdell 31 , in 1952, gives the general theories 
proposed by the various writers. Truesdell does not remark on 
any distinction between normal strain and unit stretch as here. 

Usually i/fS < 1, so that, when 8 becomes negative for axial 
compression, the additional axial unit stretch should be a com- 
pression according to 111(15.5), but there is no experimental 
evidence at present (March 1954). 
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Chapter IV 
HOMOGENEOUS, CURVILINEAR TWO-STRESS 

]. Equilibrium stress equation 

The analysis of two-stress, up to the present, has not considered 
the equilibrium stress equation ensuring that, if the stresses vary 
from point to point of the body, then each clement is in equilibrium 
under the forces acting upon it from the surrounding, contiguous, 
deformed substance. Volume "I, article II, 0.2 shows that, for 
equilibrium, 

div-fwB =0 (1.1) 

The left-hand side of this equation is a null vector having three 
zero components, in general. Here, the stress dyadic 5 is a 
two-stress, so that the vector stress involving one of the co- 
ordinates is put equal to zero and this gives only two zero com- 
ponents of the null vector. Article A, 1 1 gives the divergence of a 
self-conjugate dyadic for curvilinear coordinates and article 
VIII,3 gives its application to the three-stress dyadic. For 
brevity here, accept these equations and put zero all stress 
components involving one coordinate subscript, Further, suppose 
body force is zero. 

1.1. Cartesian coordinates. Putting S, - gives 

*W+fl,,<;i, - ^+' S V = ( J - 2 > 

All the plane stresses considered in chapters IT, III were indepen- 
dent of position, so that they satisfy these equilibrium, scalar, 
stress equations identically. 

1.2. Cylindrical coordinates. For cylindrical coordinates 
(JR r , 6, 1L) put vector stress S r =- to give a curvilinearly plane 
two-stress in the cylindrical surfaces having OE Z as their common 
axis. The three equations of article VIII, 3 then reduce to 

S M - (1.3) 

S esvs - (1.4) 

*+^ = (1.6) 
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HOMOGENEOUS, C UK VI LINEAR TWO-STBESS IV,2 

The circumferential normal stress ti 00 is zero, while shear stress 
8 gz is independent of R. Therefore, if S ea is also independent of 0, 
then, also, 8^ is independent of R z . 

Therefore, if S r = = 8 BO , while 8 ^ 8 SS have constant values 
at all positions in a cylindrical surface of given radius R r , then 
SBS> &ss constitute a curvilinearly homogeneous plane two-stress 
system that may be a function of radius E r without violating the 
equilibrium stress equations restrictions. 



2. Axial torsion of an elastic, thin-walled, circular tube: 
approximate theoretical analysis f 

Shear stress S 0S = T is the only non-zero stress acting in the 
wall of a circular cylinder of radius R r and, further, it is indepen- 
dent of R z . Article IV, 1.2 shows that the equilibrium stress 
equations are satisfied under these conditions. If R is the mean 
radius of a thin-walled deformed tube of thickness t> then the 
applied axial torque 

Q --= 2irR*tT (2.1) 

The stress state is now curvilinearly plane and homogeneous, so 
the results of article 111,8 analysing a, plane, homogeneous, simple 
shear stress are now applied here. The unit stretches a^ a y 
there are a e , a~ here, while normal strains e xf , e vu there are 
CM, e zz here. Thus, the cylinder increases in length and decreases 
in diameter. 

2.1. Strain transfer, circumferential and axial stretches 
for a substance of restricted isotropy and constant stress - 
strain parameters. The results of article 111,9.1 can be 
applied to give the angle of strain transfer from 

tan*=/=(l+8)0P (2.2) 

while the unit stretches are 

a - 1_V(1+/ 2 ) a s - 1-U-/ 2 ) cos * (2.3) 

2.2. Relative rotation of radius vectors normal to the 
axis. The radius vectors OA, OB in Fig. IV,2.1 coincide initially 
as OA, OB". In the deformed cylinder OA, OB are unit distance 
apart in the direction of OR,.. Angle 6 is now the angle of twist 
per unit length of the cylinder. 

f Author, 1950. 
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IV,2.3 ANALYSIS OF DEFORMATION 

The present curvilinear analysis merely takes the results of the 
plane analysis in article 111,8 'wrapped' on to the cylinder. There- 
fore, from this viewpoint, the arc 

R0 = ^{ir-QrtJ- 

using 111(8.22) with H = 1 and 



x iV /2 = c e +c, ajjv/2 
,) cos <&-+ (c,c 



(c,c C0C C ) sin 

3 -.= c r c r +C0C<>+cx c 

Using IV(2.2) gives the angle of twist per unit length of the 
cylinder as 



-= mfR) cos 



(2.4) 




FIG. IV, 2.1. The relative rotation through angle 9 of two radius vectors 
unit distance apart tixially in the deformed, circular, thin-walled, 
elastic tube due to axial torsion inducing curvilinearly plane, homo- 
geneous shear stress. The dotted outline represents the uncleformed 
tube of greater diameter and lessor length than the deformed tube. 

2.3. Initial radius and length. From IV(2.;J), since 



then 
Also, 



(2.5) 



a z - l-H"IH 

so that, for H 1, the corresponding undeformed length of 
cylinder is 

(2.6) 



H = (l-/* 
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3. Axial torsion of an elasto -plastic, thin-walled, circular 
tube: approximate theoretical analysis 

Article IV, 2 adapts the analysis of plane, elastic, simple shear 
in article 111,8 to the curvilinearly plane, simple shear in a thin- 
walled tube due to axial torsion. Similarly, the analysis of plane, 
elasto-plastic, simple shear in articles 111,10 to 111,12 can be 
adapted to a thin-walled, elasto-plastic tube under axial torsion. 

The increase in length and decrease in diameter of brass and 
steel tubes, for example, has been found experimentally by 
H. W. Swift 53 , in 1947, and explained theoretically as due to 
anisotropic stress-strain effects. However, such effects can be 
rationalised on geometrical lines as in articles 111,10, 111,11 for 
isotropic stress-strain relations, although, of course, anisotropy 
may be a contributory factor. Unfortunately, Swift's measure- 
ments were insufficient to attempt to assess separately the impor- 
tance of the effects of geometry and anisotropy. The published 
results are curves not allowing satisfactory re-examination. 

Swift's measurements on a solid lead cylinder showed a decrease 
in length but the change in diameter is not recorded. The 
analysis of article 111,12 indicates the possibility of length de- 
crease due to anisotropic stress -strain relations. 



4. Axial torsion of elasto-plastic, circular metal tubes and 
rods: tests by H. W. Swift 53 

H. W. Swift tested 70/30 brass, stainless steel, aluminium, 
cupro-nickel, copper, mild steel, 0-5 per cent carbon steel and lead 
circular cylinders under axial torsion into the post-yield range of 
deformation. Because an assumption had to be made on the 
radial distribution of stress in a solid bar Swift tested fairly thin- 
walled tubes. Structural instability of the thin walls necessitated 
partial support by a solid core having a few thoiisandths of an 
inch clearance from the inside surface of the tube. A dial-gauge 
extensometer measured the changes in length, while a protractor 
and pointer gave the relative rotation between the planes at a 
distance apart equal to the gauge length of the extensometer. 
The effects of reversing the direction of torsion and also of 
annealing subsequent to yield were examined. 

Table IV,4.1 gives 20 of the 66 measurements made on a 70/30 
brass and kindly communicated privately to the writer by 
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IV,4 ANALYSIS OF DEFORMATION 

Professor Swift in July 1948. Fig. IV,4.1 gives a few of the curves 
for reversed torsion of 70/30 brass from a greater number in 
figure 11 of Swift's paper. Fig. IV,4.2 gives the contraction of a 
solid lead cylinder as in figure 16 of Swift's paper. 

Swift offers a speculative, qualitatively statistical theory of slip- 

TABLE IV,4.1 

Reversed torsion test on a 70/30 hard brass specimen machined from 
1-inch square bar. Outside diameter 0-750 inch, inside diameter 0-531 
inch, gauge length for both torsion and length change 2-8 inches. Speed of 
twisting J r.p.m. Tests by H. W. Swift 63 . 



Twist 
(180 = 1J revs.) 


Torque, 
Ib-inch 


Kx tons ion, 
thousandths 
of an inch 











20 


730 


i 


40 


870 


1* 


60 


980 


3 


80 


1 100 


4 


120 


1 290 


51 


180 


1 550 


14 


240 


1 770 


23 1 


300 


1 960 


37 


360 


2 100 


53 


420 


2 210 


68 i \ 


480 


2 300 


85" 


540 


2 360 


101J 


Reversed 






Twist 






520 


1 750 


100J 


480 


2075 


92 


440 


2200 


84 


400 


2350 


78 


340 


2480 


73 


260 


2 650 


68i 


180 


2820 


69 


100 


2960 


77J 


20 


3 050 


91 


-60 


3 100 


108J 


-140 


3 120 


123 


-200 


3090 


133 1 


-220 


Broke 
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planes in each crystal of a randomly orientated aggregate to give 
anisotropic stress-strain relations to account for length change in 
the cylinder. The qualitative character of the curves in Fig. 
IV,4.1 should be compared with the present author's theoretical 
curves in Fig. 111,11.3 for severe, reversed torsion deformation. 




-4-2 024 

R(9/L) 

. IV,4.1. Axial extension of a 70/30 brass thin-walled tube under 
axial torsion. The initial outside diameter of the tube is 2R, the 
initial axial distance apart of two planes is L, while is the relative 
angular rotation about the tube axis of radius vectors in the two planes. 
Reversal and re-reversal of applied torque are shown. Compare this 
qualitatively with Fig. 111,11.3. 



8 




RfO/L) 



FIG. IV,4.2.~ Axial contraction due to axial torsion of a solid lead cylinder. 
At A the specimen was removed from the test machine, turned truly 
cylindrical after 'wringing' from true, rested for a day and then 
retested. Dotted curve shows a second test with reversal and re- 
reversal of torque. 
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5. Axial torsion and tension on an elastic, thin-walled, 
circular tube: approximate theoretical analysis 

Article IV, 1.2 shows that the three, scalar, equilibrium stress 
equations for cylindrical coordinates are satisfied if S f ^- - - SM, 
S e ~ ^S 6z (0,B z ) y ASf,. ^S, Z (R Z ). Such a ourvilincarly plane two- 
stress is rather like the plane two-stress of articles 111,13 to 
111,15 analysing transverse normal stress and shear stress on an 
elastic strip. The plane strip is now k wrapped' on to the cylinder 
and the analytical results applied to a thin-walled tube under 
axial torsion and tension. 

The results of articles 111,13 to 111,15 are applied here but with 
directions c,, c y , c, there becoming c , c c , c r here. Note that 
this intuitive idea is behind the use of thin-walled tubes as con- 
venient specimens in which the separate components of the com- 
plex stress system are fairly easily controlled and most of the 
strains observed easily. 



0. Octahedral stresses and strains 

It is shown in volume I that any complex stress system at a 
given point can be reduced to three principal normal stresses. In 
the present case, the complex stress system is assumed to be two- 
dimensional, so that the stresses can always be reduced to two 
principal normal stresses #i, flj on planes normal to the plane of 
the stress system, while component # k mutually orthogonal to 
these two is zero. Volume T, article II, 12 discusses the * octahedral 
stress ' acting on the eight octahedral planes normal to the eight 
octahedral directions of which each has equal angles to the prin- 
cipal normal stress directions. 

6.1. Octahedral normal and shear stresses. The octa- 
hedral stress is resolved to an octahedral normal stress normal to 
each octahedral plane and has ^the same arithmetical value on 
each. In terms of the principal normal stresses the octahedral 
normal stress is 



for the present two-stress system. The sum of the normal 
stresses is also the first stress invariant, as discussed in volume I, 
article 11,3. The octahedral stress is resolved to the octahedral 
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shear stress r tangential to the octahedral plane. Stated for 
principal normal stresses for a two-stress system it is 

(6.2) 



0.2. Equivalent normal stress. Consideration of the strain 
energy for an elastic substance of restricted isotropy in volume I, 
article VII 1, 2 gives a relationship between the octahedral shear 
stress r and an equivalent normal stress S, say. Thus, 

9r 2 = 28? (6.3) 

It is important to notice that this relationship is independent of 
stress-strain parameters only in the case of restricted isotropy. 

0.3. Octahedral normal and shear strains. Volume I, 
article 111,10 discusses the differential relative-displacement 
between the ends of the unit vector in the octahedral direction as 
being of the nature of a strain. The component of this vector 
'strain' normal to the octahedral plane is the octahedral normal 
strain and for principal normal directions is 

^ Sfa+'l+'k) (<>- 4 ) 

of the same form as IV(O.l) for stresses. The sum of the three 
normal strains is the first strain invariant, as discussed in volume T, 
article 111,6. 

The component of the relative-displacement tangential to the 
octahedral plane is the octahedral shear strain y and is given in 
volume T, article 111,10 as 

V - ('i- 'j) 2 l-h-^-K'k-'i) 2 (M 

0.4. Equivalent normal strain. Comparison of IV(0.2), 
IV(6.3), IV(0.5) suggests defining an equivalent, normal strain e, 
say, so that 

9y2--2(l+r/)-V> (0.0) 

with an isotropic transverse contraction ratio q. This form is 
chosen so that, in the case of simple tension, for example, both the 
equivalent normal stress and strain equal simple tensile stress and 
strain. 

0.5. Octahedral curve. The plane curve of octahedral shear 
stress vs. octahedral shear strain is termed the octahedral curve 
and has been found of considerable value in correlating the results 
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of complex stressing of yielded metals in particular 40 . The next 
article and those subsequent discuss this aspect further. 



7. Octahedral -parametric surface 

Many experiments on various metals, in particular, have shown 
remarkable correlation! when the values of octahedral shear 




Fro. IV,7.1. The octahedral -parametric surface is shown as cylindrical and 
normal to the octahedral shear stress, octahedral shear strain plane. 
The projection of the octahedral -parametric, surface gives the octa- 
hedral curve (T, y) and the other two projections are the (r, /J ) and 
(y, t/rf) plane curves respectively. The values of r, y, if**' during an 
experiment trace a trajectory on the octahedral -parametric surface. 

stress r and the corresponding octahedral shear strain y are 
plotted as a plane octahedral curve (T, y) with 

-*> 1 (7J) 

from article IV,6. However, these two quantities are independent 
of the isotropic stress-strain parameters relating the stress and 
strain components from which they are calculated. 

j- Much of this development is duo to A. Nadai BB . 
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Volume I, article IX,9 suggests that this means that the octa- 
hedral curve (T, y) should be regarded as the projection of the 
octahedral-parametric surface on which the points have the co- 
ordinates (r, y, P ), with the plastic modulus P regarded as the 
most important of the plastic stress-strain parameters. The 
correlation of tests on the plane octahedral curve means that this 
surface is a portion of a right cylindrical surface with generators 
normal to the octahedral curve as in Fig. IV,7.1. Similarly, a 
curve (r, y, q p ) can be plotted on the octahedral-parametric 
surface to relate the plastic transverse contraction ratio with the 
octahedral shear stress and strain. 

7.1. Restricted isotropy is assumed. In the present 
article the analysis is regarded as performed with isotropic stress- 
strain parameters. This is, of course, an assumption that needs 
to be justified. Therefore, when examining test measurements in 
the next few articles the amount of departure of the plastic 
modulus from isotropy will be examined. Unfortunately, the 
measurements available do not give sufficient data to enable the 
examination of isotropy of the other stress-strain parameters. 
Therefore, it will be assumed that Young's elastic modulus 
E = (i/r^)" 1 , Poissoii's elastic transverse contraction ratio q E and 
the plastic transverse contraction ratio q p are all isotropic. 

7.2. Increment stress and strain with anisotropic plastic 
moduli. With these restrictions the incremental elasto-plastic 
stress-strain relations for a two-stress are 



Se = ' ( 



.-s'Vf 8S, 
e, ' 

Then, with measured quantities 8e i5 8e^ &S t , SSj, </^, q E < q p , these 
two equations are solved for the two unknowns ^f, $ p that should 
be approximately equal to justify the assumption of restricted 
isotropy. 

7.3. Octahedral shear increment stress and strain. 

Volume I, article IX,9 shows that incremental forms similar to 
equations IV(7.1) are, with 8r 2 = (8r) 2 ..... for brevity, 
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8. Axial and circumferential tension on thin -walled tubes 
of copper and steel: tests by E. A. Davis 

Tests on thin-walled tubes of copper and steel were made by 
E. A. Davis 54 . Internal pressure in the tubes induced circum- 
ferential tension that was regarded as constant throughout the 
thickness of the thin wall. Applied axial tension together with 
the circumferential tension induced by internal pressure was then 
regarded as a curvilinear two-stress system. Thus, it was assumed 
that the radial stress in the tube wall had a negligible effect on the 
stress-strain relations. 

8.1. Mode of calculating the circumferential normal 
stress. The circumferential normal stress is calculated in the 
same way as the well-known ' hoop ' stress in engineering pressure 
vessels. Thus, with inner radius a, internal pressure S a and the 
thin cylindrical wall of thickness h, then the circumferential stress 

S = (alh)S a (8.1) 

Thus, when a is large compared with h, then 8 n is small compared 
with S ee . The correct distributions of 8 W and R rr are given in 
article VII, 1. 

8.2. Experimental results. The tubes suffered fairly large 
elasto -plastic strains, as recorded in Tables IV,8.1, IV,8.2 for 
copper and steel respectively. The arithmetical values were 
communicated privately to the present author by Dr. Davis. 
For brevity here, the number of readings for each test has been 
reduced from about fifteen to about ten. The readings left out 
fell on a smooth curve passing through the readings in the tables. 

The stresses are true, while the strains are nominal. The results 
were supplied in this form by Dr. Davis and are given without 
change for analysis by others if desired. 



9. Interpretation of the tests by Davis 54 on copper and 
steel tubes 

Several experimenters f54 ' 56 57 have shown that octahedral 
shear stress vs. octahedral shear strain for a wide range of values 
and combinations of stress components gives practically a single 
octahedral curve. The test data of article IV,8 have, therefore, 
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TABLE IV, 8.1 

Axial and circumferential stress and strain in thin- walled copper tubes 
under internal pressure and axial tension. The stresses are 'true* and 
strains are 'nominal'. The measurements are by E. A. Davis 54 . 
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-0-0277 





23 950 
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- 0-0788 




36 700 
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-0-1453 
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6 180 


0-0050 
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9 330 
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15 960 


0-0362 
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19 400 


0-0549 


9 670 
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23 360 


0-0748 


11 650 
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27300 


0-1047 


13 650 
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31780 


0-1460 


15900 





2205 
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0-2045 


18260 
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39770 


0-2790 


20000 
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4560 


0-0037 


4 600 


0-0030 
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6725 


0-0037 


6950 


0-0074 


1050 


9300 


0-0075 


9430 


0-0126 


1405 


11680 


0-0099 


11900 


0-0178 


1755 


14280 


0-0174 


14680 


0-0259 


2 110 


16880 


0-0211 


17 550 


0-0340 


2460 


19670 


0-0298 


20700 


0-0466 


2810 


22850 


0-0435 


24400 


0-0622 


3 160 


26770 


0-0622 


29300 


0-0903 


3515 
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TABLE IV, 8.2 

Axial and circumferential stress and strain in thin-walled steel tubes 
under internal pressure and axial tension. The stresses are 'true' and 
strains are 'nominal'. The measurements are by E. A. Davis 64 . 
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41000 
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-0-0096 




46400 


0-0298 
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0-1025 
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75 180 
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5280 


81 900 
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41400 
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5310 


87400 


0-3300 
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0-0090 
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40600 


0-0125 


41 300 


0-0140 


6320 
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0-0175 
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0-0210 


7020 


51 450 


0-0287 


53250 


0-0350 


7725 


56200 


0-0424 


60 500 


0-0550 


8250 


58000 


0-0474 


61 800 


0-0640 


8250 


61400 


0-0600 


66700 


0-0850 


8430 
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been plotted in this form in Figs. IV,9.1, IV,9.2 for copper and 
steel respectively. The values in the abridged Tables IV,8.1, 
IV,8.2 were used to calculate the octahedral values. 

7;o 3 



T10~ 3 



thus 
, 
2 thus A 

7 thus 






12 
tf p 10* 

FIG. IV, 9.1. Octahedral -parametric curves for copper tubes under 
internal pressure and axial tension. The curve drawn is for simple 
tension. The scales numbers are for octahedral shear stress psi 
divided by 10 3 , octahedral shear strain multiplied by 10 s , plastic 
modulus multiplied by 10 6 . The calculated values occur around the 
mean curve for the three loadings in each of which the stresses remain 
in approximately the same ratio. 



9.1. Octahedral shear strain and stress. With cylindrical 
coordinates for the present case, the octahedral shear strain y is 
given in article IV, 6 as 

-^)2 (Q.I) 



IV,9.1 ANALYSIS OF DEFORMATION 

Measurements of radial normal strain e rr are not available, so 
some assumption must be made. The simplest relationship 
between these three strains follows from supposing that the strains 
are sufficiently small to take dilation as their algebraic mean and 
then to suppose that dilation is zero. This gives 

e rr = -e ee -e sz (9,2) 
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700- 
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FIG. IV, 9. 2.- Octahedral-parametric curves for steel tubes under internal 
pressure and axial tension. The curve drawn is for simple tension. 
The scales numbers are for octahedral shear stress psi divided by 10 3 , 
octahedral shear strain multiplied by 10 3 , plastic modulus multiplied 
by 10 6 . The calculated values for the three approximately constant 
ratios of stress tend to He on separate curves on the octahedral stress- 
strain curve and on the stress -parameter plane. This indicates that 
all three tests do not lie on the same octahedral-parametric surface. 

Note that these assumptions, also imply the neglect of radial 
strain due to the radial stress that must accompany the pressure 
internal to the tube. Substituting IV(9.2) in IV(9.1) gives 

+eJ) (9.3) 



(9.4) 



Article IV,6 gives the octahedral shear stress r from 
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9.2. Elastic increment strains. Article IV,7.2 gives the 
elastic and plastic increments of the increment strains. Thus, 
the elastic components are 

Se$ = Sci-^8^ Se = 8-g*8 e * (9.5) 

with the increment partial-strains 



Young's modulus was not measured in the tests, so it was supposed 
to be isotropic and of the typical values 30 10 6 psi for the steel. 
Poisson's elastic transverse contraction ratio was assumed of 
typical value 0-35 in both tests. 

9.3. Plastic increment strains. The elastic increment strain 
components were calculated and subtracted from the elasto- 
plastic increment strains to give the plastic increment strain 
components 

Se = S4;-^'S4 Se - 8- ? l> 8e (9.6) 

with 

3 M 8e = 85 



The plastic transverse contraction ratio q p was assumed of value 
i corresponding to zero volume change in the increment of 
deformation. 

9.4. Plastic moduli. The two equations IV(9.6) were solved 
for the two plastic moduli i/r^J, ^. If the metals are behaving 
with restricted isotropy then these two moduli are equal. With 
the assumptions stated they were found to be mostly less than 
5 per cent different one from the other. This was considered to 
be satisfactory, so the mean value was taken and plotted in the 
octahedral-parametric Figs. IV,9.1, IV,9.2 for copper and steel 
respectively. 

The curves drawn in Figs. IV,9.1, IV,9.2 pass through the 
values for simple tension. The octahedral shear stress-strain 
values group fairly closely around the curve for copper but show 
fairly definite separation for steel. The simple tensile strain, 
modulus curve is practically the mean curve of the strain, modulus 
values for all three results from both copper and steel. The 
stress, modulus values group closely along the simple tensile 
curve for copper but exhibit definite separation for steel. S. J, 
Fraenkel 67 also tested thin-walled steel tubes under internal 
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pressure and axial tension. Analysis of his measurements in the 
same manner as the present author has done for Davis's tests 
showed separation of the stress, modulus curves as already noted. 

9.5. Tangent modulus values susceptible to small in- 
stability in the yielding. The tangent modulus is sensitive to 
sudden changes of stress and strain values. Such little 'runs' or 
'jerks' occur while testing metals beyond the primary yield 




5 JO 15 

io~ 3 cr p.s.i. 

FIG. IV, 9. 3. Copper tubes under axial and circumferential tension in the 
Davis tests. Each dotted curve shows the plastic modulus as a 
function of octahedral normal stress for a constant value of octahedral 
shear stress. The three points marked are for 10~ 3 T = 53, 53, 54 
respectively and the curve 10~ 3 r = 53 was interpolated by eye. 
The other dotted curves were found similarly. Plastic modulus P is 
independent of octahedral normal stress a except at the large strains 
for this copper, at least. 

because of the rather unstable processes of 'glide' and rearrange- 
ment of crystals in the specimen. Since general laws of behaviour 
are sought it would be reasonable to employ some arithmetical 
smoothing technique for the measurements of stress and strain 
before analysis into octahedral-parametric values. The present 
author did not smooth the values but simply took differences of 
the stress and strain values supplied by the experimenters and 
this doubtless accounts for the scatter of values in the figures. 

9.6. Plastic modulus as a function of octahedral normal 
stress. P. W. Bridgman, in 1912 58 , found that metals did not 
suffer plastic strains under great hydrostatic pressures. This can 
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be interpreted to mean, phenomenologically, that the plastic 
modulus is zero when the three principal normal stresses are com- 
pressive or negative with the sign convention of this treatise. 
Volume I, article IX,7 discusses this and fits the effect into the 
functional relationship of the plastic modulus in the stress-space 
at a given point of the loaded metal. 

Continuity of the plastic modulus in stress-space, in relation to 
other experiments, suggests that the plastic modulus should 
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70"V p.S.i. 

FJG. IV,9.4.- Steel tubes under axial and circumferential tension in the 
Davis tests, tiaoh dotted curve shows plastic modulus as a function 
of octahedral normal stress for a constant value of octahedral shear 
stress. The throe points marked are for 10~ 3 r = 119, 112, 118 
respectively and the curve 10~ 3 r 117 was interpolated by eye. 
The other dotted curves were found similarly. Plastic modulus I/J P 
is a function of octahedral normal stress and increases with it for this 
steel, at least. 

increase with the octahedral normal stress for a given value of 
octahedral shear stress on duralumin. The present author has no 
data on this metal (March 1954), but the analysis for the copper 
of Table IV,8.1 is given in Fig, IV,9.3 while that for the steel in 
Fig. IV,9.4 was done for Table IV,8.2 and is significant. The 
plastic modulus is seen to increase quite definitely with increase 
in octahedral normal stress for a given value of octahedral shear 
stress 48> 59 . The conclusion is presented tentatively subject to 
further examination at some future time when tests covering a 
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greater range of values and signs in the stress-space are available. 
A maximum of three readings define each of the dotted curves 
and this is insufficient. 

The analysis of Table IV, 8.1 for copper indicates slight change 
in the plastic modulus with increase of octahedral normal stress 
for a given value of octahedral shear stress under the tension- 
tension two -stress loading as here. Clearly, further tests are 
required to cover more of stress-space, particularly in the com- 
pression-tension zone. 

10. Steel, thin-walled, circular tubes strained elasto- 
plastically by axial torsion and tension: experiments 
by J. L. M. Morrison & W. M. Shepherd 60 

In the period 1946 to 1950 there was considerable controversy 
between the researchers on 'plastic' straining of metals in parti- 
cular. The crux of the argument lay in whether 'plastic' strains 
should be analysed (i.e. related to stress) as 'total ' or 'incremental' 
values. The literature of that period is voluminous but mainly 
deals with theoretical or mathematical considerations, as, for 
example, in W. Prager's paper 62 of 1948. It became clear that a 
decision could not be reached by theoretical discussion only. 

Almost simultaneously, searching experiments on the issues 
were undertaken independently by R. W. Peters, N. F. Dow & 
S. B. Batdorf 61 in the United States of America and by J. L. M. 
Morrison & W. M. Shepherd 60 in Britain. The crucial test 
conceived by these two groups was to rotate the complex stress 
system relative to the substance. Both groups used thin-walled 
tubes under axial torsion and endwise normal loading. 

10.1. Specimen. J. L. M. Morrison & W. M. Shepherd 00 
tested thin-walled steel tubes under combined axial torsion and 
tension. They were interested in the effect of loading path on 
the elasto-plastic stress-strain relations when the stress system 
6 transferred' on the deformed steel. Therefore, to avoid irrele- 
vant complication they selected a 5 per cent nickel steel (Brit. 
Stand. S.90), as this has a smooth transition from primary elastic 
to elasto-plastic simple tensile straining. Sudden yielding such 
as that for the mild steel in article 1,6 would have confused the 
investigation. Two thin-walled tubular specimens together with 
specimens for tests under simple tension and pure torque were 
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machined from adjacent lengths of a 2-inch diameter bar. The 
tubes were bored to 1*000 inches inside diameter and had an 
outside diameter of 1-040 inches ground finish. 

TABLE IV, 10.1 

Steel, thin-walled tubes under axial torsion and tension. Tests by 
J. L. M. Morrison & W. M. Shepherd 60 . Stresses are 'nominal' tons per 
square inch (tsi). Strains are 'nominal'. 
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0-412 
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2-458 
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0-438 
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0-477 
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7-121 
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14-78 
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1-288 


14-45 
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1-532 


14-30 


3-906 




18-00 


1-795 


14-10 


4-073 




20-23 


2-109 


13-86 


4-283 




22-37 


2-470 


13-59 


4-541 




24-47 


2-970 


13-14 


4-969 




26-69 


3-528 


12-69 


5-365 




28-84 


4-279 


12-11 


5-873 




30-98 


5-336 


11-35 


6-530 




33-07 


6-824 


10-42 


7-358 




35-15 


8-990 


9-18 


8-60 


4 


34-82 


9-30 


10-55 


9-15 




33-82 


10-28 


11-90 5 


10-62 




32-85 


11-24 


13-33 6 


12-23 



From other tests: Young's elastic moduhis 12 820 tsi 
Klastic shear modulus 2(5 015) tsi 
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10.2. Measurements. The load test measurements shown in 
Table IV, 10.1 were supplied privately to the present author by 
Professor Morrison and Dr. Hhepherd because their paper 60 
did not give the results in a form amenable to analysis by methods 
other than those given by them. Stresses and strains are both 
'nominal', as the deformation is so small that nominal and true 
values are very slightly different, as a calculation will show. 

The analyses of articles 111,13 to 111,15 and IV,5 for an elastic 
substance show that, generally, the change in length of a thin- 
walled tube is 'stretch 5 and not 'normal strain'. The measure- 
ments of length change are regarded as normal strain e ss by 
Morrison & Shepherd and are still denoted by this in the table. 
However, the reader should have clearly in mind that the measure- 
ment e zz there is, in fact, the unit stretch a z . Future experi- 
menters need to have this in mind when designing experiments 
involving large strains. 



11. Interpretation 63 of the Morrison & Shepherd 60 tests 
on thin -walled steel tubes 

These tests with the stress system 'transferring' by rotation 
relative to the substance were designed to check if stress and 
elasto-plastic 'strain' remained coaxial. It was also required to 
find out just what was to be taken as elasto-plastic 'strain'. 
These tests and those in parallel independently by Peters, Dow & 
Batdorf 61 were intended to examine these polemical aspects. 

11.1. Phase difference between the stress dyadic and 
elasto-plastic strain dyadic. With angle A between the 
coordinate direction c e and the principal normal strain direction 
unit vector x, and B the angle between c e and the principal 
normal stress direction S|, there follows from articles 111,1.3 and 
111,2.7 

tan 2A = 2e 0e /(e OB e cg ) (11.1) 

tan 2B = 2S J(S 00 ~-S^ (11.2) 

The elasto-plastic strain theory formulated by the present 
author in volume I and previously in this volume II gives 'elasto- 
plastic strain' as the transferred elastic total strain coaxial with 
the last plastic increment strain. Thus G3 64 , 

ej - *f +8ef (11.3) 
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This strain dyadic is transformed to the coordinates directions at a 
point and then IV(ll.l) becomes 

tan 2A - 2(6g+8O/[(^+8)-(+8e)] (11.4) 



Using this equation to calculate A and IV(11.2) to calculate B 
from the strain and stress values in Table IV, 10.1 gives the phase 
difference (AB) as practically zero in Fig. IV, 11.1. The 
plastic increment strains are calculated from 



= 8<fc-8e (11.5) 
(l+ff*)^8S te (11.6) 

The elastic stress-strain parameters had to be assumed as iso- 
tropic in the absence of observations on this aspect. The modulus 
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FKJ. IV, 11.1. Phase angle (-A #) between the principal normal stress and 
elasto -plastic strain directions for a thin -walled steel tube under axial 
torsion and tension. Stress is total, while elasto -plastic strain is 
elastic total strain with plastic increment strain. Angle A is that of the 
principal normal strain, while B is that of the principal normal stress 
relative to the circumferential direction. The phase difference is 
almost zero over a large range of loading. 

$ K was taken as (12 820)- 1 tsi" 1 as in Table IV, 10.1, while q E 
was assumed to be . 

The zero value for (AB) shows that the elastic total strain 
dyadic and last plastic partial-increment strain dyadic do, in fact, 
transfer with the stress dyadic on this steel, at least. This fact has 
been used previously in this treatise to analyse elasto -plastic 
deformation. Explicitly, in symbols, with principal normal stress 
and strain directions unit vectors x i? Xj the stress dyadic 

(H.7) 



(11.8) 



the elastic strain dyadic, neglecting direction x k , is 
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and the partial-increment plastic strain dyadic 



while the current elasto-plastic strain dyadic is 



(11.0) 
(11.10) 




Fiu. IV, 11. 2.- Steel, thin-walled tube loaded by axial tension and torsion. 
Current principal normal elasto-plastic partial-strains are plotted 
against principal normal stresses given as nominal tons per square 
inch (tsi). The elastic modulus and elastic transverse contraction 
ratio were assumed constant and isotropic, as was also the plastic 
transverse contraction ratio of value 0-34. The increase in plastic 
partial -strain cj* with decrease in stress 6j may be due to the assumed 
values of stress -strain parameters. The experiment is deficient in this 
respect. 

11.2. Principal normal increment stresses and elasto- 
plastic increment strains. All the two-dimensional, self- 
conjugate dyadics can be transformed from principal directions to 
the general directions C , c s by the formulae or graphical con- 
struction of article A,6. Thus, for example, 

8(V.+c^) (11.11) 
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Then, conversely, with the double scalar product notation, 

8ef = XiXiiJinCfl, cj 8ef = x jXj :Jm p (c 9 , c s ) (11.12) 

Article 111,13 shows that under the present loading the measured 
changes in length and diameter of the tube are 'unit stretches' 
a z , a d and not * normal strains' e SS9 e de . Similarly, the measured 
* helix angle' said to measure shear strain does not in fact do so. 
However, for the present small strains the measured quantities are 
accepted as first approximations to strains. With this reserva- 
tion, already accepted in IV(11.5), then IV( 11.11) is calculated 
from 

(11.13) 



with the scalar, plastic increment strains given by equations 
IV(11.5). Substituting in IV(11.12) and using unit vectors 
x b Xj calculated from IV(11.4) giving the direction angle A, then 
gives the principal normal plastic increment strains. 

11.3. Principal normal increment stresses and plastic 
increment partial -strains. The principal normal increment 
stresses are readily calculated from (Si+SSfiSi and similarly for 
the other direction since, for any current loading, 

25, + 

= S, (S^+48,*)* (11.14) 

2flf, 

using Table IV, 10.1 to calculate the principal normal stresses and 
increment stresses. 

The plastic increment partial-strains are related to the plastic 
increment strains by 

Sef = 8f'-j p 8f 8cf - Scf-g^Scf (11.15) 

The plastic transverse contraction ratio has been assumed as 
isotropic and is taken to be of value 0*34. 

The increment stress and increment partial-strain values are 
shown in Figs. IV,11.2, IV,11.3. These figures show the current 
elastic total partial-strain and last plastic increment partial- 
strain to give the current elasto -plastic partial-strain, of which a 
typical value is the heavy line. The values of S j and (ef +Sef) 
are small, so Fig. IV, 11. 3 gives them to an increased scale. The 
elastic moduli are Scf/SS, = <Af and similarly for the other 
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direction, but these have been assumed isotropic and constant, so 
that Si vs. ef and the similar curve for the other direction are 
linear as shown. Volume I, Fig. IX, 15.1 also shows these values 
but with the plastic increment partial-strains summed to display 
plastic total partial-strains. 

11.4. Plastic moduli. The plastic moduli are Sef/Stf, = 0f 
and similarly for the other direction. Inspection of Fig. IV, 1 1.3 
shows that the plastic modulus is negative over stage 3 loading 




Fio. IV, 11. 3. The plotting to a larger scale of the current olas to -plastic 
partial-strain ( j 7 ' ; -f 8^) ami stress tfj in Fig. IV, 11. 2. The negative 
values of iff for stage 3 loading could be clue to the value q p 0*34 
having been assumed incorrectly. Further experiments are necessary. 



in which the increment stresses 8S j are positive but plastic incre- 
ment partial-strains Se[ J are negative. That is, for this direc- 
tion the plastic partial-strain increases with decrease of the 
stress 63 . 

It is clear that a change in the stress-strain behaviour occurs 
with change in sign of the increment stress. However, the change 
can be influenced by the value of the plastic transverse contraction 
ratio q p , which was assumed to be of constant value 0-34. A 
greater value than this could lead to Sef ^ 0. If the true value 
of q p should give Sef = then the elasto -plastic element would be 
displaying some independence of action for the principal directions 
with respect to increment stresses. If the true value of q p should 
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give 8ej r> > then the plastic modulus would be approximately, 
at least, independent of sign of increment stress. There is no test 
data to clarify this aspect at present (March 1954). A test 
similar to that in article IV, 8 would be best, as the complication of 
stress transfer would not occur and 'strains' are measured instead 
of ' unit stretches ' as here. The internal hydraulic pressure could 
be decreased to give the changed sign of increment stress for one 
direction as required, f 



12. Experimental elasto -plastic straining of thin -walled 
circular duralumin tubes: tests by R. W. Peters, 
N. F. Dow & S. B. Batdorf 

The tests by E. W. Peters, N. F. Dow & S. B. Batdorf 61 were 
undertaken with care and attention to detail, and various types 
of optical and electrical deflectometers and extensometers used as 
a check on one another. The specimens were machined from 
solid billets of duralumin to give a parallel working section 
12 inches long, 3| inches outside diameter, a wall -J inch thick and 
flat, flanged ends about 7| inches in diameter. The flat, flanged 
ends were bolted to the working heads of a combined axial 
torsion and compression testing machine. The rigidity of the 
massive machine was relied upon to ensure axial compressive 
loading with negligible eccentricity. Two specimens were made 
and one was tested twice. The second specimen denoted by 
3 (J3) was tested only once. 

These are the measurements given in Table IV, 12.1 as supplied 
to the present author by the U.S. Advisory Committee for Aero- 
nautics because the published paper G1 gave only printed curves. 
The present author wondered if, for economy of space, he should 
abridge the table, but reflection showed that the full results of 
such costly, well-performed tests should be available to other 
analysts who may not agree with the interpretations of the 
author. The shear strains here are half the values of those given 
by Peters, Dow & Batdorf, who used the classical shear strain 
which is not the component of a dyadic as required for invariant 
transformation with reorientation of coordinate axes. 

| The present author has no experimental facilities at present. 
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TABLE IV, 12.1 

Duralumin, thin -walled tube under axial torsion and compression. 
Measurements by R. W. Peters, N. F. Dow & S. B. Batdorf 61 . Stresses 
and strains are nominal but differ little from 'true* values because the 
strains are small. Pounds per square inch is denoted by psi. Available 
by courtesy of the U.S. National Advisory Committee for Aeronautics. 



8* 


tzz 


e ee 


&oz 


2e 05 


psi 10~ 3 


10 3 


10 3 


psi 10- 3 


10 3 

















1-835 


0-1833 


-0-0684 






2-568 


0-2244 


-0-0853 






2-691 


0-2446 


-0-0963 






2-976 


0-2745 


-0-1026 






3-302 


0-3064 


-0-1141 








3-628 


0-3463 


0-1256 






3-873 


0-3774 


-0-1371 






4-199 


0-4074 


-0-1486 






4-525 


0-4385 


-0-1599 






4-851 


0-4695 


-0-1713 








5-259 


0-4996 


0-1827 






5-707 


0-5407 


0-1997 






6-196 


0-5676 


-0-2165 






6-808 


0-6320 


-0-2390 






7-256 


0-6918 


0-2514 








7-827 


0-7539 


-0-2743 






8-357 


0-7950 


-0-2912 






9-009 


0-8559 


-0-3088 






9-662 


0-9074 


0-3364 






10-313 


0-9673 


-0-3592 








11-007 


1-0295 


-0-3768 






11-782 


1-0894 


0-4049 






12-638 


1-1611 


-0-4280 






13-371 


1-2327 


-0-4562 






14-309 


1-3237 


-0-4852 








15-247 


1-4047 


-0-5140 






16-103 


1-4782 


-0-5528 






16-959 


1-5701 


0:5818 






17-774 


1-6524 


-0-6155 






18-752 


1-7324 


-0-6442 








19-567 


1-8147 


0-6781 






20-423 


1-8949 


-0-7119 






21-361 


1-9859 


-0-7409 ' 






22-299 


2-0682 


-0-7747 
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&ZZ 

psi 10~ 3 


Vzz 
10 3 


CM 
10 3 


&0s 
psi 10- 3 


2e G z 
10 3 


23-196 


2-1632 


-0-8091 








23-970 


2-2435 


0-8428 






24-869 


2-3237 


-0-8766 






25-723 


2-4159 


-0-9108 






26-579 


2-524 


-0-9507 






27-435 


2-6244 


-0-9923 








28-251 


2-7315 


1-0356 






29-066 


2-8381 


-1-0858 






29-759 


2-9726 


-1-1471 






30-452 


3-1131 


-1-2088 






31-064 


3-2879 


1-2879 








31-594 


3-4475 


-1-3604 






32-165 


3-6132 


-1-4330 






32-694 


3-7692 


-1-5165 






33-224 


3-9200 


-1-5887 






33-632 


4-1113 


-1-6887 








34-080 


4-2921 


-1-7720 






34-529 


4-4828 


-1-8568 






34-977 


4-6838 


-1-9520 






35-344 


4-855 


-2-045 






35-670 


5-016 


-2-139 










5-217 


-2-244 






36-363 


5-419 


-2-334 






36-689 


5-5995 


-2-438 






37-016 


5-832 


-2-561 






37-301 


6-043 


-2-667 








37-627 


6-275 


-2-788 






37-830 


6-506 


-2-900 






38-075 


6-728 


-3-000 






38-279 


6-929 


-3-105 






38-483 


7-161 


-3-223 








38-687 


7-383 


-3-349 






38-891 


7-604 


-3-445 






39-094 


7-795 


-3-550 






39-257 


7-997 


-3-654 






39-462 


8-219 


-3-777 








39-625 


8-430 


-3-882 






39-787 


8-632 


-3-977 






39-910 


8-823 


-4-082 






39-991 


8-985 


-4-176 
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S Z z 
psi lO- 3 


CfflJ 

10 3 


e eo 
10 3 


&GZ 
psi lO- 3 


2e ey 
10 3 


40-073 


9-116 


-4-247 





0-0087 


40-155 


9-227 


--4-303 




0-0305 


40-236 


9-327 


-4-357 




0-0349 




9-428 


-4-409 




0-1003 




9-519 


4-458 


0-1807 


0-1831 


40-318 


9-5596 


-4-480 


0-4906 


0-2442 


40-318 


9-670 


-4-526 


0-7230 


0-3270 


40-358 


9-750 


-4-559 


0-9811 


0-4011 


40-358 


9-821 


-4-736 


1-2135 


0-4752 


40-358 


9-8814 


-4-7656 


1-4724 


0-5537 




9-9718 


4-8086 


1-6784 


0-6322 




10-012 


4-8420 


1-8844 


0-7238 




10-093 


--4-8846 


2-1174 


0-8153 




10-153 


4-9196 


2-2974 


0-8894 




10-233 


4-9553 


2-5304 


0-9684 




10-305 


-5-003 


2-7624 


1-0504 


40-399 


10-386 


-5-055 


2-9434 


1-1384 


40-399 


10-455 


-5-075 


3-1504 


1-2204 


40-440 


10-516 


5-127 


3-4084 


1-3034 




10-607 


-5-169 


3-5374 


1-3954 




10-708 


-5-216 


3-7174 


1-4954 




10-778 


5-262 


3-9244 


1-5914 




10-879 


-5-311 


4-0794 


1-6834 




10-979 


5-354 


4-2344 


1-7924 




11-080 


-5-413 


4-3634 


1-8924 




11-191 


5-471 


4-5184 


1-9794 




11-282 


-5-537 


4-6214 


2-0794 




11-392 


-5-574 


4-7514 


2-1844 




11-482 


-5-621 


4-9574 


2-2934 




11-603 


-5-675 


5-1124 


2-4114 




11-704 


5-745 


5-3704 


2-5594 




11-844 


-5-810 


5-5514 


2-7164 




11-976 


-5-888 


5-7834 


2-8604 




12-107 


-5-948 


5-9894 


2-9864 




12-237 


-6-0076 


6-1194 


3-1044 




12-378 


-6-085 


6-2744 


3-2394 




12-549 


-6-175 


6-4034 


3-3744 




12-690 


-6-252 


6-5324 


3-5094 


40-521 


12-871 


-6-340 


6-6874 


3-5754 


40-644 


13-042 


-6-429 


6-7644 


3-68 
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Tablo IV, 12.1 contd. 



fl 

psi 10~ 3 


e zz 
10 3 


e ee 
10 3 


ez 
psi 10~ 3 


2e<* 
10 3 


40-684 


13-193 


6-507 


6-9194 


3-9064 


40-726 


13-325 


-6-590 


7-0744 


4-0464 




13-516 


-6-674 


7-2554 


4-2114 




13-656 


-6-761 


7-4364 


4-3814 




13-837 


-6-841 


7-6424 


4-5654 




13-999 


-6-935 


7-8494 


4-7434 




14-170 


7-019 


8-0044 


4-8964 




14-331 


-7-107 


8-1844 


5-0704 




14-502 


-7-186 


8-3654 


5-2104 




14-623 


-7-263 


8-5204 


5-375 




14-774 


-7-340 


8-6754 


5-5464 




14-925 


-7-411 


8-9074 


5-7774 




15-106 


-7-517 


8-9594 


5-8944 




15-207 


-7-577 


9-1394 


6-0694 




15-388 


7-655 


9-2694 


6-2261 




15-519 


7-732 


9-4234 


6-4184 




15-709 


-7-810 


9-5524 


6-5834 




15-821 


-7-886 


9-6044 


6-6884 




15-932 


-7-939 


9-3984 


6-7014 


40-806 


J 6-022 


-7-988 


9-2174 


6-7144 


40-888 


16-092 


8-024 


7-5904 


6-3654 


40-888 


16-134 


-8-069 


5-4736 


5-8864 


40-970 


16-233 


-8-090 


1-2135 


4-8444 


41-051 


16-244 


-8-112 


1-1359 


4-8264 


41-133 


16-304 


-8-136 


0-4906 


4-7604 


41-255 


16-324 


-8-154 


0-2324 


4-5604 


41-255 


16-345 


8-171 


0-1033 


4-5174 


40-399 


16-315 


-8-170 


0-0775 


4-4864 


39-462 


16-215 


-8-133 


0-0259 


4-4644 


38-524 


16-115 


-8-097 


0-0259 


4-4474 


37-505 


16-024 


-8-049 







36-526 


15-914 


-- 8-011 


-0-0258 




36-445 


15-814 


7-964 






35-262 


15-673 


-7-903 




4-4384 


33-632 


15-523 


-7-861 




4-4254 


31-797 


15-352 


-7-792 




4-4164 


29-840 


15-192 


-7-709 




4-4164 


27-639 


14-981 


-7-629 




4-4034 


25-479 


14-721 


-7-538 




4-3904 


23-237 


14-520 


7-442 




4-3813 



105 



IV, 13 



ANALYSIS OF DEFORMATION 
Table IV,12.1 



s 

psi 10- 3 


<>zz 
10 3 


e 06 

10 3 


&QZ 
psi 10- 3 


^BZ 

10 3 


20-587 


14-230 


-7-344 




4-3734 


17-774 


13-940 


-7-229 




4-3604 


14-472 


13-569 


-7-092 




4-2944 


12-230 


13-268 


-6-965 


0-1549 


4-1984 


10-191 


13-008 


-6-869 




4-1904 


8-3567 


12-787 


-6-766 




4-1814 


6-645 


12-586 


-6-682 




4-1724 


5-055 


12-345 


-6-591 




4-1684 


3-179 


12-016 


-6-496 




4-1684 


-1-019 


11-934 


-6-404 




4-1724 


-1-019 


11-883 


-6-369 




4-1854 


-0-9787 


11-873 


-6-357 




4-1854 



13. Experimental elasto -plastic straining of thin -walled, 
circular duralumin tubes: tests by J. L. M. Morrison 
& W. M. Shepherd 60 

J. L. M. Morrison and W. M. Shepherd tested two thin-walled 
duralumin tubes under combined axial torsion and axial tension. 
The two specimens were machined from the core of a 5-inch 
diameter billet. The parallel working section was 2 inches long, 
with an inside diameter of 1 inch and a wall thickness of 0-050 
inch. Optical extensometers of comparator type were used to 
measure the fairly small strains. These tests are of importance 
because they used axial tension where Peters, Dow & Batdorf 
used axial compression, so that some comparative analysis is 
possible. Further, Morrison & Shepherd followed a more com- 
plicated load path than Peters, Dow & Batdorf. 

13.1. Measurements. TaMe IV,13.1 gives the nominal 
stresses and strains calculated by Professor Morrison and Dr. 
Shepherd from their test specimen S.A.I and supplied privately 
to the present author. The shear strain used in the present treatise 
is half that used by Morrison & Shepherd to ensure that it is a 
component of a self-conjugate dyadic that will transform in- 
variantly as noted in volume I, article III,H. 
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TABLE IV, 13.1 

Duralumin, thin -walled tube under axial torsion and tension. Stresses 
and strains are nominal. Tons per square inch is denoted by tsi with a 
ton of 2 240 pounds. The measurements are by J. L. M. Morrison & 
W. M. Shepherd 60 . 



Load 


**, 


Csz 


SQ Z 


2e ez 


stage 


tsi 


10 3 


tsi 


10 3 


1 
















0-2 


0-040 




not 




0-4 


0-080 




read 




0-6 


0-124 









0-8 


0-173 









1-0 


0-221 





0-015 




1-2 


0-279 




0-011 




1-4 


0-328 




0-015 




1-6 


0-390 









1-983 


0-533 




0-034 




2-383 


0-726 





0-056 




2-767 


0-946 




0-079 




3-175 


1-254 




0-109 




3-55 


1-669 




0-090 




3-99 


2-246 




0-075 




3-98 


2-275 





0-075 


10-miri, 










pause 










2 


3-965 


2-298 


0-206 


0-195 




3-95 


2-309 


0-317 


0-262 




3-94 


2-328 


0-428 


0-341 




3-92 


2-356 


0-550 


0-439 




3-90 


2-395 


0-665 


0-551 




3-87 


2-419 


0-66 


0-593 




3-85 


2-423 


0-63 


0-585 




3-85 


2-434 


0-69 


0-623 




3-695 


2-761 


1-34 


1-56 




3-66 


2-830 


1-48 


1-79 




3-615 


2-946 


1-63 


2-16 




3-50 


3-153 


1-855 


2-88 




3-455 


3-264 


1-945 


3-25 




3-39 


3-415 


2-08 


3-82 




3-32 


3-559 


1-92 


4-21 
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Table IV,13.1 -contd. 



Load 


Ssa 


w 


&0z 


29Z 


stage 


tsi 


103 


tsi 


103 


2 (contd.) 


3-28 


3-658 


2-225 


4-84 




3-215 


3-802 


2-44 


5-53 




3-04 


4-200 


2-70 


7-60 




2-845 


4-646 


3-01 


10-22 




2-845 


4-667 


3-00 


10-30 


7-niin. 










pause 










3 


3-31 


4-844 


2-945 


10-45 




3-79 


5-150 


2-83 


10-80 




4-22 


5-653 


2-65 


11-31 




4-675 


6-277 


2-46 


11-82 




5-13 


7-130 


2-26 


12-30 




5-60 


8-225 


2-06 


12-87 



From other tests: Young's elastic modulus 4 900 tsi 
Elastic shear modulus 2(1 724) tsi 

Unfortunately, Morrison & Shepherd did not measure circum- 
ferential strain, so that it is necessary to use a guessed value of 
elastic and plastic transverse contraction ratios. The elastic 
(Poisson) ratio can be inferred from the Young's elastic modulus 
and elastic shear modulus for initial strain values and then 
it can be assumed that these apply over the load path. 



14. Interpretation of the axial tension, compression and 
torsion tests on thin-walled duralumin tubes 

A primary object of the tests on duralumin tubes by Peters, 
Dow & Batdorf 61 given in article IV, 12 and by Morrison & Shep- 
herd 60 given in article IV, 13 was to examine the coaxiality or 
otherwise of various ' strain ' dyadics and the total stress dyadic 
as hypothesised by various- contemporary theories. Thus, 
denoting by /'s the scalar components of the various 'strain' 
dyadics for principal and general directions respectively gives 

/iX i x i +/ J x j x j = f eB c e c e +f ze c z c z +f ez (c e c c +c s c e ) (14.1) 
The angle A between C and x i? similar to article IV, 11.1, is given 

by 

tan2J[ = 
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The total stress dyadic is 

SiSiSi+tfjSjSj = S ee c e c e +S zz c z c z +8 0z (c e c z +c z c e ) (14.3) 
The angle B between c e and Si is given by 

tan 2B = 2S ez /(S ee -S zz ) (14.4) 

Plastic total strains were calculated from such as 

4J = tee-too (1^.5) 

F IH 




Fiu. IV, 14.1. The angle between the circumferential direction is A for 
principal normal elasto -plastic 'strain' and B for principal normal stress 
due to axial torsion and compression on a thin-walled duralumin tube. 
A point on the heavy line indicates coaxiality of the elasto -plastic 
'strain' and stress dyadics. The curve numbers correspond to elasto- 
plastic 'strain' supposed as: I, ($e p ); II, (e E -}-$e p ); 111, (e*'-\-e p ); 
IV, (e^); V, (Se^-j-Se^). Curves [, IV are due to Peters, Dow & 
Batdorf fll , while II, III, V are due to the present writer 64 . 

with 

eg = **(-?*) ej, = ^S K! eg = ^(l+^)S gs (14.6) 
Plastic increment strains were calculated from equations of the 
same form as these but with the e's replaced by Se's and the 
's by S/S"s. For the Peters, Dow & Batdorf tests Young's 
modulus E = (b)- 1 = 10-7 10 6 psi and Poisson's ratio q K = 0-34. 

14.1. Principal directions for total stress and various 
* strains'. Fig. IV,14.1 shows the values 64 (tan 2A)~ l vs. 
10 109 
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(tan 2B)- { when the /'s on the right-hand side of equations 
IV(14.1), IV(14.2) are assumed to have various values calculated 
from IV(14.5), IV(14.6) and the corresponding increment strain 
forms using the values in Table IV,12.1. Similar results follow 
from using the Table IV, 13.1. Comparison of results is done 
most conveniently in Table IV, 14.1. 

TABLE IV, 14.1 



Curve 

No. 


'Strain'/ 
assumed as 


Coincidence of principal 
directions for total 
stress and 'strain' 
dyadics 


I 


Be? 


Xi^S| 


It 


eN+Se*' 


Xi =Si 


111 


(eK+e?) = e 


Xi ^Si 


IV 


eP 


Xi ^ Si 


V 


(8e+8e^) - e 


Xi^Si 



14.2. Plastic moduli. Analysing the measurements in Table 
IV,12.1 in the manner of articles IV,11.2 to IV,11.4 gave the 
values of the plastic moduli r/rf , 0f in Pig. IV, 14.2 plotted against 
the equivalent normal stress of article IV, 6. 2. The calculation 
of these plastic moduli is not entirely satisfactory (as already noted 
in article IV, 11. 4 for similar calculations), because the values of 
elastic modulus, elastic and plastic transverse contraction ratios 
had to be assumed isotropic and constant in the absence of experi- 
mental data. However, the probable change in the values of 
parameters as a result of future tests should not change the order 
of magnitude of the plastic moduli nor the qualitative deductions 
from Fig. IV, 14. 2 showing the range when axial torque is applied 
increasingly with axial compression virtually constant. 

The elastic modulus A ' = 0-0934 (10 psi)" 1 and 0f -=4-215 
(10 6 psi)" 1 when torque, and hence $j, is zero, showing that the 
duralumin is well into the elasto -plastic stage of deformation. 
With the advent of tensile stress fij > the duralumin becomes 
plastically 'stiffer', as shown by the decrease in the value of $\\ 
The elasto-plastic duralumin behaves virtually elastically so far 
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as the incoming tensile stress iS'j is concerned, as shown by iff 
of order 0-15 (10 6 psi)" 1 . Towards the end of the range both 
$T> *Aj' show increase, indicating that the transition stage for the 
incoming stress is passing and the duralumin is beginning to 
behave homogeneously elasto-plastically. Presumably, further 
increase of $j would bring $]' more nearly equal to ^f for a state 
approaching restricted isotropy. 





0-6 
0-4 
0-2 



40 



44 



41 42 43 

7O S psi equivalent stress 

Fifj. IV, 14. 2. Plastic moduli for thin-walled duralumin tubes under axial 
torsion and compression from the tests by Peters, Dow & Batdorf 
given in Table IV, 12.1. Stress /Sj is zero when tf| is simple axial com- 
pression. Axial compression remains almost constant, while axial 
torque increases to give Si an increasing compression and >Sj a small 
increasing tension. Over most of the range shown the substance 
becomes plastically 'stiffer' with the small applied tension, as shown 
by iff decreasing. The substance behaves almost elastically towards 
/Sj, as shown by 0j F of the order of I/J E 0-0934 (10 6 psi)- 1 . 

15. Conclusions from the tests on thin -walled metal tubes 

It is convenient to bring together the results of the tests 
discussed in this chapter preparatory to the solution of theoretical 
examples of heterogeneous straining and to indicate where 
further experimental research is necessary. 

15.1. Coaxiality of stress and strain dyadics. The tests of 
steel and duralumin by Morrison & Shepherd G0 and Peters, Dow 
& Batdorf 61 show that, as the principal directions of the stress 
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dyadic rotate relative to metals, the elasto -plastic strain dyadic 
having elastic total strain and plastic increment strain dyadics as 
its components remains coaxial with the total stress dyadic. 
Denoting the principal stress directions briefly by S| and the 
general coordinates directions by c e , this means that Figs. 
IV, 11 .1, IV, 14.1 imply that, with 



then 



(15.2) 



15.2. Non-coaxiality of stress and * strain' dyadics. 

The tests by Morrison & Shepherd, and Peters, Dow & Batdorf 
showed that some of the current theories intended to analyse 
'isotropic' stress-strain relationships are invalid and also that 
care is necessary in the interpretation of experimental observa- 
tions. Thus, denoting the general strain dyadic of Fig. IV, 14.1 
by Jf, say, then for all but 5HI of equation IV(15.1) 



(15.4) 
where the principal directions of the strain dyadic 

x/ ^ Sl (15.5) 

the directions of principal normal stress. 

If the scalar coefficients of $(c e ) are taken to be elasto-plastic 
total strain e OQ = e|J+e|j, ..., or plastic total strain c, ..., 
then IV(15.5) shows that the plastic total strain does not transfer 
with stress, as is obvious intuitively. 

If the scalar coefficients of Jf(c e ) are taken to be elasto-plastic 
increment strain 8e ee = Sefc+Seft, ..., or plastic increment 
strain Se^J, ..., then IV(15.5) shows that the plastic increment 
strains cannot be considered apart from the current total stresses 
so far as directions are concerned. More explicitly, the incremental 
strain dyadics must be partially-incremental as for the elasto- 
plastic dyadic, for example, 

(8c l 8 1 8,+...) 7^ (8e,'x,'x,' + ...) (15.0) 
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15.3. Isotropy of stress-strain parameters. The tests by 
Davis 54 on copper and steel, given in article IV,8 and interpreted 
in IV,9, show that the plastic modulus $ p is approximately 
isotropic within the restriction that the values and isotropy of 
elastic modulus ^, elastic and plastic transverse contraction 
ratios q E , q p were assumed on the basis of initial values usually 
found from a one-stress loading. Further, the stresses do not 
transfer in these tests. 

The Morrison & Shepherd, and Peters, Dow & Batdorf tests on 
steel and duralumin given in articles IV,10, IV,12, IV,13 and 
interpreted in articles IV,11, IV, 14 indicate anisotropy of the 
plastic modulus, but there, again, too many assumptions were 
necessary about the values of the other stress-strain parameters. 
The anisotropy of the plastic modulus may be a genuine effect 
due to stress and strain transfer and reversal of sign of increment 
stress at some stage of the loading, but the present state of experi- 
mental knowledge f is too slight and sketchy to form firm opinions 
011 general stress -strain relations. 

15.4. Stress -strain parameters as functions of the octa- 
hedral normal and shear stresses. The interpretation in 
article IV,9 of Davis's tests on copper and steel in article IV,8 
gives the plastic modulus as a function of octahedral shear and 
normal stresses. All the copper results plotted reasonably well 
on to a single octahedral-parametric surface. The results for steel 
indicated that the measurements for simple tension are on one 
octahedral-parametric surface, while those for tension-tension 
complex stresses are on another surface. This needs further 
examination. 

Copper seems to have a plastic modulus independent of octa- 
hedral normal stress until the 'small' strains range is exceeded. 
The plastic modulus of steel is a function of octahedral normal stress 
for a given value of octahedral shear stress. 

tWhen the present author intensified his research on elasto -plastic 
strains in 1945 it was hoped to clarify some of the difficulties apparent 
at even that time. Lack of mechanic assistance and meagre financial 
support forced the author back to analytical methods and the gleaning of 
measurements from other experimenters as further difficulties became 
obvious and demanded a programme requiring physical effort by more than 
one man. The methodical survey of the stress -strain behaviour of one 
metal, at least, over two-dimensional stress-space, that should have been 
done between 1945 and 1950, still needs to be done in March 1954. 
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This controverts the hypothesis of other writers 35 ' 36 ' 37 ' 38 ' 4(J * 
55 ' 65 that plastic stress-strain relations are independent of 
octahedral normal stress. Such an hypothesis has arisen from 
an idea that, since the first stress invariant, and hence octahedral 
normal stress, is isotropic, or invariant with reorientation of axes, 
it will have the same physical effect of not influencing plastic 
straining just as is found experimentally for isotropic, hydrostatic 
pressure 58 . In fact, the first stress invariant and hydrostatic 
pressure (apart from sign) are similar in merely a mathematical 
sense but are physically different. The first stress invariant has 
three directional components, in general, whereas hydrostatic 
pressure is truly scalar in character. 



16. The Tresca, Saint -Venant, Levy, Prandtl, Reuss incre- 
mental plastic strain theory and the tests on thin- 
walled metal tubes 

Volume I, article IX,H gives the history of this incremental 
theory very briefly. The relationship between the experimental 
evidence subsequently submitted here and the form the theory has 
assumed with present-day writers requires a brief recapitulation of 
the Tresca, Saint-Venant theory, given in 1870 32 , and its sub- 
sequent development by Levy in 1870 33 . Body force was con- 
sidered by Saint-Venant but it will be neglected here to simplify 
the equations without losing the essentials of the argument. 
Notation is changed to suit the present treatise. 

16.1. Hydrodynamical theory for an incompressible 
fluid. The flow of metals during extrusion tests by Tresca, in 
1870 19 - 8 , suggested using the kinematical ideas of classical hydro- 
dynamics. Thus, the motion equation of a 'particle' of fluid is 

div (H 3) - wi[(U.,). t +lVVU.,] (16.1) 

with // the negative of hydrostatic pressure, 3 the idemfactor, 
m the fluid density, U the spatial-displacement, t time, \J. t the 
spatial-velocity. In fact, the Ipft-hand side is usually given as 



The continuity equation for an incompressible fluid, ensuring that 
as much matter flows out of an arbitrarily described, spatially 
fixed surface described in the field of flow as flows into it, is 

div(U. e )=0 (16.2) 
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16.2. Data from extrusion tests. Tresca considered the 
shape of jets of flowing metal during extrusion and reached two 
fundamental conclusions, given by Todhunter & Pearson 19 - 8 . 
With a constant K 

Maximum shear (stress) across any face = K. (16.3) 

Maximum shear (stress) and maximum slide-velocity 

are co-directional. (16-4) 

Tresca 19 - 9 suggested that these apply when the metal is in a 
fluid f state and that between this and the primary elastic state 
there is an intermediate^ state. 

Tresca, however, neglected the intermediate state and assumed 
abrupt yield with continued flow (or zero work-hardening in more 
recent terms). There seems to be no reference to the fact that 
IV(16.3) is Coulomb's maximum shear-stress yield criterion of 
1773 19 - 10 , so presumably it had been forgotten and overlooked. 

16.3. Tresca, Saint -Venant plastic flow theory. Neglect- 
ing vector stress S s and assuming two-dimensional flow with car- 
tesian coordinates OR x R y R z , the following mathematical theory 
was formulated 19 - 11 . Using the methods of stress extraction in 
article 111,1.2 with IV(16.3) gives 

SJ+Wn-a^-K* (16.5) 

Treating the strains of article 111,2.5 as strain-velocity, extracting 
the shear strain -velocity (the f slide-velocity'), finding the direc- 
tion for a maximum and equating to the direction for maximum 
shear stress to satisfy IV(16.4) gives 

2e^/(e^-e w .,) - 23J(S xx -S yy ) (16.6) 

This is precisely the statement for coaxiality of principal normal 
strain-velocity and stress as in articles 111,2.8, 111,1.3. 
The continuity condition IV(16.2) gives 

(V x ., t )., x +(U y . t ) ;v = 
or, for infinitesimal strains, 



f Present author refers to this as 'flow-strain* in vohime I. 

j This is the stable, elasto -plastic state of the present treatise. 

The Zexyj here is given as exy\t by Saint- Venant. Without the 2 
the shear strain -velocity is not the component of a dyadic transformable 
invariantly with reorientation of axes. See volume I, article III,H. 
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Tresca attempted to proceed on purely kinematical lines, con- 
sidering only strain-velocities without reference to stress except, 
rather vaguely, in relation to the 'plastic modulus' K in IV(16.5), 
while his motion equation was to be just IV(16.1) as for an 
inviscid fluid. Saint-Venant f replaced the hydrostatic dyadic 
(H$) in IV( 16.1) by the stress dyadic > so that it applied to the 
viscous case. This gives J 

(^y i 
(UM r 

Equations IV(16.5) to IV(16.8) give the basis on which others, as 
well as Saint-Venant, built further. 

16.4. Levy's extension to three-dimensional flow. Levy, 
in 1870 19 - 13 ' 33 , extended the Tresca, Saint-Venant theory to 
three-dimensional flow. The equation analogous to IV(16.5) is 
complicated, of fourth degree in K and sixth degree in the stress 
components. It is of interest that the so-called deviatoric normal 
stresses like 

8^=8^-0 (16.9) 

to use a modern term, make their appearance with the octahedral 
normal stress 

* = W^+8 m +8 n ) (16.10) 

Levy finds the six forms like the two in IV(16.6) ensuring co- 

axiality of maximum shear strain-velocity and maximum shear 

stress (or else coaxiality of principal normal strain-velocities and 

stresses). However, he rearranges the equations as 



with four more similar terms. 

The coefficient of fluid viscosity 2/u, is defined as the shear stress 
per unit time-rate of change of shear strain. Therefore, IV( 16. 1 1 ) 
can be written as 

<W =t/*" 1 ^ e^t-Cyy* = &- } (S xx -S yy ) (16.11') 

t Saint-Venant 19 12 generously 'attributes to Tresca a keen appreciation 
of theory; he was no mere empiricist, as many have erroneously believed'. 

J Application of this equation to constant, simple tensile stress, with 
zero body force and Trouton's coefficient of viscous extension, leads to an 
anomaly if the non-linear term U ; $*VU ; j (of Euler, in 1755 153 ) of the 
acceleration is retained. Navier, in 1822 154 , and Cauchy, in 1827 155 , gave 
IV(16.8). Volume III on 'Fluidity' in the present treatise discusses the 
matter. (Author, February 1954.) 
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with four more similar terms. Otherwise, with a flow transverse 
contraction ratio q F = for an incompressible substance there can 
be used Trouton's coefficient of viscous extension 66 ' 67 , say, 

a = 2^(1+^) =4/1/3 (16.11") 



16.5. L6vy criticises Saint-Venant. For the plane flow 
treated by Saint-Venant 

<W = ( 16 - 12 ) 

and the continuity condition IV(16.7) gives 

<W = -;! 06-13) 

From two of the terms in the coaxiality equations IV(lO.ll), 
together with IV(16.13), 



or 

8 a = HS^+Sw) (16.14) 

Levy 19 - 14 derived this and criticised Saint-Venant for neglecting 
to discuss it in his paper. 

16.6. Quasi -stationary flow. Saint-Venant, in 1871 l9 - 14 , 
proposed that, when velocity U. t is small, then it and U ;tt should 
be neglected in IV(16.8) to give the right-hand side quasi-zero. 
The two quasi-equilibrium stress equations could be solved by 
an Airy stress function to be found from the second-order second- 
degree partial-differential equation given when it is substituted 
in the yield criterion IV(16.5). 

16.7. Stress discontinuity. The physical hypothesis that the 
substance is either in the elastic or in the fluid (i.e. plastic) state 
introduces stress discontinuities at the surfaces separating elastic 
and plastic zones. Saint-Venant 19 - 11 examined this effect 
mathematically. 

16.8. Mises incremental plasticity theory. Noting that 
(e xy . t )8t = Se^y, ..., the increments of strain in time Si, then the 
coaxiality equations IV( 16.11) become 

SeVSn, = (fc-&W)/(S-fl w ) = (16.15) 

If Levy's deviatoric normal stresses in IV(16.9) are substituted in 
these coaxiality equations the form is not altered. 
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Again, if each of the terras is equated to a first-order small- 
quantity flow modulus S/, then there are six equations like 



) 8e IX -8e yv = 

ft. von Mises 34 , in 1913, suggested that differences in the 
normal stress equations could be separated to give six expressions 
like 

86^ = 8/8^ 1(1617) 

fc = 8/Sf' = ' ; 



This suits the hypothesis that the octahedral normal stress a, of 
rV(16.10), does not influence the plastic stress-strain relations. 
The idea follows from the identification of a with a ' hydrostatic ? 
stress because of its invariant value with reorientation of axes 
and equality on the eight octahedral planes and the experimental 
fact that great hydrostatic pressure does not induce yield. 
Further, a 'hydrostatic' stress cannot induce volume change or 
dilation in an incompressible substance. 

16.9. Prandtl, Reuss elasto -plastic incremental theory 

The Tresca, etc., von Mises flow theory implies an ideally plastic 
(or flowing) substance without an elastic strain component. 
L. Prandtl 35 , in 1924, introduced an incremental elastic strain 
and used IV(16.17) explicitly for the plastic component in plane 
strain. A. Reuss 36 , in 1930, generalised the theory for three 
dimensions. Thus, there are six equations like 



10.10. Contemporary writers. The book by R. Hill 37 ,f in 
1950, uses the Reuss theory exclusively. The genealogy of the 
theory from the Tresca flow seems to be not understood by Hill 
when the following quotation 37 '- 1 is considered: J 

'The reader should guard against a facile analogy with the 

f Explicit reference is given to this book because the relevant topics 
are otherwise diffused. 

J The notation and equation number are altered to suit that of the 
present treatise. 
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equations for a Newtonian viscous fluid: e xy . t = SxyfiP w h ere ^ e 
viscosity /^ is a material constant, and the rate of shear is directly 
linked with the applied stress. Although IV(16.17) can be 
written as e^ foS^' the relations between stress and strain 
are still independent of time since they are dimensionally homo- 
geneous. Also / is certainly not a material constant, but varies 
during the deformation.' 

Noting the step taken in article IV, 16. 8 to give increments of 
strain in time 82 rather than time-rate of strain, it is not surprising 
that time does not appear explicitly in the Reuss theory, although 
it is certainly implicit since it deals with flow. Hill's statement 
that / is not a material constant is considered in relation to experi- 
ment in article IV,16.13. Comparison of IV(16.1(5) with 
IV(lG.ll') shows that, in fact, for the fluid state treated by Levy 
and, hence, Mises, 

S/ = ln-i&t = 3SZ/(2a) (16.19) 

with Trouton's coefficient of viscous extension a. Again, for 
example, the book by W. Prager 38 , in 1951, uses the Mises theory 
for 'ideal plasticity' with 8/ not a material constant (i.e. it is not 
a stress-strain parameter). 

16.11. A formulation f alternative to that of Mises. An 

alternative step is allowable in place of that taken in passing from 
IV(16.15) to IV(I6.16). In place of / use the first-order small 
quantity of/'S( ), with/ a scalar plastic flow function and 8( ) a 
first-order small-quantity incremental operator on any function 
introduced within the brackets. Equating each term of IV( 16.15) 
to/'8( ) then gives the coaxiality conditions 



with four more similar equations. 

Separating the normal increment stress terms as in Mises' 
hypothetical approach gives the increment stress, increment 
strain equations 



1 



(16.21) 



with four more similar expressions. The extension to elasto- 
plastic flow is done readily as in article IV, 16. 9. 

t Author, 1950. 
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16.12. The Mises, Prandtl, Reuss formulation for elasto- 
plastic strain compared with the alternative formulation. 

More briefly, with the partial-increment strain and stress 
dyadics A HI, A JS, stress dyadic ^, idemfactor 3, the elastic 
'tangent 'stress-strain parameters G E (l-}-q E )tff E J F E = q E i/f E J 
the Mises etc. theory of article IV, 16.9 has a partial-increment 
elastic strain dyadic equal to that of the alternative formulation 
in article IV,16.11. Thus, in both theories, 

Am? = (G E +F E ffl:)A $ (16.22) 

The partial-increment plastic strain dyadics for the two theories 
are 

J|H p (Mises etc.) = 8/(l J3j:)g (16.23) 

Jffll p (Altoni.) = /'(l-S33:)J & (16.24) 

while, for both theories, 

A M - - JfflH |J +Jffll^ ( 16.25) 

Comparison with volume I, article IV,4 shows that, in IV( 16.23), 
the Mises etc. 'plastic' strain theory is essentially the 'flow' 
theory of the present author. Thus, for an incompressible flow 

J:ffll p (Mises etc.) = JJIF(Author) (16.26) 

while, for stable, incompressible ' plastic' straining, 

JJW p (Altern.) = JM P ( Author) (16.27) 

16.13. Theoretical values of the stress-strain parameters. 

R. Hill, for example, states emphatically that '/ is certainly not 
a material constant', as in article IV,16.10, but from equation 
IV(16.19), with Trouton's coefficient of viscous extension a, 

S/ == 3S*/(2a) 
so that 

/ = 3(8^ = l)/(2a) (16.28) 

Write IV(16.23), IV(16.24) for the principal directions in a plane 
two-stress using the present author's 

/' = (1+8^ = 3^/2 (16.29) 

with q p for an incompressible substance. Thus, without 
writing the increments of strain for the third direction, 
8ef (Mises etc.) = (SJ/a)^-^) 1 

Sef (Mtaes etc.) - (8//a)(5j-i,) J 



Sef (Altern.) = ^(S^-^S^) 1 

Sef (Altern.) = ^(SSj-^SS,) J ( ' 
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If the stresses and increment strains are known experimentally 
then the value of a, and hence /, can be examined as a material 
parameter, in denial of Hill's hypothetical statement. 

Both theories deal with restricted isotropy, so that the hypo- 
thetical isotropy of the stress-strain parameters needs experimental 
justification. Introducing the 'partial-strains' of article 111,2 
and attaching appropriate directional subscripts to a and /gives 




|? = J = A, te n,) 

say. The ratio j8 is unity if isotropy of parameters is justified, so 
that directional subscripts can be removed. 

Again, Hill states 37 - 4 hypothetically '. . . the ratios of the com- 
ponents of the plastic strain-increment are functions of the current 
stress but not of the stress-increment'. The present author has 
already examined the experimental functional relationship of 
increment stress and plastic increment strain in this chapter, so 
no further comment is required. The experimental relationship 
between plastic increment strain and total stress is given in article 

Yet again, Hill states 37 - 2 37 - 3 hypothetically that / is a function 
of only the second and third invariants of the deviatoric stress 
dyadic (for which the first invariant is zero). That is, / is inde- 
pendent of (S xx +S vy -}-Sg S ) = 3cr. This follows from assuming 
that a is physically analogous to hydrostatic pressure H (or its 
negative), but the present author denies this. Although the 
experimental evidence is scrappy (March 1954), the present 
author has already shown tentatively that I/J P is a function of a. 
Whether/ is or is not a function of o- needs experimental examina- 
tion and is not amenable to mere hypothesis. 



16.14. Experimental examination of isotropy of the 
stress -strain parameters. The test by Peters, Dow & 
Batdorf applying axial torsion and compression on a thin-walled 
duralumin tube was analysed for isotropy of the flow modulus / 
over the loading range shown in Fig. IV,14.2. Substituting the 
experimental values of stress and increment partial-strains in 
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equations IV(16.32) gives the values of the ratios /j//i and 
0f/</rf in Fig. IV, 16.1. 

Since the ratio /j//i is not unity then flow modulus / is not 
isotropic, as hypothesised for duralumin by Hill, for example. 
The erratic variation in the ratio seems to indicate that the 'flow' 
theory of equation IV(16.23) is not applicable to the thin'-walled 
tubes tests in which the strain state was stable (i.e. independent of 
time) under a given load and did not flow (i.e. depend on time) 
indefinitely with maintenance of load, as implied by the flow 
theory 37 - 5 , to give a corresponding coefficient of viscous traction 



2>B 



0'IS 




44 



70 S psi equivalent stress 



FTO. IV, 16.1. The plastic flow modulus/ of the Mises, Prandtl theory is 
isotropic when the ratio /j//| equals unity. The erratic changes in 
value of the ratio suggest that total stress and plastic increment 
strain are not related functionally in the stable straining of thin-walled 
metal tubes, at least. The plastic modulus 0* j s> also, not isotropic, 
but this is readily rationalised physically from Fig. IV, 14. 2, as the 
duralumin does not behave elasto -plastically homogeneously initially 
towards a stress superimposed on an existing stress state. 

for the ' stress -fluidity ' state of duralumin. Analysis of the 
results for steel gives an even more anisotropic 63 flow modulus. 

The reason for the zero value of t/ff/^f when $j is zero and its 
increase with this stress is discussed in article IV, 14.2. There is a 
functional relationship between increment stress and plastic 
increment strain in denial of Hill's hypothesis 37 - 4 quoted in 
article IV, 10. 13. 

16.15. A possible confusion due to terminology. Con- 
sideration of articles IV, 16.1 to here shows that some confusion 
could arise due to using ' plasticity ' to mean two distinct physical 
processes. Tresca visualised three states for a metal 19 - 9 , 
(i) elastic, (ii) transition from elastic to fluid, (iii) fluid (i.e. stress- 
fluidity, say), to suit the visual effects in extrusion. Saint- 
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Venant 19 - 9 first called the stress-fluidity 'hydrostereo-dynamics' 
and then 'plastico-dynamics', while Pearson, in 1893 19 - 9 , called 
it just 'plasticity 5 . The reader should note that 'plasticity' is 
still stress-fluidity in which deformation continues indefinitely 
with time according to contemporary writers 37 - 5 . 

Subsequent to Pearson, writers and experimenters on small, 
stable, permanent strains, in metals particularly, have referred 
to them as 'plastic'. These are clearly Tresca's transition range 
of strain that he, Saint-Venant and others onward simply 
neglected. Thus, E. Hill 37 - 6 , for example, states that: 'In 
tension, for example, if the stress is maintained at the yield point 
an arbitrary amount of extension may be produced. 7 This is 
clearly stress-fluidity with an abrupt primary yield and no work- 
hardening. In particular problems, such as pressure in holes 
internal to a body, the stress-fluidity theory leads to discon- 
tinuities of stress and/or its gradients at the interfaces between 
elastic and stress-fluidic zones 46>1 . The application of a stress- 
fluidic theory to cases where experiment shows that the straining 
is stable is undesirable. (See also volume I, pp. 226, 267.) 

The present writer has treated Tresca's ' transition ' as elasto- 
plastically stable (see volume I, chapter IX) and the stress-fluidic 
straining is referred to as 'flow-strain' for such a time -dependent 
effect. (See volume I, chapter IV.) Stress discontinuities do not 
occur at elastic, elasto-plastic interfaces nor at elasto-plastic, 
flow-strain interfaces. 



17. Yield criteria 

The necessity for a criterion able to predict the appearance of 
permanent or plastic deformation was seen by the earliest writers 
on strength of materials . (See volume I , chapter VII I . ) The two 
approaches, (i) atomistic, (ii) phenomenological, appear to have 
arisen more or less together in the eighteenth century but came 
into violent, apparent conflict in the nineteenth century largely 
011 the question of elastic stress-strain relationships. 

17.1. Atomistic approach. The phenomenological approach is 
used in this treatise because there is still insufficient knowledge of 
atomic physics to formulate a theory analysing the deformation of 
all real substances. However, some of the effects and ideas should 
be remembered to avoid rigidity of thinking. 
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Newton's ideas on interatomic forces were adapted and modified 
gradually 19 to the conception of a potential trough 116 between 
two adjacent atoms. At zero linewise relative displacement (or 
linewise force) between the two atoms the potential is a minimum. 
Decrease of interatomic distance (compression) or increase 
(extension) increases the potential from its ' trough ' value. This 
leads to the idea that an attractive force (following one law of 
change with interatomic distance) cancels a repulsive force 
(following another law of change) at their equilibrium distance 
apart. According to this, a compression requires increasing force 
but an extension requires a tensile force reaching a maximum 
from which it decreases with increasing distance. This maximum 
is the yield force for the two atoms. 

The occurrence of * slip ' along definite planes at the inception of 
yield in macroscopic specimens of engineering metals was noted 
by Liiders in 1860 m . Such specimens are an aggregate of small 
crystals, so, in the second quarter of this century, several physicists 
examined the simpler case of large single crystals of metal grown 
especially for the purpose, as these would seem to be ideal, or 
perfect, atomic lattices. Under simple loading, slip was found to 
occur along definite crystallographic planes 116 - 2 but it did not 
proceed smoothly; a series of many audible 'clicks' 118 were noted 
at each 'jump' of slip. 

The single crystals were found to work-harden, and this presents 
a difficulty for explanation if the crystal lattice is perfect. 
K. Yamaguchi 119 and G. I. Taylor 120 independently, in 1928, 
suggested local distortions of the atomic lattice with the local 
stresses greater than the average for the plane. This concept was 
extended in 1934 by G. I. Taylor 121 , M. Polanyi 122 and E. 
Grow an 123 independently, by allowing the local distortions or 
dislocations to migrate up to the crystal boundary. 

The mere diffusion of such dislocations does not explain changes 
in volume during the plastic straining of engineering metals 84 * 8 . 
W. Boas, in 1948 11 , studied aggregates of metal crystals and found 
that slide strain (and hence dislocations effectually, presumably) 
are propagated across crystal boundaries and initiate severe 
residual strains that can cause macroscopic plastic volume change. 
Thus, the analysis of yielding of an aggregate of crystals needs 
more data than that given by studies of single crystals. Such 
work is proceeding in several countries 13710140 . 
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17.2. Phenomenological approach to yield. Just as rapid 
progress was made by Cauchy in adopting the phenomenological 
approach to stress, then so is rapid progress possible to secure a 
criterion of yield inception by phenomenological observations on 
the substances concerned. The acceptance of macroscopic effects 
is statistical in the sense that no account is taken of atomistic 
details. Therefore, attention must be given to phenomenological 
stress, elastic strain and energy of elastic straining and one or 
more of these used as a yield criterion. 

P. W. Bridgman, in 1912 58 , showed that substances do not 
yield under great hydrostatic pressures. This led to the rejection 
of a number of hypotheses involving various observable quantities 
but the retention of maximum shear stress and distortional energy 
as criteria. Volume I, chapter VIII discusses this in detail for 
three-stress. The experimental evidence available (March 
1954) is for virtually two-stress only, so here the detailed discussion 
covers only this latter case. 

17.3. Maximum shear stress criterion of yield inception. 

Coulomb, in 1773 19 - 10 , suggested the maximum shear stress as a 
criterion of yield inception. Denoting the arithmetical value of 
the shear stress for primary yield by T gives, from article 111,1.8 
for a two-stress, 

T = | !($, /Sj) | when $ i? $j are of opposite 

signs so that | S xx S yy \ < 8^* 
{ \ when S i9 /Sj are of the same 

sign with S { arithmetically the 



greatest so that | S xa JS yy \ > 



(17.1) 



T | -|$j | when S^ $j are of the same 

sign with $j arithmetically the 
greatest so that | S xa JS yy \ > S^ 

The six-sided figure in Fig. IV, 17.1 (a) is given on using these three 
conditions with T held constant m each of the three cases. 

This six-sided figure is the intersection by the plane $ k = of 
the hexagonal right cylinder with its axis in the octahedral direc- 
tion of the stress space, as in Fig. IV,17.1(6), viewing in the 
negative octahedral direction. 

17.4. Distortional energy criterion of yield inception. 

This criterion was enunciated by Maxwell in 1856 144 but appears 
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to have been overlooked or insufficiently publicised. Indepen- 
dently, from slightly different approaches, it was proposed again 
by M. T. Huber in 1904 145 , R. von Mises in 1913 34 and H. Hencky 
in 1924 U6 . Volume I, article VIII, 3. 3 gives the two-stress dis- 
tortional energy yield criterion as 

with S the simple tensile yield stress. This is the equation of the 
ellipse in Fig. IV, 17.1 (a) with the positive, major semi-axis at 





FIG. IV, 17.1. Surfaces of yield for the maximum shear stress (MSS) and 
deformational energy (DE) criteria. Fig. (a) is for two-stress with 
the six-sided figure for maximum shear stress and the ellipse for 
deformational energy. Fig. (6) is a view along the axis of the right 
circular and hexagonal cylinders of yield in the three-stress space. 
The intersection of these cylinders by the plane resulting when one 
stress is zero gives Fig. (a). 



45 to 8 1 and the ratio of the length of the axes equal to \/3. 
This circumscribes the six-sided figure of the maximum shear 
stress criterion. 

The ellipse is the intersection of the plane S k = with the right 
circular cylinder shown in Pig. IV,17.1(6) of radius \/(2/3)$. 
The circular cylinder circumscribes the hexagonal cylinder. 
The analysis of experimental results is done more conveniently by 
4 flattening' the mutually orthogonal axes of Fig. IV, 17. 1(6) into 
the octahedral plane, so that the circle in Fig. IV,17.2 is \/('V 2 ) 
times greater in radius than OB,. (See volume I, article VI 1 1, 3. 6.) 
This allows a direct plot of stress values along the oblique axes. 
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Mark 
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FIG. IV,17.2. The hexagon for the MSS theory and the circle for the DE 
theory as in Fig. IV,17.1(6). The DE circle is of unit radius because 
each principal normal stress has been divided by the appropriate 
simple tensile primary yield stress. The figure has been used as 
virtually two-stress since # k is negligible in the tests considered. 
There are no available measurements to cover the ( -, ~j ) and ( , ) 
zones or for other materials than those shown. There are no measure- 
ments for three-stress loading. 
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Note that, for three-stress, a point on the plane circle is the pro- 
jection of the generator of the cylinder, so that an indefinite 
number of three-stress values can -be associated with it. How- 
ever, codes are readily devised to show the number of positive 
and negative components for each observation. 

17.5. Experiments to test the yield criteria. Thin-walled 
tubes can be loaded with fairly well determined stress distributions 
induced by axial tension or compression, axial torsion, internal 
and/or external pressure. For any one or combination of these 
loads the average stresses induced can be calculated directly from 
the loads and the dimensions of the tube. This assumes that there 
are no steep stress gradients at the 'skin', as discussed in article 
VH,6.5. 

Solid or thick- walled hollow bars submitted to axial tension or 
compression, axial torsion, flexure, internal and/or external 
pressure are not satisfactory tests, because a theory of stress and 
strain is required to give the stress distribution. Assumptions 
(i.e. distributions given by a theory) for the stress distribution due 
to torsion, for example, may be astray. (See the discussion of 
Saint-Venant's theory of torsion in chapters XI, XII presenting 
alternatives from the present author's viewpoint.) 

Because of this possible difficulty in knowing the stress distri- 
butions, the tests by E. L. Hancock 125 , W. A. Scoble 126 , L. B. 
Turner 128 , W. J. Crawford 129 , G. Cook & A. Robertson 130 , 
J. Seigle & F. Cretin 132 and M. Ennslin 136 during the 
period 1906-28 will not be discussed here in detail. A concise 
account is given by E. H. Salmon 1 - 1 . For the same reason, the 
meticulous tests of mild steel by J. L. M. Morrison, in 1940 134 , 
are not presented here. The apparent effect of specimen size, as 
noted by Morrison, may be attributable to using the Saint-Venant 
distribution of torsional stresses. 

Tests applying tension and torsion singly and in pairs on thin- 
walled steel tubes by E. L. Hancock 125 , in 1906, gave results 
similar to those of J. J. Guest 124 , in 1900, so they are not repeated 
here. Subsequent to Guest, who gave his measurements clearly 
in tabular form, writers (or, perhaps, editors) have given results 
in the form of curves not allowing analysis or replotting in other 
forms by other writers following the original author to check his 
conclusions from other viewpoints. For this reason and/or the 
foregoing objections to the form of specimen, the tests by 
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W. Mason 127 , W. Lode 141 , G. Sachs 137 , H. L. Cox & D. G. 
Sopwith 138 , J. M. Lessells & C. W. Macgregor 142 , E. A. Davis 143 , 
U. Dehlinger 139 , N. K. Snitko 14 , in the period 1909-48, will not 
be discussed here. 

This sifting leaves only the tests by J. J. Guest in 1900 and those 
of G. I. Taylor & H. Quinney 133 in 1934. This latter must be 
objected to as not giving tabulated measurements, but the 
printed curves are clear enough to extract fairly accurate values 
for plotting into Fig. IV, 17.2. 

17.6. J. J. Guest. In 1900 124 , J. J. Guest performed the 
first comprehensive series of tests to examine the criteria of yield 
inception. Guest loaded thin-walled tubes of steel, copper and 
brass with axial tension, axial torsion and internal fluid pressure. 
These loads were applied singly and in. pairs. Considering 
Fig. IV,17.1(a) shows that such loading can cover the zone 
h...a...b...c...d of that two-stress space. 

Each tube was subjected to a sequence of different loadings 
numbering from six to twenty but without methodical changes of 
the stress components. Guest states 135 that the tubes were 
annealed lightly between each test. However, the simple tensile 
yield stress of the same tube was significantly different, depending 
on the previous tests, so that the annealing was not effective. 
Thus, the simple tensile yield in pounds per square inch for his 
steel tube number II is 60 500, 55 500, 57 800; for III is 34 400, 
33 000; for VII is 39 200, 38 100; for VIII is 40 200, 41 200; for 
IX is 34 000, 36 100; for his copper tube X is 10 630, 12 050, 
12 750; for his brass tube XII is 17 400, 20 100. 

The unmethodical applications of load and the ineffective 
annealing make it difficult to analyse Guest's tests either dimen- 
sionally or non-dimensionally. Fig. IV,17.2(a) gives 22 of his 101 
measurements on steel using the lowest value of simple tensile 
yield in each tube to allow comparable plotting in the (+, ) 
zone of the two-stress space. The scatter is seen to be too serious 
to allow examination of the relative merits of the MSS and DE 
criteria of yield inception. 

No other measurements are available (March 1954) for the 
(+, +) zone of Fig. IV,17.2, so Guest's were used as follows. 
The (+, +) loading immediately preceding or succeeding a 
simple tensile test of a given tube was plotted as shown using 
that simple tensile stress to give the non-dimensional values. 
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Even with this favourable treatment the measurements scatter 
badly. 

17.7. G. I. Taylor & H. Quinney. i n 1934 133 , G. I. Taylor 
& H. Quinney tested thin-walled tubes of steel, copper and 
aluminium by applied axial tension and torsion singly and to- 
gether. Each tube was annealed carefully to standardise the 
materials as far as possible. The loading covered h...a or c...d of 
the two-stress space in Fig. IV, 17.1 (a). 

The object of their tests was to find out if the DE theory of 
primary yield inception is superior to the MSS theory and to 
compare the results with those of W. Lode 141 , whose measure- 
ments were suspected as influenced by anisotropy of his iron, 
copper and nickel tubes. Lode applied axial tension and fairly 
small internal pressure to induce circumferential tension in the 
thin-walled tubes. Thus, his curvilinear, virtually two-stress 
loading falls into zone a...b...c of Fig. IV,17.1(a) or the (+, +) 
of Fig. IV,17.2. Therefore, the Taylor & Quinney tests, which 
fall into the (+, ) zone, are strictly not comparable with those 
of Lode in another part of stress space. 

Taylor & Quinney plotted as orthogonal coordinates the non- 
dimensional stresses 8^/8, S zz /8 with applied shear stress 8^, 
applied axial normal stress $, and simple tensile yield stress #. 
The MSS theory defines an ellipse with semi-axes of lengths 1, \ , 
while the DE theory defines an ellipse with semi-axes of lengths 
1, 0-577 for these coordinates. Their results for copper and 
aluminium are almost coincident with their DE ellipse, but those 
for steel lie consistently outside it. 

The measurements extracted from the curves of Taylor & 
Quinney are plotted in Fig. IV,17.2 to show their position in the 
stress space. 

17.8. Conclusions. The tests by Taylor & Quinney establish 
the superiority of the DE theory over the MSS theory in the 
(+, ) zone of the stress space for carefully annealed copper, 
aluminium and steel. Increase of the simple tensile yield stress 
AS by only about 5 per cent could' bring their readings for steel on 
to the DE circle in Fig. IV,17.2. Such an error in estimation is 
possible for steel. 

The tests by Guest, even when selected rather arbitrarily in 
their favour, have too great a scatter in the (+, +) zone for 
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copper, brass and steel to distinguish between the DE and MSS 
theories of yield inception. Although the tests by Lode cannot be 
plotted here they apparently justify the DE theory for copper, 
nickel and iron in the (+, +) zone. 

Fig. IV,17.2 has no readings in the ( , +) or ( > ) zones, 
although the tests by W. Mason 127 , in 1909, applying axial 
tension or compression and internal or external pressure on un- 
annealed and annealed mild-steel tubes would fall into these 
zones if his results could be plotted here. 

For the metals steel, iron, copper, brass, aluminium and nickel 
mentioned here there are still needed measurements in the 
( , +) and ( , ) zones of the two-stress space to justify the DE 
theory. The DE theory has not been justified for any substance 
for three-stress loading, although axial tension or compression 
and pressure internal and/or external to thin-walled tubes can 
cover all of three-stress space except the (+, +, +) zone. 

The DE theory has been justified as superior to the MSS theory 
over part of stress space for carefully standardised metals. 
However, the engineer frequently uses metals as supplied in a 
state approximating to, or worse than, Guest's specimens in view 
of the preceding processes like extrusion, rolling, etc. and yet he 
must still predict their behaviour in use. The wide scatter in 
Guest's measurements, as in Fig. IV,17.2(a) for less carefully 
prepared specimens, suggests that too great an apparent accuracy 
and complication of mathematical forms in yield prediction could 
be misleading and time-wasting from the engineer's viewpoint-! 
There is required a comprehensive programme of tests over two- 
stress space, at least, of engineering materials as used in practice 
to give the scatter to be expected. It is likely that the mathema- 
tically simple MSS theory is sufficiently accurate in such circum- 
stances. Otherwise, a point in stress space on the MSS hexagon of 
Fig. IV, 17. 1(6) can be 'factored' to bring it on to the DE circle 
to take advantage of the physical superiority of the latter theory. 

t Professor Guest's paper of 1940 135 re-examines minutely some of his 
measurements made in 1900. On this basis, he questions the justification 
of the DE theory by the tests of Taylor & Quinney and attacks other well- 
known writers for supporting the DE theory. The present author feels 
that he is not justified in view of the wide scatter of his measurements 
when taken as a whole. 
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Chapter V 

HETEROGENEOUS TWO-STRESS EQUATIONS 
FOR SOLUTION 

1. Physical concepts expressed in the two -stress equations 
of equilibrium deformation 

The application offeree to the surfaces and particles of a body is 
visualised as inducing a stress field throughout the deformed body. 
It is expressed as the stress dyadic f, of article 111,1, constituted 
by the forces acting on the surface of an element locally about the 
point considered. In the heterogeneous two-stress considered here, 
the magnitudes and directions of the principal normal stresses 
change from point to point of the coordinate space in either the 
rectilinearly plane or curvilinearly plane senses. The equilibrium 
stress equation ensures that each element of the body is in equili- 
brium under the surrounding applied forces and is, similar to 
article IV, 1, 

div^+mB=0 (1.1) 

The stress acting on a surface of the body with n the outward 
unit normal at the point is 

S n = n.g (1.2) 

This is zero or non-zero at each point of the surface depending on 
the prescribed loading conditions there. 

1.1. Strain and stress. The aggregate of relative displace- 
ments between each pair of points in the locality of the point 
considered constitutes the state of strain expressed in the strain 
dyadic M of article 111,2.5. When it is a two-stress then the 
strain dyadic is a three-strain; that is, M has three principal 
normal strain components. Conversely, when HI is a two -strain 
then j5 is a three-stress. In a sufficiently small locality about the 
typical point the stress and strain states are quasi -homogeneous. 
(See volume I, article 1,4.2.) 

The stress-strain relations have been considered in articles 
111,2, 111,3 for homogeneous stress and strain and can be stated 
briefly as 

H-P:3 (1.3) 
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with the stress-strain parameters quadadic P and are applied to 
the quasi-homogeneous state about each point of the hetero- 
geneously strained body. 

1.2. Strains compatibility. The strain dyadic must be 
single-valued and continuous from point to point of the deformed 
body. Volume I, article 111,5.3 shows that this is satisfied when 

curl m = == curl (P: ) (1.4) 

This is the strains compatibility condition. 

1.3. Displacements of points. The analysis of deformation 
involves the observation of the displacement of points of the body, 
relative to some suitable reference frame, and relating these dis- 
placements to the forces causing them. The trivial, but easily 
visualised, case of simple tension of article 11,3.5 shows that the 
use of a spatially fixed reference to observe spatial-displacement 
U allows the appearance of whole-body convection-displacement 
C wb , due to whole-body rotation, as a component of U which 
cannot be related to the stress field and hence to the applied forces 
relative to the body. The stresses, and hence forces, must be 
related to straining-displacement D observed relative to the whole- 
body connected axes as in Fig. 11,1.2. 

Simple tension is homogeneous stress and strain, whereas the 
heterogeneous case is considered here. This heterogeneity causes 
the principal directions line elements to have different directions 
in the strained and unstrained states, in general, relative to the 
whole-body convected axes. This is straining-rotation and intro- 
duces the straining convection-displacement C sfc component of 
D. The difference, 

D* - D-C st (1.5) 

is relative-displacement and shown f to be that given by summing 
together all the local, differential, relative-displacement observa- 
tions rfD* of local observers using locally convected axes to 
observe strain, and stress, effects. Stated otherwise, the un- 
strained and strained principal normal strain trajectories consti- 
tute a deformable reference relative to which D* is observed or, 
more strictly, is calculated from the dD*. That is, the deformable 
body is its own reference to give D*. 

t See volume T, article 1,8. 
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It is very important to notice that both D and D* are in one-one 
correspondence with the applied forces, and hence with the stress field 
which is one-one with the strain field. Therefore, both D and D* 
are one-one with the strain field. 

1.4. Doublet vector fields. Note carefully that D cannot 
be any, arbitrary, continuous vector field function because it 
must satisfy the geometrical relationship. 

(R<> *t+D) = R = (R*+D*) (1.0) 

In this sense, the theoretical deformation problem is to establish 
the two complementary doublet vector fields in the brackets. 
Geometrically, 

Ro inst_|_Q8t = Ro* 1 

D C st = D* j ( L7 ) 

This mere addition and subtraction of the straining convection- 
displacement field to the components of a doublet allows transition 
to its complementary doublet. 

1.5. Strain and relative -displacement. The strain dyadic 
and relative-displacement are related physico-mathematically by 

VD* = m (1.8) 

while 

fR fR fR 

D* = r/D* .- </R-VD* = rZR-M (1.9) 

Jo Jo Jo 

with R the point to which the value D* applies and O is the 
origin of whole-body coiivected axes. 

1.6. Equivalence of relative -displacement and straining - 
displacement. For limiting small deformation C Kt is quasi-zero 
in comparison with D, D*, R inst , R* as discussed in volume I. 
It appears physically as the deformation becomes greater, without, 
however, altering the mathematical equations between the doublet 
fields in which C 8t is 'concealed' between the components. Thus, 
in this sense, D and D* are 'equivalent' and each is in one-one 
correspondence with the applied forces and, hence, with the 
stresses. However, these two displacements are physically 
distinct. (A somewhat similar situation has already been 
observed in chapter III, where the Poynting effect is shown to be 
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a 'stretch' and not a ' normal strain' effect, although the two are 
quasi-equal for a sufficiently small simple shear.) 
Tims, 

r\f l^w*r [Infinitesimal! , ,. ,, , v 

Dl yD*for<> .^ Vdeformation (1.10) 

{ ^ J jFmite J v ' 

while, generally, with the sign for 'equivalent to', 

D^D* (1.11) 

1.7. Boundary value problems. Prescribed loading to 
satisfy S n in V(1.2) must also be related to the stress dyadic j& 
satisfying the equilibrium stress equation V(l.l) throughout the 
deformed body. 

The substance will have prescribed stress-strain behaviour 
given in the quadadic P, so that the stress dyadic then gives the 
strain dyadic throughout the deformed body. The quadadic P 
cannot be completely arbitrary, as it must satisfy the strains com- 
patibility condition V(1.4) throughout the deformed body. 

Having Jffll then gives D* by solution of V(l .8) or the consistent 
statement V(1.9) when the origin of whole-body connected axes 
has been chosen. 

Having D* then gives R* in V(l.(>) and using V(l.ll) for 
equivalence of D* and D, or equivalence of R"* and R oiu fc } gives 
the required doublet field (R olllHt , D). 

Usually it is easier to solve a given boundary value problem 
when one coordinate of a given coordinate system remains con- 
stant 011 the boundary surface of the deformed body. Thus, 
when solving cases of loading on circular holes in plates, for 
example, it is more convenient to use cylindrical coordinates 
rather than cartesian coordinates. The various equations will be 
given explicitly in cartesian, cylindrical and spherical coordinates, 
while the more general curvilinear equations can be derived as 
required from the methods in Appendix A. 

1.8. Virtually irrotational strain and partial -increment 
dyadics. Kelativo to whole-body convected axes the principal 
normal strain trajectories remain virtually parallel between the 
unstrained and strained states for an (elastic) infinitesimal defor- 
mation or between the current finite strain state and the previous 
state only differentially different. This leads to the partial- 
increment dyadics of stress A j& and strain A Ml. A set of incre- 
mental equations is then found with these partial-increment 
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dyadics replacing ft an( i M in the corresponding total stress and 
total strain equations just given. 

2. Two -stress dyadic 

The two-stress dyadic for rectilinearly plane two-stress, for 
cartesian axes OR-^RyR,. with unit vectors c x , c y , c 89 is discussed 
in article 111,1. Thus, vector stress 

S. = cv = (2.1) 

as also, of course, are the complementary shear stresses S xz , S yz . 
Then, the cartesian two-stress dyadic 

ft = S xx c x c x +S yy c y c y +S xy (c x c y +c y c x ) (2.2) 

2.1. Curvilinear stresses. The form of the stress dyadic for 
curvilinear coordinates is precisely the same as that for cartesian 
coordinates, except that the unit vectors are local values at a 
given point in the coordinate space. Thus, with the cylindrical 
coordinates unit vectors c r , c e , c z of Fig. A,7.1, the spherical co- 
ordinates unit vectors c r) C , C of Fig. A,7.2 or c a , C 6 , c c for any 
orthogonal coordinates, then the zero stress is 

S c = c c -g = (2.3) 

which gives the stress dyadic 

3 = S aa c a c a +S bb c b c b +S ab (c a c b +c b c a ) (2.4) 

2.2. Plane polar stresses. With c c equal to c s of cylindrical 
coordinates (R r 6, S z ) gives the plane polar coordinates two -stress 
dyadic 

ft = S rr c r c r +S ee c c e +8 re (c r c e +c e c r ) (2.5) 

2.3. Cylindrical stresses. With c c equal to c r of the cylin- 
drical coordinates gives the curvilinearly plane cylindrical co- 
ordinates two-stress dyadic 

ft - S eo c e c e +^c z c z +S 0z (c c z +c z c ) (2.6) 

2.4. Principal normal stresses. With the angle between 
c a = c r (cylindrical), for example, and the principal normal 
stress $ 1} then article 111,1.3 gives tan 26 and 8 {) /Sj in terms of 
S ab , .... The rectilinear S xy , ... there are merely replaced by the 
curvilinear S ab , ... here. 
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2.5. First stress invariant. With reorientation of axes, the 
first stress invariant which is the sum of the normal stresses 
remains constant. Then, similar to article 111,1.6, 

3: = x? = S aa +S bh = S,+fl, (2.7) 

2.(). Partial -increment two-stress dyadic. The partial- 
increment two-stress dyadic is 



(2.8) 

Note that, scalarly, the general directions components are six, 
such as 

*&<*, ^<V^3(x,, x,) (2.9) 

3. Equilibrium two -stress equations 

The equilibrium two-stress equation V(l.l) has been given in 
article IV,1 for cartesian and cylindrical coordinates when body 
force is zero. Retaining body force, they are restated here fully 
for convenient reference. The operator div is given in article 
A,8 for cartesian and cylindrical coordinates. These operate on 
a self-conjugate dyadic in article A, 11. Apply these to the stress 
case and leave out the appropriate zero terms. 

3.1. Cartesian stresses. Put as zero all stresses involving 
subscript z. Then, 



- 



3.2. Plane polar stresses. Put as zero all stresses involving 
subscript z. Then, 



= 

3.3. Cylindrical stresses. Put as zero all stresses involving 
subscript r. Then, 

-B r ^S ee +mB r = I 

R r - l S eo . +8 gs . z +mB e = I (3.3) 

Sw+mS, = J 
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4. Strain dyadic for a two -stress dyadic 

A two-stress dyadic induces a three-strain dyadic? with one 
principal normal strain in the direction c c due to the transverse 
strain effects induced by the stresses on planes normal to the 
curvilinear directions c a , c ft . Thus, for rectilinear or curvilinear 
coordinates, with c c = x k , 



6 , f ) +C k C c C c (4. 1 ) 

The subscripts a, b, c are #, ?/, z for cartesian coordinates and 
r, 0, z for cylindrical coordinates. 

4.1. Partial -increment dyadic for strain. Similar to the 
partial-increment dyadic for stress in article V,2.6 the partial- 
increment dyadic J$fol for strain is given by replacing the e's 
of V(4.1)by Se's. 

5. Two -stress and three -strain relations 

The stress-strain parameters quadadic in article V,1.1 is of 
* secant' form to simplify the description leading to article V,1.7 
giving the steps to solve a boundary value problem. It is more 
general to deal with a * tangent' parameters quadadic to relate 
the |>artial -increment dyadics A HI, A $& for strain and stress 
respectively. Thus, 

Am. - PsJ - (P*+pr):A$ (5.1) 

with P E , P p the elastic and plastic stress-strain parameters 
quadadics respectively and either of these denoted by P M . The 
first elements of these have been given in article 111,3.3 for the 
principal directions in a homogeneous strain field. 

5.1. Principal directions for general isotropy. For the 

principal normal strain directions Xi, Xj, x k the increment partial- 
strains are, for general isotropy, 



(5.2) 

= ' J 

while 



Sef - S^f-^Sef (5.3) 

~^/ k 3e^ 
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and 

J$1 M = XiXiSe^+XjXjSef+x^kSe^ (5.4) 

Substituting V(5.2) in V(5.3) and then in V(5.4) and then com- 
paring with V(5.1) gives the stress-strain parameters quadadic 

-^ 

(5.5) 



5.2. General directions for general isotropy. Usually the 
stress-strain relations are required for rectilinear or curvilinear 
directions denoted generally by c a , c b , c c with c c = x k . The 
partial-increment dyadics for stress and strain are given for 
general directions in articles V,2.6, V,4.1 and denoted briefly 
by J^(c a , c 6 , c e ), JM(c rt , c fr , c e ). Use these in V(5.1) and then 
extract the scalar increment strains 




With a, = c a 'Xi, . . . , the cosine of the angle between c a and x 1; . . . , 
this gives 



(5.7) 

The expansion of the other three expressions is left as an exercise 
for the reader. 

5.3. Principal directions for restricted isotropy. Article 
111,3.3 discusses these conditions, so they are now rewritten for 
convenient reference later. 



Sef = (/w&Sj+^Sx* (5.8) 




(5.9) 

5.4. General directions for restricted isotropy. Trans 
formation of V(5.8) to general directions is not as convenient in 
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terms of a stress-strain parameters quadadic as to notice that these 
three equations are the scalar components of the dyadic 

A m M = Q**A&+F* i 8)ft (5.10) 

The scalar components are readily extracted as 



= 

5.5. Constant elastic parameters and restricted isotropy. 

Elastic strain transfers, with rotation of the stress relative to the 
substance, and therefore sums to give total elastic strain as in 
article 111,3.4. Therefore, if G E , F E are constant, then, from 
article 111,3.4, the current elasto -plastic strain is 



e, - 

(5 12) 



Transformation of these dyadics to the general directions, as in 
article V,5.4, gives 



The converse with stresses in terms of strains is useful sometimes 
and is given in dyadic form for brevity. Multiplying each of the 
equations V(5.12) by the appropriate unit dyad and adding, then 
rearranging, gives 



) (5.14) 
with stress-strain parameters, for M E 9 P, 

JM = 



(5.15) 
and 

X DM = efc+eft+eg = <$*+<*}'+< (5.16) 

the first invariant of the strain dyadic component :ffll M , while 
g^z>M i s fa e fj rg ^ invariant of the partial-increment strain dyadic 
component Jlffll M with Se^'s replacing the e M 's in V(5.16). 
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6. Compatibility of two-stress strains 

The strains compatibility condition V(1.4) is expanded from 
article A, 12 with the appropriate zero components of the self- 
conjugate dyadic corresponding to those in V(4.1). 

6.1. Cartesian stresses 

e xx;y = e xy;x e yy;x ~ e jry;y e xy;z ~ ^ 

<Wx = = e sz . y e xx;8 - - e^ 

6.2. Plane polar stresses 

R r -^(e rrt& -2e r0 ) - e^ r 

e ee . r = R r - l (ero;o+err~eeo) e r0;s = (6.2) 

<W = = e zz;9 e rr . z = = e eo . 3 

6.3. Cylindrical stresses 

e eo- t r = R r~ l ( e rr~ e OO> ^ = E r ~ ] e 0;: . ^j 

<** = R r~ l ^e e es . r - ~Ii r - l e e , I (6.3) 

Crr-.o = = e rr . z e zz . r = J 

6.4. Increment strains compatibility for cartesian, plane 
polar and cylindrical stresses. The continuity of the partial- 
increment strain dyadic leads to precisely the same compatibility 
form as V(1.4) with A M replacing M there. Thus, in V(6.1) to 
V(6.3) the e's are replaced by Se's for the increment strains com- 
patibility conditions for appropriate increment two-stress. 

6.5. Compatibility of increment stresses and stress - 
strain parameters for general isotropy. The appropriate 
terms like V(5.7) involving increment stresses, stress-strain 
parameters and direction cosines for the orientation of the partial- 
increment strain dyadic relative to the chosen coordinate system 
must satisfy the increment strains compatibility conditions. 
Therefore, the stress-strain parameters cannot be chosen arbi- 
trarily but must satisfy the compatibility conditions. 

6.6. Restricted isotropy compatibility of increment 
stresses with stress-strain parameters independent of 
position. Suppose the stress-strain parameters F M , Q M are 
independent of position in the body, then, for cartesian co- 
ordinates, putting Se's into V(6.1) gives 

Se ra; , = FV ix = = F*W = 8 W (6.4) 
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so that, on cancelling the common factor G M on each side of each 
equation, this gives 

MU, = W w fcUr - U:i, (-6) 

The remaining three conditions are satisfied if the increment 
stresses are independent of R z . 

Equations V(6.4) show that the first invariant of the increment 
stresses is constant throughout the deformed body when the stress- 
strain parameters are of restricted isotropy and independent of 
position. 



7. Relative -displacement and strain for a two -stress 

Relative-displacement and strain are related by equation 
V(1.8). Article A, 14 gives the vector gradient of a vector for 
the various coordinate systems. 

7.1. Cartesian stresses 



(7.1') 



e zv = - />* , == D' s , v 



7.2. Plane polar stresses 

/)* D* > (1 2') 

7.3. Cylindrical stresses 

_ w -i,n*_L./i*.) , ^^ 



z,r ^ r.z 
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7.4. Increment relative -displacement and increment 
strain. The partial-increment strain dyadic and the partial- 
increment relative-displacement are related by just the same form 
as the strain dyadic and the relative-displacement. Therefore, 
in this case the e'n are replaced by &?'s and the D*'s by S/J*'s 
in V(7.1) to V(7..V). 

8. Displacement potential and relative -displacement 

Volume I, article 1,7 shows, generally, that since 

*>***=&** 

in equation V(7.l), then we may represent the lamellar, relative- 
displacement vector by 

D*==V (8.1) 

with displacement potential Write out scalarly for the present 
two-stress systems. 

8.1. Cartesian stresses 

/-, D* y = ;y />;=, (8.2) 

8.2. Plane polar and cylindrical stresses 

r ~ i, ])* z = c (8.3) 



8.3. Increment displacement potential and increment 
relative -displacement. .Relative to whole-body converted 
axes an increment in deformation gives a partial-increment of 
V(8.1). Thus, 

JD* =AV = VSe (8.4) 

Then, for the various coordinate systems replace and the 
JJ*\s in V(8.1) to V(8.3) by Sffand 87)*'s for this case. 

9. Strain and displacement potential 

Substituting equation V(8.1) in V(1.8) gives the self -con jugate 
strain dyadic represented by 

JJl^VVfi 1 (9.1) 

Volume I, appendix C discusses this representation as an extension 
of potential theory analogous to the representation of the lamellar 
vector as in V(8.1 ) for relative-displacement. 

143 



V,10 ANALYSIS OF DEFORMATION 

Substituting V(8.2), V(8.3) appropriately in V(7.1) to V(7.3') 
gives the strains in terms of displacement potential. The forms 
are similar to those for non-zero stresses in article V,10. 

10. Stress potential and stress 

The representation of the strain dyadic in terms of displacement 
potential is given in V(9.1) as an extension of potential theory. 
Similarly, represent the stress dyadic by means of stress potential 

H in 

=VVH (10.1) 

Article A, 9 gives W expanded for the various coordinate 
systems. The two-stress dyadic is given by taking H as 
independent of one coordinate. 

10.1. Cartesian stresses. H=H(R JC ,R y ). 



10.2. Plane polar stresses. JFf = H(R r , 8). 
S rr = H irr S ee - R r ^K de +R r ^K r R - 

10.3. Cylindrical stresses. H --= H(0, R z ). 



11. Law of distribution of the two -stress potential 

Volume I, article 11,7.3 shows that representation of the stress 
dyadic as in V(10.1) and representation of the body force wB 
(when it is lamellar) by VB and substitution in V(l.l) gives, with 
constant C, the poissonian equation 

<B =6 r (11.1) 



11.1. Cartesian stresses 



11.2. Plane polar stresses 

Hv (H.3) 



11.3. Cylindrical stresses 

V2tf=fl r ~ 2 H*+H w (11.4) 
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11.4. Distribution of the first stress invariant 



Therefore, with V( 11.1), 

X^G'-S (11.6) 

In particular, for zero body force S is zero to give the first stress 
invariant constant throughout the deformed body. Similarly, in 
this case, for the partial-increment stress dyadic 

8 X S = 8(7 (Ih7) 

12. Displacement potential from the two -stress potential 

The stress-strain relations are easily integrated in some special 
cases. 

12.1. Restricted isotropy, stress-strain parameters in- 
dependent of position and with zero body force. For the 

general member of the elasto -plastic increment strain 

VV8 A/ - G* / W8H+.F JI/ 8x*''3 (12.1) 

Integration gives, for cartesian coordinates (R x , R U) R s ), 

86'" - Q>'&H+lJi' 3 '&x! i (Xx*+RS+R.*) + WJl JC +W v R,+W !t R. 

(12.2) 

with three arbitrary constants W x , ____ Vectorially, 

8 M = (^8f/+P w V* R ' R +W-R (12.3) 

with position vector R and W a constant vector allowing for a 
possible whole-body translation or else a shift of origin of coordinate 
axes if this would be convenient. This last form allows easy 
transformation to curvilinear coordinates. 

If, as a further restriction on the behaviour of the substance, the 
elastic stress-strain parameters F E , G E are constant as the 
deformation evolves, then E , H replace 8 E , 8H for this parti- 
cular component of the elasto-plastic strain. 

13. Airy two -stress function 

Volume I, article 11,9 gives the Airy stress function for curvi- 
linear coordinates in the form 

3 = c c c c *Wc/f (13.1) 
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with <*A(R a , JR b ) representing the stress dyadic because the diver- 
gence of this is identically zero to satisfy the equilibrium stress 
equation when body force is zero. Operator W is given in article 
A, 9 for the various coordinate systems. 

13.1. Cartesian stresses. oA = oA(R x , R y ), c,. = c s . 

S XX = eA;yy S yy = <iA ;xx $ xy = -<sA ;xy (13.2) 

13.2. Plane polar stresses. oA = oA(R r , 0), c c = C B . 



13.3. Cylindrical stresses. oA = c//(0, R s ), c ( . c r . 

(13.4) 



14, Solutions by the Navier, Cauchy approximate theory 

The Navier, Cauchy theory of infinitesimal strains is formulated 
from the observation of the infinitesimal spatial-displacement U 
of each point relative to a spatially fixed reference frame. Article 
11,3 shows, for the trivial case of simple tension, that an attempt to 
relate U and stress (or strain) actually leads to the relating of 
straining-displacement D and stress (or strain) to the exclusion of 
infinitesimal whole-body rotation. Volume 1, article 1,15.5 gives 
the Navier, Cauchy infinitesimal self-conjugate strain dyadic 
m - |(VU+UV) - |(VD+DV) 

= i(VD*+D*V) - VD* (14.1) 

14.1 Saint -Venant's strains compatibility condition. On 

the supposition that HI is related to spatial-displacement U 
the Saint- Venant strains compatibility condition, independent of 
U, is given in volume I, article 111,9.1 as 

(VxM)xV-O (14.2) 

The conjugate curl operator ( )xV is necessary to remove the term 
UV, but VxfflU is zero already, since VxVD* is zero. Therefore, 
the operation ( )xV is unnecessary to give a set of equations 
involving strains only. It is sufficient for strains compatibility 
that 

VxM-0 (14.3) 

as the symbolic form of that in article V,1.2. Therefore, a set 
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of strains proposed as a solution of a given problem may be spurious 
if they satisfy the Saint-Venant condition V(14.2) but not the 
more searching condition V(14.3). 

14.2. Straining -displacement. Volume I, articles 1,15.8, 
VI,(>.9 show that for infinitesimal strain the straining-displace- 
ment D relative to a non-deformable, whole-body, convected 
reference is quasi-equal to relative -displacement D* relative to a 
deformable, convected reference. Therefore, in V(14.1), for 
infinitesimal strain, 

m = i(VD+DV) - VD - VD* = ^(VD*+D*V) (14.4) 
Volume I, article 1,13 shows that D, from the strain field 
viewpoint, is equivalent to D*, since a solution gives a doublet 
vector field, as mentioned in article V,1.6 here, to effect the 
'orthogonal transformation' of the unstrained principal normal 
strain trajectories to the corresponding strained set. Therefore 
a solution of 

M = i(VD*+D*\7) (14.5) 

for D* also gives, for finite strain, 

D ^ D* (14.6) 

14.3. Approximate solutions. Solutions of V(14.5) satis- 
fying Saint-Venant's strains compatibility condition are given by 
the many theoretical solutions available for boundary value 
problems analysed by the classical infinitesimal strains theory. 
As seen, such analyses are mathematically unsatisfactory, may 
even be spurious, but nevertheless may check quite closely with 
experiments examining the main features of the solution. Some 
will be given in following articles, with this reservation on their 
validity, and then extended to finite strain by the straining 
equivalence principle in V(14.6). 



15. Saint -Venant's strains compatibility conditions for a 
two -stress system 

The strains compatibility conditions V(14.2) for a two-stress 
in cartesian axes OR x R y E z are shown in volume I, article VI, 14.1 
to be the four scalar conditions 



= 
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16.1. Restricted isotropy, constant elastic stress -strain 
parameters. From equations V(15.2) it is seen that e zz and, 
hence, x s are linear in R x , R y . With the Airy stress function, then 

X s = V^e^ = C+JJi.+J^ (1 5.3) 

a Poisson's equation with arbitrary constants (7, J r , J v . The 
Airy stress function in V(15.1) gives the biharmonio equation 

V 2 V 2 c/4 = V 4 c^ = (15.4) 

A solution of V(15.3) for oA satisfies V(15.4), but a solution of 
V(15.4) for oA may not satisfy V(15.3). 

The literature contains many solutions of the biharmonic 
applied to plane two-stress, although the more restrictive con- 
dition V(15.3) is not satisfied. If a plate is infinite, as in many 
examples, then the first stress invariant becomes infinite with the 
right-hand side of V(15.3). This is not allowable, so that the 
J's must be zero in this case, at least, to give the result already 
found in article V,11.4 that the first stress invariant is constant 
under the conditions here. 

15.2. Plane strain. Let the substance have the same properties 
as in article V,15.1. Suppose e. zz is zero as well as e zx , e yz so that 
only V(15.1) remains of the original six Raiiit-Venant conditions. 
The Airy stress function can be used again, to solve V(3.1) with 
zero body force, and now obeys the Inharmonic law V(15.4) for 
plane strain. Strictly, plane strain is a three-stress with normal 
stress 

a a - -F(S XX +S 1W )/(F+G) (1 5.r>) 

whereas this stress is zero for plane two-stress. 

15.3. Approximate solutions for stresses in thin, plane 
sheets. The solution of the biharmonic V(15.4) has been 
applied frequently to the planewise loading of thin sheets, ignoring 
the plane strain normal stress 8 ez . The few experimental exam- 
inations available for the strains on the main faces of the sheet 
show fair check of theory. Although experiments on thickness 
change have not been published as agreeing with theory, the 
present author's analysis in article X,3 of a quasi-homogeneous 
plane stress experiment in article X,l suggests that they will 
probably differ. There appears to be at least normal stress 8^ 
in the interior of the sheet, but its effect on strains in the main 
faces is slight. 
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Biharmonic solutions will be applied to thin sheets with this 
qualification in mind. This further approximation must be 
noted, as well as the approximation due to using the Navier, 
Cauchy strains definitions and the Saint-Venant strains com- 
patibility conditions as discussed in article V,14.3. 

15.4. Geometry and strains of contiguous elements. 

The principal normal strain trajectories define a set of (curvi- 
linear) orthogonal elements that were initially orthogonal (of 
different curvilinearity) in the unstrained state. The Navier, 
Cauchy theory for infinitesimal strain and infinitesimal spatial- 
rotation angle sp considers a single, typical element of the whole 
assembly. Volume T, article 1,15.4 shows geometrically that 



(15.6) 
(15.7) 
Differentiating suitably gives 

(15.8) 



Therefore, with equations V(7.1), 

^P. T = - 8 % (15.10) 

so that 

s * = constant (15.11) 

But with whole-body rotation angle wb constant and straining- 
rotation Ht due to the strain field, then 

0s P ^ ^*b_|_fl8t (15.12) 

Then V(1 5.11) gives 

flt -- (15.13) 

or, more strictly, it is quasi-zero as in volume I, articles 1,15, 
VI, 6 or, less directly, in 111,14. 

15.5. Dislocational rotation and Saint -Venant's strains 
compatibility conditions. Quite arbitrarily add to the right- 
hand side of V(15.12) a dislocational rotation component 0^ 
supposed to be independent of the stress and strain distribution. 
Thus, 

l(U y . r -U T . y ) - e* - 
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as in volume I, article 111,9.4. Differentiating equations V(15.8), 
V(15.9) again suitably gives 

== " xx ^xx ~ " y,xxy (lo.lt)) 

-6^ (15.1 6) 



From these two pairs of equations by addition 



Equating these two expressions gives Saint-Venant's strains com- 
patibility condition in V(15.1). Note that dr is merely implicit 
in V(15.18) because it cancels, just as 8p cancels in forming the 
Cauchy shear strain definition 

e f = HU^+ffv + U^-ff*) (15.19) 

from V(15.6).2 and V(15.7).2. 

This re-emphasises that the Saint- Venant compatibility con- 
ditions cannot ensure continuity of the strain dyadic but merely 
continuity of spatial-displacement which can have a component 
independent of whole-body rotation, the strain field, stress and 
strain. Such an anomalous component of spatial-displacement 
is allowed to enter through the Cauchy strain definition. Saint- 
VenantV torsion theory in article XI 1, 7. 5 illustrates this aspect. 

16. Navier, Cauchy strain definitions and spatial -rotation 
for a two -stress 

Expansion of equation V(14.1) gives strains in terms of spatial- 
displacement for a two-stress in which e bc = = e ca . The 
spatial-rotations are the scalar components a) (lb , ..., of the antiself- 
conjugate dyadic (VU UV). 



16.1. Cartesian stresses. S, = 0. 



= Uy.y 



(16.2) 
(16.3) 
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16.2. Plane polar and cylindrical stresses 

Plane polar stresses: S z = 0, e 013 = e zr . 
Cylindrical stresses : S r = 0, e rd = = e zr . 

e rr = U r;r ] 

e ee =R r -i(U r +U e . e ) \ (16.4) 

* = V** J 

e re = %(R r -iU r;e -R r -iU e +U e;r ) ] 

\ (16.5) 
J 

r -l U e ) } 

(16.6) 



17. Generalised plane stress theory of Filon 

L. N. G. Filon, in 1903 80 and 1931 79 , gave a theory in which the 
stresses in moderately thick plates were taken as not independent 
of position between the two main faces as is assumed for plane 
stress. The generalised Hooke's law for an elastic substance of 
restricted isotropy, with the Navier, Cauchy strains definitions 
and the equilibrium stress equation, were considered. Thus, 
with the stress-strain parameters F, (?, then 

i(VU+UV) - m = G$+F X S % (17.1) 

V-g - (17.2) 

In fact, Filon included body force in the latter, but it is neglected 
here to simplify the exposition without losing any essential of 
the theory. 

With the origin of axes OE X R U , of axes ORjR y R z , in the middle 
plane of a plate of thickness 2h with stress-free main faces, then 
Filon proposed to consider stresses and strains averaged over the 
thickness. Thus, average strain and stress dyadics are, say, 




-h 
while he considered 

1 




V.g83,=0 (17.4) 

2ll j-h 
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17.1. Formulation.f Suppose that, for convenient formula- 
tion, 

m = m+m." & = &+&" (i7.r,> 

with 

fBl' = G$'+fY3 (17.6) 

m a = G&" (17.7) 

& = S^c^ +S uu c,,c v +S, v (c x c y +c v c x ) ( 17.8) 

& =^c s c s +^(c s c^+c :c c s )+^(c !/ c z +c z c j/ ) (17.9) 
With V(17.3), V(17.6), V(17.8), 



with the average stress first invariant 

T rji trji , y (17 11) 

X -* jrjri- 1 yy \ L zz V x '- 11 / 

With V(17.8) in V(17.4), 

1 f+ A 

~\ y.<5'a^-v.' (17.12) 

2 ^J -h 

With V(17.3), V(17.7), V(17.9), 



(17.13) 
while, explicitly, 

V = T^c^^T^^c^+c^+T^c^+c^) (17.14) 



With V(17.9) in V(17.4), noting that at the limits of integration 
S zz , S zx , S zy are zero, then 

if+ A 

^ v.<g* afl s = (2' CT . x +^ s;!/ )c, (17.15) 

ztl ]-h 

Substituting V(17.13), V(17.10) in V(17.5) and V(17.3) gives 
the average strain dyadic 

Vl = G(&'+V)+J!'x r l (17-16) 

Substituting V(17.15), V(17.12f) in V(17.4) gives the equilibrium 
stress equation 

V>W+(T zx ., x +T ye , v )c z = (17.17) 

t The formulation by vector methods in this article and V,17.2 was done 
by the present author in 1951, and differs from the scalar methods of Filon 
in the references given, but the final results are the same. 

152 



HETEROGENEOUS TWO-STRESS EQUATIONS V,17.2 

17.2. Filon 's assumptions. The aim was to derive equations 
of two-dimensional form so, firstly, by stating arbitrarily that the 
coefficient of c z in V(17.17) isf 79>1 '. . . not required, as it does 
not involve T xx or T yy ' this quantity was assumed to be zero. 

Again, it was assumed that S zz , and hence T ZZ9 is identically 
zero 79 - 2 . 

Also, without saying so explicitly, J Filon either ignores or puts 
as zero the mean stresses T zx , T yz in V(17.14). 

Thus, by the foregoing extremely arbitrary processes Filon 
derives the two-dimensional mean stress-strain and equilibrium 
equations, 

B = <?'C / +JY r 3 (17.18) 

'T _ rp i y ' 

X * xx^-iyy 

^' - T xx c x c x +T yy c y c y +T xy (c x c y +c y c x ) 

V-'E' = (17.20) 

These are essentially the equations given by Filon, except that 
he gives the converse form of mean stresses in terms of mean 
strains. In his formulation, Filon emphasises the spatial- 
displacement U and considers its mean value V, say, averaged 
with respect to K z . Thus he finds the mean strains, say, 

S*,= V rve / w =F Ktf / = UV^+V^) (17.21) 

Filon thus arrives at a set of equations of precisely the same form 
as those for plane stress, but here quantities averaged with respect 
to plate thickness replace the actual quantities for plane stress. 
The 'elemental volume' of the generalised plane stress theory is a 
rectangular block of edge lengths dR x , dR y , 2h, while for plane 
stress it is dR x , dR y , dR s . 

17.3. Compatibility of average strains. The continuity of 
spatial-displacement U in the Navier, Cauchy strains is assured 
by the Saint-Venant strains compatibility condition 

(Vx!ll)xV =0 (17.22) 

f The notation for stresses is changed here. 

j This is assumed also in the more recent standard works by A. E. H. 
Love 60 and R. V. Southwell 29 - 2 . 

The J has been inserted in the Navier, Cauchy shear strain definition 
to make it the component of a self -conjugate dyadic, as noted in volume I, 
article III,H. 
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as in volume 1, article 111,9.2. Similarly, the continuity of the 
average spatial-displacement V is assured by 

(VxB)xV-O (17.23) 

For the generalised plane stress mean strain expressions 
V(17.21) with V(17.18) there occur the four relations 

%fjiu\jcy (17.24) 

f af ^ f = (17.25) 



Filon does not consider the compatibility conditions in his formu- 
lation 79 . 

17.4. Airy stress function and its distribution. In terms 
of an Airy stress function oA(R x , R u ) equation V(17.20) is satisfied 
identically by 

T xx = eA lyu T yy = zA^ T ry -=-e4 ;ey (17.26) 
From V(17.18), 

/, = F(T, X +T W ) = FV*oA (17.27) 

Therefore, from V(17.25), the law of distribution of <*A is 

V2e^ - C+J X R X +J V R U (17.28) 

with arbitrary constants C, J y , J y , while to suit V(17.24) it is 

V 2 V 2 Cx4 V 4 Cx4 - (17.29) 

less restrictive on oA than V(L7.28), which must, therefore, be 
obeyed. 

Filon uses only V(17.21) in V(17.18) without considering f sz , 
eliminates V X9 V y between the three scalar equations and finds 
V(17.29) the biharmonic law of distribution of oA, which is seen 
to be not sufficiently restrictive on it when all the non-zero 
compatibility conditions are considered. f 

Many problems are considered in which the outer boundaries 
are taken to be at infinity. Therefore, as position R approaches 
infinity the first stress invariant of equation V(17.28) also 
approaches infinity and this is not allowable. Therefore, in such 
cases at least, J x = J yy to leave the average stress first 
invariant X T constant throughout the plate. 

t A. E. H. Love 50 implicitly, and R. V. Southwell 29 - 3 explicitly, in 
their books do the same thing as Filon. 
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18. Quasi -plane stress 

On theoretical grounds, the present author concluded, in 1948, 
that heterogeneous plane stress does not occur generally 70 ,f 
while from the experimental observations on a plane rubber sheet 
given in article X, 1 it was concluded J that an average transverse 
stress existed normal to the plane of the sheet if restricted isotropy 
is justified. This led to the following analysis, seen to be related to, 
but differing from, Filon's generalised plane stress theory in 
article V,17. 

18.1. Average stresses and strains.}. The formulation in 
article V,17.1 places no restrictions on the distribution of the 
stresses with respect to R z except that S, is zero on the stress-free 
main faces R 8 = A of the moderately thick sheet. Thus, with 
F, G the stress-strain parameters, are found the average stress 
and strain relations 

(18.1) 

[(18.2) 

X p =T XJf +T w +T a 

while the average stress equilibrium equation is 

V.W+(T sx;x +T yzly )c z = (18.3) 

Now, assume that the average shear stresses are zero. Thus, 

r = = T yz (18.4) 

More particularly, suppose that both 8 ZJC , 8 yz are odd in R z , so 
that they have equal values but opposite signs at opposite positions 
R z about the middle plane as in Fig. V,18.1, and then each of 
their average values is zero as in V(18.4). Again, assume that 
S zz is even in R z as in Fig. V,18.1, so that the average stress T zz 
must be taken for physico-mathematical convenience, as acting 
on the main faces that are, in fact, physically stress-free. 
WitTi these assumptions, 

K" = T zs c z c z (18.5) 

t The present author's statement in I960 70 that '. . . a "plane stress*' 
condition is not possible in a heterogeneous stress distribution' is too 
restrictive. It should read '. . . is not generally possible . . .'. 

t Author, 1951. 
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while the average stress equilibrium equation becomes two- 
dimensional in 

V-V = (18.6) 

The three-dimensional stress system in the interior of the plate 
has now been reduced to a quasi-plane system except for normal 
stress T zz required to keep the thickness changes correct in the 
plate. This stress does not affect the equilibrium equation for 
the 'element' of edges dR x , dE y , 2h as in Fig. V,18.1. 




FIG. V,18.1. A throe-dimensional stress system in a plane plate of moder- 
ate thickness 2h is reduced to a quasi-plane, average two-stress with a 
transverse, normal, average stress to give the correct thickness 
changes. For simplicity, the shear stresses >V CJ; , S yz are assumed to 
be odd with respect to position about the middle piano, while the 
normal stress S ss is even. All stresses and strains are averaged with 
respect to thickness to give the quasi-plane set. 

18.2. Average relative -displacement, average strain 
dyadic, average displacement potential. The strain dyadic 
Ml, relative-displacement D*, displacement potential are 
related by 



Similarly, the corresponding average functions are, say, H, E*, J? 

in 

(18.7) 



18.3. Compatibility of average strains. Similar to the 
author's compatibility condition for strains, the continuity of the 
average strain dyadic is assured by 

(18.8) 
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For cartesian coordinates article A,12.1 gives, scalarly, for the 
non-zero terms after noting that the average values here are 
independent of R z , 

Jxy\x Jxx;v Jxy',y = fyyix fzz;x = = fzz;y (18.9) 

18.4. Average stress potential. The stress dyadic g is 
represented in terms of stress potential H in 



Similarly, with the corresponding terms TE,',J(R X , y ), 

(18.10) 



or scalarly, 

-* xx ~ J;zx ^yu == J',uy *xy~J;xy (18.11) 

Substituting V(18.10) in V(18.6) gives, with arbitrary constant 
C' t the law of distribution, 

V*J^C'= x 'T^T xx +T yy (18.12) 

18.5. Average stress potential and average strains 
compatibility. From V(18.1) the scalar average stress-strain 
relations are 



Using V(18.11), V(18.12) and substituting in V(18.9) gives 

T ezlv = 0=T zz;x (18.14) 

so that T zs is independent of R xy R y . That is, 

T m * T ez (R x , R y ) (18.14') 

Therefore, noting equation V(18.13).4, the change in thickness 
of the moderately thick plate is constant at all positions on the 
stress-free main faces if a two-constant theory of restricted isotropy 
is to be justified. Thus, the average stress first invariant X T is 
constant, just as is the first stress invariant for plane stress. 

18.6. Average displacement potential in terms of the 
average stress potential. Substituting V(18.14 7 ), V(18.10), 
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V(18.7) in V(18.1) gives an equation that can be integrated 
readily. Thus, 

f = [Cff+lF x ' T R-R+WR']+lT n (QB,*+IR-R) (18.15) 
with R' = (R x c x +R u c y ) and W an arbitrary, constant vector. 

19. Complex variable solutions of plane problems using 
the Saint -Venant compatibility conditions 

The complex variable appears to have been introduced into 
deformation analysis by Clebsch, in 1862 19 - 21 , for the torsion 
problem. The following application to plane problems is due to 
S. Timoshenko in 19,31 23 - 8 . Here, the treatment is by vector 
analysis for brevity and more generality in the first place. 

The equations considered are the converse stress-strain equation 
of article V,5.5, the equilibrium stress equation and the Navier, 
Cauchy strains definition. That is, for elastic strains only, so 
that qualifying superscripts can be left off the stress-strain para- 
meters J, K , 

ft=jm+Kx!>l (19.1) 

V-g = (19.2) 

m = J(VU+UV) = VU-i(VU-UV) (19.3) 

^^U x . )X +U y;y +U s , s (19.4) 

while the infinitesimal spatial-rotation antiself- con jugate dyadic is 

a=i(VU-UV) (19.4') 

The essential step is to eliminate stresses from V(19.2) in favour 
of spatial-displacement gradients and to solve the resulting 
equation. Substituting V(19.4), V(19.3) in V(19.1) in V(19.2), 
noting that V-3 = V, while VV = V 2 , gives 

V-Sl = (19.5) 



19.1. Plane stress and strain formulations from the 
classical viewpoint. Suppose the stress dyadic in V(19.1) is 
two-dimensional, so that mixed subscripts involving z do not 
appear. For such plane stress the transverse normal strain is 

e zz = K(J+K)-*(e,, x +e yy ) (19.6) 

Writing the infinitesimal areal dilation as 

v = U x . x +U y . y (19.7) 
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and the only non-zero spatial -rotation component as, say, 

and with Poisson's ratio q, then equation V(19.5), for plane 
stress 23 - 9 , gives 

( 9) v ;x w ;v = 1 (19.9) 

(1 9) l v ;y -{-w. x = j 

With e zz = 0, the transverse stress is given by V(19.1) as 

so that V(19.5) gives 23 - 8 , for plane strain, 

(l-q)(l-2q)-iv. x -w. y =0 1 

(l-g)(l-2j)-it? ;y +ii;. x = J 

With the complex variable c of appendix B and with i = <\/( 1 ), 
then a function of c can be written as 

y==a +ij8 (19.11) 

and is differentiate when the Cauchy-Biemann conditions are 
satisfied. These are, from article B,3, 

a ^ = ^ _ a ^ = p t ^ (19.12) 

Comparison with V(19.10) gives, for plane strain, 

(1 q)(l 2q)~ l v a w = /J (19.13) 

while, for plane stress, 

(l 9 )-it>=a w; = j3 (19.14) 

19.2. A solution for displacements for plane stress. 

S. Timoshenko 23 - 10 gives a solution which will be given now, and 
then examined critically. vSubstituting V(19.7), V(19.8) in 
V(19.9), multiplying through by 2 and then comparing with the 
Cauchy-Riemann conditions V(19.12) gives 



{19 ' lo) 

(Note that the a, ]3 here differ by a numerical constant from those 
inV(l9.14).) 

The particular integral of these equations is given by 



say, with the complex function 



C = f>dc = A+iB (19.17) 
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Substituting V(19.16) in V(19.15) and using the relationships 
between A. x , ... and a, ... given in article B,3 shows that V(19.15) 
is satisfied. 

The complementary solution of V( 19. 15) is given by equating the 
left-hand side of each equation to zero. In this case, the dis- 
placement components satisfy the Cauchy-Eiemann conditions, 
so that the complementary integral is, say, 

C7J=JS C U c y = a c (19.18) 

with the arbitrary complex function 

7 C = " c +ij3 c 

By adding V(19.18) to V(19.16), the spatial-displacement com- 
ponents are given in a complex form as 

U y +iU x = ~i(l+q)B y Y P +l(l-q)B+i^A+y c (19.19) 



19.3. A solution for Navier, Cauchy strains for plane 
stress. The two-dimensional, self-conjugate strain dyadic com- 
ponents are, for the Navier, Cauchy strains definitions, say, 



) = -l(i+q)Xj*? x -l(l+g)p 

for the particular integral solution V(19.16), while for the com- 
plementary integral solution V(19.18) they are, say, 

4* = Pfx e yy = ^v 1 o 



The strains must satisfy at least the Saint-Venant strains 
compatibility conditions ensuring continuity of infinitesimal 
spatial-displacement. Article V,15 gives these as the four 
equations 

e xx;yv~\~ e yy;xx == * e xy;xy (19.21) 

= (19.21') 



The particular integral strains satisfy V( 19.21) but do not 
satisfy V(19.21') unless QL P is linear in R x > R y . Thus, v? can be 
only such a specialised solution of the governing laplacian equa- 
tion. If this is true, then a? approaches infinity with the position 
vector R. But eg. and areal dilation v p are only different from 
a p by constant stress-strain parameters multipliers, so that they. 
also, approach infinity with R. This is not allowable physically, 
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so that, in infinite plates at least, the a? cannot be more general 
than a constant value. This corresponds with the inference 
drawn in article V,15.1. Thus, for an infinite plate at least, 
equations V(19.20) become 



so that this component of the strain field is homogeneous with 
special ratios between its component strains. 

With V(19.12) in V(19.20'), it is seen that areal dilation, and 
hence e c zz , are zero to satisfy the three conditions V(19.21'). 
The complementary integral strains obey all four conditions of 
strains compatibility according to Saint-Venant. In fact, from 
V(19.20'), they satisfy the more restricted conditions 



which arc those of the present author, as seen in article V,6. 

19.4. Conclusions on the proposed solution. The solution 
proposed by S. Timoshenko for spatial-displacement, as in article 
V,19.2, is not as general as it appears to be at first sight. The 
particular integral part of the solution does not satisfy the Saint- 
Venant conditions for strains compatibility for plane stress except 
for a linear distribution of areal dilation or transverse strain. 
The particular integral strains and stresses must be homogeneous 
if the plate is infinite and with special ratios between the com- 
ponent strains. 

The present author did not notice f this fact in 1943 and applied 
these equations in the general form to solve for the stresses in a 
thin, large (but not infinite) plate due to a rivet pulled plane- 
wise 81 * 82 . In spite of this deficiency of formulation, a good 
qualitative agreement was found between the theoretical solution 
and an experimental study using the brittle-coat technique. This 
is consistent with the observation by H. Kolsky, in 1952 91 , that 
a plane strain solution of the problem of contact between elastic 
bodies, as given by Hertz in 1881 92 , checked closely with a 
photo-elastic test on a fairly thin plate. The three conditions 
V( 19.21') do not appear for plane strain. 

t The validity of the formulation of this theory was not questioned, since 
it had not been questioned by the prominent writers. The present author's 
task, at that time, was application to a specific problem. 
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20. Complex variable solutions of plane problems using 
relative -displacement 

Article V,19.1 gives infinitesimal arcal dilation and spatial- 
rotation as 

v = U x;x +U v;u w = UU^-U^) (20.1) 

Putting both of these zero gives, from V(19.5), 

V 2 U = (20.2) 

consistent with the complementary integral displacements of 
article V,19.2 giving 

U x - ]8 U y = a (20.3) 

(c) c = 



since a, jS are both laplacian. Then, 

U = jSCa+aC,, ** iy = jS+ia (20.5) 

treating this latter complex function as a vector vvitli the real, 
imaginary components in directions c x , c y respectively. 
From article V,19.3 the scalar strains are, using V(20.3), 



(20.6) 



e xy 



Putting this into two-dimensional dyadic form it can easily be 
rearranged to give,f on using V(20.4), 

m - Vj8- Jc x +Va- JCy - VOSc^+aCy) - VU (20.7) 

Comparison with the complex potential analysis in B,6 shows 
that the spatial-displacement and the strain dyadic can be found 
by a different process. Thus, with the complex vector 

c = c x +ic y = (c r +ic 9 ) exp (iO) 

and total differentiation denoted briefly by the subscript solidus, 
then the complex displacement and complex strain dyadic are 



X ' 

= VU = ccy /cc 

Two complementary solutions result from the separation of the 
real and imaginary parts of each equation. 

t Author, 1952. 
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20.1. Infinitesimal spatial -displacement, finite straining - 
displacement, relative -displacement and strains compati- 
bility. When whole-body rotation is zero, then spatial-displace- 
ment U equals straining-displacement D. When strains are 
infinitesimal, then D virtually equals D* the relative-displace- 
ment. Therefore, V(20.5) gives a relative-displacement lamellar 
vector field in which the strain and two-stress first invariants are 
zero. Thus, there is established the correspondence relationships 
allowing the orthogonal transformation from the pattern of 
principal normal strain trajectories in the strained elastic sheet 
to the set in the unstrained sheet. The principle of straining 
equivalence between finite D*, D and R*, R oinst applies because 
straining convection-displacement C st does not appear explicitly 
in the complementary doublet vector fields, and so gives the un- 
strained shape for finite strain. 

As 'true' strains, the expressions V(20.6) are compatible in the 
author's conditions 



- ft -_fl r < 20 - 8 ) 

*;jr# P;/i/ ~~ PIXJC 

more restrictive than those of Saint-Venant in article V,19.3. 
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Chapter VI 
HETEROGENEOUS TWO-STRESS EXPERIMENTS 

1. Simple tension on a thin sheet around a hole which is 
circular in the deformed state 68 

A sheet of rubber 0-006 inch thick by 6 inches wide and 9| inches 
long was stretched severely by a simple tensile pull parallel to the 



O Theoretical 
x Experimental 




FIG. VI, 1.1. A hole in a thin, rectangular rubber sheet under approxi- 
mately simple tensile stress T. The hole is circular in the deformed 
state and is shown by the chain-dot line. Elastic modulus ifj was not 
found directly, but the value of T$ was calculated from the theory 
and experiment at 6 = on the axis of symmetry. This calibration 
at one point gives good fit between theory and experiment at all the 
other points observed. 

9^-inch side of the sheet. A sheet of clear celluloid held the 
thin rubber sheet flat while a circular hole was cut in the deformed 
sheet by successive small cuts. The hole was circular at a dia- 
meter of 1 -69 inches. The boundary of the hole was marked with 
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a fine ink line every 15. The load was removed and the dis- 
placement of points on the hole boundary measured with an 
engineer's steel rule graduated to O01 inch assisted by a hand 
magnifying lens. The values measured are indicated by crosses 



o Theoretical 
Experimented 




Fio. VI, 1.2. Conditions and calibration the same as those for Fig. VI, 1.1 
when the simple tension is increased as here. Lack of fit at 6 = 60, 
75 mainly due to experimental difficulty in cutting the circular 
deformed hole. 

in Fig. VI, 1.1. The circles show theoretical values found in 
article VII,3. 

The sheet was strained still more severely and the deformed 
hole was nearly circular after cutting to 2-20 inches diameter. 
By eye, it was seen that the boundary of the hole did not change 
smoothly at 6 = 60, 75 where the points are, in fact, not on the 
smooth, theoretical curve in Fig. VI, 1.2, but it was difficult 
experimentally to correct it while the sheet was strained because 
each cut induced fairly large redistribution of strain in the sheet. 
For the severe state of strain the displacements were meavsured 
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at various points in the sheet and the values not too far from the 
hole are shown in Fig. VI,1.3. 



2. Duralumin plate yielded by radial pressure in a circular 
holef 

The theoretical solution is found readily for a heterogeneous 
two-stress (plane stress) induced by radial pressure in a circular 
hole in an infinite, or finite, thin sheet. This suggested trying to 
examine such loading experimentally for comparison with the 
theory. 

2.1. Segmented collet. Actual hydraulic radial pressure is 
not easy to apply in such a ease, so it was decided to expand a 



O Theoretical x Experimental 




FTCJ. VI,1. 3. For tho tension in Fig. VI, 1.2, those aro tho straining- 
el isplacements of points on tho axis of pull. Tho circular deformed 
hole is of radius a. 

twelve-segmented, hardened steel collet by axial loading on a 
tapered mandrel as shown diagrammatically in Fig. VI,2.1. 
Colloidal graphite lubrication was used between the sliding 
tapered surfaces, but the right cylindrical surfaces between the 
collet and the hole in the plate were left dry so that the electrical 
strain-gauges would not be affepted mechanically for adhesion or 
electrically for insulation. The use of twelve segments gave a 
collet segment of practicable size and yet sufficiently small to 
ensure that stress diffusion would give reasonably uniform 'radial 
pressure ' at positions not too close to the boundary of the hole. 

f Author, 1947. Experimental measurements unpublished. 
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2.2. Strain measurements. Measurements f of strain were 
made with circumferential Minalpha 8 ' 9 , resistance-wires of 
0-001 inch diameter on one face of the plate. The bare resistance- 

L 




Fiu. VI, 2. 1.- A twelve-segmented collet (or plug) expanded in a duralumin 
plate by axial load on the tapered mandrel lubricated by colloidal 
grapbite. Circumferential strains were measured by resistance -wire 
strain-gauges at various radii on one main face of the plate. The 
notation is: PL --- plate, 8C -- segmented collet, TM tapered 
mandrel, SFC support for collet, L load, RW8G ~ resistance- 
wire strain-gauge. 

wires were insulated from the metal test plate by condenser 
tissue 0-001 inch thick. The paper was cemented to the plate 
and the resistance -wires to the paper by 'Durofix' cellulose 

f Mr. C. II. Urwin suggested the use of the Kelvin double bridge to 
minimise the unwanted resistance changes in the switch contacts. The 
present author suggested a much simpler arrangement giving the same 
advantages by using 'potential' leads to a modified Wheatstone bridge 
using high-ratio arms 27 . 
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acetate cement. Once the plate had yielded there was no way of 
checking if the gauges were still behaving correctly. Therefore, 
the mean diameter of the collet was measured at each load stage 
and used in the analysis to give some check on the gauges. The 
gauges appear to have behaved correctly, since their readings, 
together with the tangential strain calculated from the collet 
diameter, define a smooth curve for all loadings. The measure- 
ments are given in Table VI, 2. 2 with the initial sizes in Table 
VI, 2.1. Changes in thickness of the plate were not measured. 

TABLE VI, 2.1 
Initial sizes 



Collet 
diameter, 
inches 

1-372 


Kloot.rical strain-gaiigos radius, iiicluw 


!) 


10 


No. 1 


2 


3 


4 


r> 


(j 


7 


8 


0-751 


0-814 


0-938 


1-127 


1-376 


1-752 


2-250 


3-000 


4-250 


5-73!) 



The collet segments shattered at the greatest axial load, so that 
observations with release of load were impossible. 

2.3. Radial pressure in the hole. The radial pressure between 
the cylindrical face of the collet and the cylindrical surface of the 
hole in the plate was not measured but estimated from the value 
of the coefficient of friction of metal surfaces lubricated by 
colloidal graphite, accepted as about 0-073. A check was given 
at pre-yield loading by the solution for radial pressure inducing 
elastic strains throughout the plate of closely the same value as 
that using the axial loading, taper of the mandrel and the accepted 
coefficient of friction. After primary yield the position of the 
yield boundary between the elastic and elasto -plastic zones was 
estimated from the gauge readings and the elastic strain theory 
for radial pressure at the yield boundary. 

2.4. Plate proportions. Since a plane polar two-stress analysis 
was to be examined it seemed desirable to have a plate as 'thin' 
as possible. A duralumin plate 36 inches in diameter by J inch 
thick with a 3-inch diameter central hole was prepared with 
elaborate electrical resistance strain-gauges in the circumferential 
and radial directions built on to one main surface. A 3-inch 
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diameter twelve-segmented collet, etc., was built. Almost as 
soon as axial load was applied to the tapered mandrel the test 
plate buckled up to the shape of a truncated cone ! Pilot tests 
with small collets and plates indicated that the plate should be of 
a thickness approximately equal to the radius of the hole to ensure 
large strains near the hole without plate buckling. The plate 
used was duralumin f inch thick and the initially unstrained 
hole was about If inches diameter. This was the only practicable 
plate thickness available at the time (1947). An outer diameter 
of about 12 inches was large enough for this stress-free boundary 
to have little effect on the stress and strain near the hole. 

2.5. Control test on the duralumin. The theoretical 
stresses are almost equal tension and compression, so that the 
loading of the duralumin was practically equivalent to pure shear 
stress. With the equipment available only a simple tensile test 
was possible and is discussed in article 1,5 with Figs. 1,5.1, 
1,5.2 showing the stress-strain curves for the initial and whole 
strain range respectively. The primary and secondary values of 
the elastic modulus ifj E are given in article 1,9.5 with Fig. 1,9.3. 
The plastic modulus $ p for simple tension is given in article 
1,10.2 with Fig. 1,10.2. The elastic and plastic transverse con- 
traction ratios are given in article 1,11.3 with Figs. 1,11.1, 1,11.2. 

Single-filament resistance-wire strain-gauges similar to those 
on the specimen plate were used to measure the strains and were 
calibrated and checked by the optical triple-armed extensometer 3 
mentioned in article 1,1.1. It was found f that a filament could 
be straight without end loops to act as 'anchors' and that it 
could be loaded by just the cement on its surface joining it to 
the paper base. Further, if the joint between the filament and 
the outgoing wire to the electrical measuring bridge is arranged 
to be unstrained 8 > 9 then the strain range for a given material 
is doubled approximately in comparison to that with a strained 
joint. 

| Author, 1946. 
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Chapter VII 
TWO -STRESS THEORETICAL EXAMPLES 

1. Normal loading on the cylindrical faces of an annulus 
of elastic substance of restricted isotropy and constant 
stress -strain parameters 

When the substance is elastic, of restricted isotropy and con- 
stant stress-strain parameters, then the analysis of deformation is 
comparatively simple because the total stresses and strains may 
be used in the calculation. The analysis must cover the steps 
given in article V,l. The simple case of normal stress applied 
to the cylindrical faces of an annulus will illustrate the hetero- 
geneous strain theory when strain transfer is zero. Plane polar 
stresses will be assumed with body force zero. 

1.1. Stress equations. From axial symmetry, it is con- 
cluded that the shear stress is zero, and this requires the stress 
potential H to be independent of coordinate 9. Then, from 
article V,10.2, the non-zero stresses are 

Srr^Krr S ee = E r ^H. r (1.1) 

Article V,ll gives the equilibrium stress equation as 



r = C (1.0) 

Arbitrary constant G will be determined from the geometry of the 
boundaries and the boundary stresses. 

1.2. Stress potential and stresses. Choosing 

H^ICR* ( i.3) 

gives the particular integral of VII(1.2). Choosing 



(1.4) 

with arbitrary constants./, K gives the complementary solution of 
VII(1.2) when the left-hand side is zero. The complete solution 
of VII( 1.2) is, therefore, 

H = ICR*-J log S r +K (1.5) 

Substituting in VII(l.l) gives the stresses 

8* = IC-JR-* (1.6) 
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VII, 1.3 ANALYSIS OF DEFORMATION 

1.3. Boundary stresses. Let the inner and outer boundaries 
of the annulus be of radii a, b respectively and the applied normal 
stresses A, B that are positive when radially tensile as in Fig. 
VII, 1.1. Substituting these values for the radial stress and radii 
in VII(1.6).l and solving the resulting two equations for the two 
constants gives 

C = 2(J3a-2_^6-2)/ (a -2_ 6 -2) j = (A-B)l(a~*-b-*) (1.7) 




FIG. VII, 1.1. Radial tensions A, B ou tho inner and outer boundaries of 
an annulus of inner and outer radii a, 6. Plane polar two -stress is 
indiiced. 

1.4. Strains. From article V,5.5, ignoring the plastic incre- 
ment strains and leaving off the unnecessary superscripts from the 
stress-strain parameters F, G gives the stress-strain relations 

e^ = GS rr +F(S rr +S oe ) 

e ee = OS ee +F(S rr +8 ee ) } (1.8) 



Substituting from article VII, 1.2 for stresses gives 
err =:JGB-*+C(F+iG) 
e ee = -JGR r -*+C(F+\G) (1.9) 



The transverse strain e sff is constant, so that the deformed annulus 
of constant thickness is also of constant thickness when unloaded 
to its undeformed state. 

1.5. Displacement potential and relative -displacement. 

From article V,12.1, for the present case, the displacement 
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potential is independent of 8 from physical symmetry, as in 
Fig. VII,1.2, and gives with H from article VII,1.2, 



(1.10) 

The relative-displacement components are given in article 
V,8.2 as 

D; = e. r DI = (i.n) 

Substituting VH(l.lO) gives 

/>; = -GJR-i +(F+%G)Cti r +W r Dl =^FCR Z +W S (1.12) 




FIG. VII, 1.2. The dotted, orthogonal, plane polar, curvilinear element is 
the unstrained element that becomes the strained element of the 
elastic annulus with radial tension on its boundaries. The straining- 
displacement D is radial and equals the relative-displacement D* 
because straining-rotation is zero. Whole -body rotation is zero 
because at least one principal element suffers zero spatial-rotation. 

The fixing condition that the deformed and undeformed annuli 
shall be coaxial is satisfied with W r = 0. If the planes B z = 
coincide in these two states then W z = 0. Then, 

D* = -GJK r -i+(F+%G)CK r Dl = FOB, (1.12') 

Straining-rotation is zero throughout the annulus since the 
principal, curvilinear elements are curvilinearly parallel, although 
of different sizes, in the deformed and undeformed states. There- 
fore, relative-displacement D* and straining-displacement D are 
equal for all values of strain. Again, all points suffer no spatial- 
rotation and, therefore, whole-body rotation is zero (noting that, 
for this condition, only one point need have zero spatial-rotation). 
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1.6. Solid disc. When the inner radius is zero, then the 
analysis deals with radial tension B on the outer boundary of a 
solid disc. Then, with a 0, 

J = %C=B (1.13) 

S rr =B=S ee (1.14) 

and the true stresses are isotropic in the plane (R r , 0) and equal 
to the applied tension on the outer boundary. The relative- 
displacements are 

D* = (2F+G)BR r D* = 2FBR ff (1.15) 

1.7. Hollow disc loaded on the outer boundary. Let 

A = in VII(l.T) and then 



S ee = 
with 

1C - Bar*l(ar*-b-*) J = - 
From 11(1.12'), when E r = a then D* equals D* and when 
E r b then it equals /) Thus, 



\ 
J 



D+ = -GJb~i+(F+G)Cb 
Let a 9 b be the inner and outer radii when the annulus is 
unloaded and then 

a = a+D* b = b+Dl (1.19) 

Substituting these expressions for a, 6 in VII(1.18) gives two 
equations to determine the values of Z>*, D$ and hence a, b when 
the initial proportions a, b are prescribed. Numerical or graphi- 
cal methods of solution appear to be indicated and will be left to 
the reader as an exercise when the initial proportions have been 
decided and the values of the stress-strain parameters found. 
With rubber, for example, it is a reasonable approximation to take 
the true stress-strain parameters as constant for strains up to the 
order 50 to 75 per cent in the 'nominal 5 measure. 

1.8. Infinite disc loaded on the inner boundary. When the 
outer radius is so large that 6~ 2 and Ab~ 2 are negligible, while the 
outer boundary stress B is zero, then 

a,,. = AcPR-* See = -AatR-* (1.20) 

with G = 0, J = Aa? and 

D* = GAa 2 R M -i (1.21) 
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1.9. Thin-walled tube loaded on the inner surface. The 

solution given in article VII, 1.2 applies to a tube when there is 
no applied axial normal stress. Specialise the case to zero 
external stress and the thin wall of thickness h, so that b = a-}-h. 
Suppose radial position R r now equals a+j with ^ j <; h. 
Suppose j and h sufficiently small to neglect their products and 
powers. To this degree of approximation are found 

& = A(l-j/h) S ee = A(-a/h-l+j/h) (1.22) 

The stresses are seen to vary linearly with position through the 
tube wall, while S ee does not change greatly since, usually, a/h is 
great compared with unity. The applied stress A will usually be 
negative, for pressure, because the thin-walled tube is liable to 
unstable collapse under internal radial tension. 
The tangential strain at the inner surface E r ^ a is 

e ed = I-a/a = GS oe +F(S rr +8 eo ) 
to give the expansion ratio 

a/a = [l+AG+Aa(F+G)/h]-* (1.23) 

2. Normal and shear loading on the cylindrical faces of an 
annulus of elastic substance of restricted isotropy 
and constant stress -strain parameters 

When shear stress as well as normal stress is applied to the 
cylindrical faces of an annulus of deformed elastic substance then 
straining -rotation of principal elements occurs one to another. 
This is more complicated than the preceding example, in article 
VII, 1, where straining-rotation is zero at all points, for all states, 
between the initially undeformed and currently deformed state. 
Here, the unloaded annulus is not circular and not of constant 
radial width. 

2.1. Stress equations. The stresses are now to be functions 
of 6 in the plane polar coordinates (jR r , 0) and article V,10.2 gives 

S rr = H yr S ee = R-*K m +R-*H. r 8 re = (R r - l H. e ). r (2.1) 
Prom article V,11.2 the stress potential obeys 

^Koe = C (2.2) 



2.2. Stress potential and stresses. Choose a stress potential 
to give fly,, even in 6, with stresses decreasing with radius and with 
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constant C put as zero so that VII(2.2) becomes Laplace's 
equation. Choose as a simple example 

H = IAB,-! <x 6 (2.3) 

with arbitrary constant A. Substituting in VII(2.2) gives 
correctly 

V*H=0 (2.4) 

Substituting VII(2.3) in VII(2.1) gives 

& = AR r ~* cos 6 8 eg = -AR r ~* cos B S r0 = AR r ~* sin 

(2.5) 

2.3. Boundary stresses. If the plate is infinite then the 
outer boundary is stress-free. With an inner boundary of radius 
a in the deformed plate then the stresses acting upon it are 

8^ = Aa ~* cos 8 ae = Aa~* sin 6 (2.6) 

2.4. Strains. The constant C equals the first stress invariant 
and, since this is zero, then the stress-strain relations of article 
V,5.5 become 

e rr = GS rr = GAR,-* cos 6 -j 

e oe - G8 eo - -GA B r - 3 cos 6 I 

e re - GSre = OAR r -* sin | 

e zz =-- J 

The sheet does not change in thickness, since e zs is zero. 

2.5. Displacement potential and relative -displacement. 

The constant C is zero, so that, from article V,12.1 with equation 
VII(2.3), the displacement potential is 

6 = lGAR r ~ l cos 6+W x R r cos 6+W y R r sin 0+WJR Z (2.8) 
Article V,8.2 gives the relative-displacement components as 
D* = 6. r = \GAR-* cos 0+W x cos 6+W y sin 
D* Q = J? r -i = -\GAR-* sin 0-^ sin ff+IF y cos (2.9) 



* _ P _ W 

o. w z 



Assume the boundary conditions such that the relative-displace- 
ment is zero at infinity while D* is zero. Then, 

r ~* cos D* Q = -\GAE~* sin D * = 

(2.10) 
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2.6. Straining -displacement and instantaneously initial 
position. The relatively initial position, as in article V,1.4, is 

R* = R-D* 

cos 6)c r +%GAR r -* sin 9c e +B s c g (2.11) 



When the deformation is infinitesimal, then each component of 
the doublet (R*, D*) is quasi-equal to the corresponding com- 
ponent of the doublet (R oinst , D). This establishes the corres- 
pondence between the two fields using the deformable and non- 
deformable convected references. As the deformation increases 




Y 



FIG. VII, 2.1. The dotted circle is defined in a deformed, highly elastic 
sheet and is concentric with a circular hole on which is applied normal 
and shear stresses loading. The solid curves correspond to the 
dotted circle for two degrees of severity of deformation . Alternatively, 
they correspond to two 'stiffnesses' of the substance in the sheet. 
Typical line element PQ suffers two amounts of strain and 'con- 
vection' due to establishment of the whole strain field in the two cases. 

the straining convection-displacement C 8t increases but never 
appears explicitly, as it is the solenoidal component, equal but of 
opposite sign in each component of the doublet (R oinst , D). 

Using the straining equivalence of D, D* and R inst , R* gives 
the two curves in Fig. VII,2.1 corresponding to the deformed 
circle of radius E r for two degrees of severity of deformation. 
Alternatively, each solid curve corresponds to a different value of 
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GA with the parameter A including load and the stress-strain 
properties in (?. 

2.7. Convection of line elements. The infinite sheet does 
not displace at infinity, so that all movement of line elements is 
due to the establishment of the whole field of strain throughout 
the sheet. Suppose, for example, that the dotted circle in 
Fig. VI 1, 2.1 is that of the circular hole of radius a in the deformed 
sheet. Suppose that the deformed arc PQ is typical and that, as 
P approaches Q, then PQ is a typical line element. 

For a fairly severe deformation PQ becomes P"Q" in the 
corresponding undeformed sheet. When the deformation is less 
severe, then PQ becomes P'Q' in a corresponding undeformed 
sheet of another shape different from that corresponding to the 
severer deformation. Note carefully that the line element is 
convected from P'Q' or P 0/ 'Q 0// into PQ by reason of the stretch 
set up in all the other typical elements other than PQ. The line 
element PQ is convected by the establishment of the whole strain 
field and is not related to the straining in PQ except to the extent 
that the strain field is continuous in a continuous body. 

2.8. Infinitesimal deformation and Navier, Cauchy 
spatial -rotation. For finite deformation, when whole-body 
rotation is zero, then 

D* ** D = U (2.12) 

When the deformation is infinitesimal, then 

D* =D -U (2.13) 

Substituting in the Navier, Cauchy infinitesimal spatial-rotation 
expressions in article V,16.2 shows that they are zero. 

Thus, from either the viewpoint of the present author's theory 
or the classical approach of Navier, Cauchy the heterogeneous 
infinitesimal strains f are 'irrotational'. 

This means that the straining-rotation is zero for the hetero- 
geneous straining in the author's terminology. The physical 
impossibility of such a situation appears to have been the main 
argument in the polemical letter by A. N. Gordon 69 (apparently 
representing contemporary opinion in 1950) attacking the linear, 
finite strain theory given in the present treatise . It was attempted 

f As in article VII,2.4 specialised to * small' strains. 
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to show there that only homogeneous strain could be irrotational 
together with only a whole -body rotation. Notice that the 
example in article VII, 1 is also heterogeneous, irrotational strain. 



3. Simple tension at infinity on an elastic sheet of restricted 
isotropy around a circular, cylindrical hole : theoretical 
solution by the classical approximate theory. 

A circular, cylindrical, stress-free hole occurs in an infinite 
sheet acted on by a simple tensile stress T at infinity in direction 
OR X . This boundary -value problem was solved by Kirsch, in 
1898 71 , for the Navier, Cauchy infinitesimal strain definitions of 
article V,16.2 and the biharmonic distribution of the Airy stress 
function of article V,15.1. There are two mathematical inexact- 
nesses : firstly, the Navier, Cauchy strains definitions lead to the 
insufficiently restrictive Saint-Venant compatibility conditions; 
and, secondly, for a plane, polar two-stress the biharmonic distri- 
bution of the Airy stress function is insufficiently restrictive even 
from the viewpoint of the classical theory. 

In spite of these mathematical deficiencies the theoretical 
solution checks well with experiment, as in Figs. VI,1.1 to VI,1.3 
when it is extended to finite strain by means of the straining- 
equivalence principle discussed in article V,14.2. The usual 
solution using the Airy stress function will be given rather than 
that using the stress potential, so that the reader will see how to 
utilise for finite strain the many particular solutions of the classical 
theory but recognising that experimental check or comparison 
with a similar solution for the rigorous theory must finally justify 
the solution. 

3.1. Boundary conditions for the plane two -stress. 

At infinity, it is supposed that only normal stress T S xx acts 
on the sheet. The methods of article 11,5 then give the radial, 
circumferential shear stresses respectively as 



S rr = T(1 +cos 20) S e6 = ^(l cos 20) S re = -\T sin 20 

(3.1) 

With the circular hole of radius a in the deformed sheet then the 
boundary condition at the hole is 

R r =a 8 aa = 0=8 at (3.2) 
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3.2. Kirsch's method of solution. Each of the stresses in 
VII(3.1) is resolved to two components like 8^ = S rr '+8 rr " with 

S^ = \T 8 ee f = \T Sre' = (3.3) 

S rr " = |T cos 26 S eQ " = -\T cos 26 S r0 " = -\T sin 26 (3.4) 

Application of a normal stress \T on the cylindrical surface 
R r = a cancels 8^'- Application of normal stress \T cos 26 and 
shear stress +%T sin 26 on R r = a cancels S aa ", S ad ". The hole is 
then stress-free. The solution for applied stress S aa ' has been 
found already in article VII, 1.8 to be 

& = -\TcfiR-* S 00 = \TatR-* (3.5) 



3.3. Airy stress function for the axially unsymmetrical 
stresses. To apply stresses 8^, S a0 " the forms in VII(3.4), 
together with 



S ee = *A, rr S re - -(E-^ ' } 

from article V,13.2, suggests taking the Airy stress function, with 
an undetermined function f(R r ) of radius, in the form 

e/4=/CR r )cos20 (3.7) 

The biharmonic distribution of <*A in article V,15.1 is accepted, 
so that 

V2V 2 e/4 = (3.8) 

with 



Substitution from VII(3.7) gives an ordinary fourth-order 
differential equation of which the solution is 

f(R r ) = ARZ+BRS+JR-* f X (3.9) 

with arbitrary constants A, B, J, K. 

Substituting this in VII(3.7), in VII(3.6) gives the stresses 

& = (-2A-4:KR r -*-6JR r -*) cos 20 ^ 

See = (2A + 12BR r *+6JR r -*) cos 26 [(3.10) 

8 re = (2A+6BR r *-2K'R r -*-6JR r -*) sin 26 J 
The arbitrary constants are found from the stresses /? aa ", S&* 
at the hole and that these axially unsymmetrical stresses vanish 
at infinity. Then, 

A=0 B=--0 J^-\aT K = %a*T (3.11) 
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3.4. Kirsch's stress distribution. Substituting VII(3.10), 
VH(3.5) in VII(3.1) gives the required stress distribution through- 
out the plate as 

(2/T)8 rr = (l-a2^ r -2) + (i_ 4a 2^ r -2 +3a 4^-4) cos 20 -\ 
(2/T)S ee = (l+a 2 # r -2)+(.-l~3a^ r - 4 ) cos 29 I (3.12) 

(2/T)S rQ = (- !-2a2 r -2+3a4B r -4) sin 29 J 

The first stress invariant is 

if = T(l-2a*R r ~* C os 29) (3.13) 

3.5. Spatial-displacement from the Kirsch solution for 
plane two-stress. From articles V,16.2, V,5.5 the stress, 
infinitesimal spatial-displacement relations for an elastic substance 
of restricted isotropy and constant stress-strain parameters are 



U r , r = 



= GS ee +F x s (3.14) 



= GS re 



J { ' } 

Substituting VII(3.12) in VH(3.14), integrating and deter- 
mining the resulting arbitrary constants from the symmetry 
conditions along planes E x = 0, E v = gives 68 

(Ta)-*2U r = [G(a-iR r -a*R r -*)+4(F+G)aIt r -i] cos 29 ] 

+(2F+G)a-iR r +GaR r -i I (3.16) 



independent of R z like the stresses. 
From VII(3.15).l with VII(3.13) 

U z = J? T (l-2a2 j R r -2 cos 29)R 3 +g(R r , 9) (3.17) 

with arbitrary function 0(J? r , 0). Since U r , U e are independent of 
R z , then the last two of VII(3.15) give 

U z;r =0 = U z;e (3.18) 

These two conditions require 

-* cos 29)R,+g ir = 1 
r ~2 sin 29)R 3 +g lB = J l ' ; 

These can be satisfied only when 

7L = = constant (3.20) 
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with the last constant zero, for zero whole-body translation in 
direction OR Z . Therefore, the Kirsch plane, two-stress distri- 
bution and Navier, Cauchy strains, spatial-displacement relations 
can be satisfied for a plate of zero thickness only for even the 
simplest generalised Hooke's law form. 

3.6. Saint -Venant strains compatibility and the Kirsch 
plane two-stress solution. Article V,15.1 shows that, for 
plane two-stress, the Saint-Venant compatibility conditions 
require the first stress invariant to be distributed linearly at least 
with respect to R x , B y ; that is, for R r cos 0, R r sin 0. But 
VII(3.13) shows that x s is not linear in these terms. Therefore, 
the Kirsch, plane, two-stress solution does not satisfy the Saint- 
Venant strains compatibility conditions. Further, article V,15.l 
shows that for an infinite plate, as here, the first stress invariant 
must be constant to avoid infinite values. 

This indicates a reason that the calculated value of U z in 
article VH,3.5 is anomalous. The Kirsch two-stress solution is 
given in the standard works by S. Timoshenko 23 - 3 or R. V. 
Southwell 29 - 1 for example, without reference to the foregoing 
anomalies. 

3.7. Kirsch's solution for plane strain.f Article V,15.2 
shows that for plane strain in which U g 0, U^ = U x (R tt ), 
U y ^ U y (B,), 8,, = 0= 8 gy , S fx * S ft (R,) 9 K yv + 8 )W (Rz), 
Syy ^ Sj,y(R 3 ), then the Airy stress function does obey the bi- 
harmonic law of distribution in VII(3.8), while 

(F+G)S ez = -F(S rx +S m ) = -F^+SM) (3.21) 

The boundary conditions are just as in article VII, 3.1 at 
R r a, but in direction OR X at infinity the stresses acting are 
T = S xx applied but, also, with a stress 

S zz = -FT/(F+G) (3.22) 

acting in direction OR Z and independent of R s . Therefore, with 
this provision the stresses are 'otherwise just as in equations 



Now, however, the first stress invariant 

X s = S rr +S Q9 +S z , = T[I-F(F+G)- l -2a*R r ~* cos 20] (3.23) 

t Author, 1950. 
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3.8. Stress, spatial -displacement relations for the Kirsch 
plane strain solution. The equations are still just as in 
VII(3.12), except that now x s is given by VII(3.23). Component 
V e is zero in the two last equations of VII(3.15), so that 
U r ^ U r (R z ), U e = U e (R z ). Integration of the equations relat- 
ing spatial -displacement and the stresses gives, for plane strain, 

(Ta)~i2U r = [G(a-iR r -a*R r -*)+4(F+G)aR r ~ l ] cos 26 ] 
+[(2F+G)-2F*(F+G)- l ]a- l R r +GaR r - 1 I 

(Ta)~i2U 9 = [-G(a- l R r +a*R r -*)-2(2F+G)aR r -i] sin 20 f (3 ' 24) 
(Ta)-*2U z = J 

3.9. Comparison of plane two -stress and plane strain 
solutions for spatial -displacement. Comparison of VII(3.24) 
with VII(3.16) gives 

C/ r (plane strain) *7 r (plane two-stress) = F*(F+G)~ l TR r 1 
?70(plane strain) C7 (plane two-stress) =0 J 

(3.25) 

Thus, only one component U r is different in one coefficient for the 
two solutions. 

When strains are small then F = q*/J, G = (l+q)ijj, with 
Poisson's ratio q and elastic modulus ifj. Then, in VII(3.24).l 
and VII(3.16).l the coefficients of a~ l R r are 

(2F+G)-2F*(F+G)~ l = (l-qW- 



Since J ^ q ^ J is the usual range of values, then the term 
2q*tf/ is fairly small compared with (lq)t, so that there is only a 
small difference between the strains observed on the main faces 
of a sheet for either strain state. 

This conclusion is similar to that reached in interpreting the 
'homogeneous two-stress' tests on a plane, thin rubber sheet by 
L. R. G. Treloar and given in article X,3.4. The presence, or not, 
of a transverse stress S^ makes little difference to the observations 
of strain on the main faces of the sheet, although, of course, the 
transverse strain e zz depends on the case considered. Therefore, 
the observations on the main faces are much the same for plane 
two-stress or the quasi-plane stress of article V,18. 

3.10. Straining -displacement. Article V,14 discusses the 
mode of applying the classical analyses, such as that of Kirsch 
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just given, to give finite strains solutions that are approximate to 
the extent that the Navier, Cauchy strain definitions and Saint - 
Venant compatibility conditions are erroneous in each particular 
application, which must be considered on its own merits. In the 
present case, whole-body rotation is zero since at least one point 



Circular hole in the 
\de formed sheet 




i i 

Initial unc/efor/nect hole - 



FIG. VII,3.1. A family of holes in undeformed plates corresponding to a 
circular hole of radius a in an infinite plate under simple tensile stress 
T at infinity. The elastic modulus is tfi. 

suffers zero spatial-rotation, so that U equals straining-displace- 
ment D equal to relative -displacement D* for infinitesimal 
strain. This gives the equal doublet vector fields (R*, D*), 
(R inat , D) each in one-one correspondence with the applied forces. 
Thus, the displacements in VII(3.16) for plane two-stress or 
VII(3.24) for the three-stress plane strain case are, in fact, 
D* * D. 
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3.11. Numerical calculations and experimental examina- 
tion. Fig. VII, 3.1 shows a family of holes of which each member 
becomes a circular hole in the deformed sheet. Each hole is an 
initial, undeformed hole for the deformed, circular hole corres- 
ponding to a particular load or 'stiffness' of the substance. 

Choosing q = \ to suit the virtually incompressible increment 
straining of rubber, then equations VII(3.16) give the curves in 
Fig. VI 1, 3.1. As the load increases then the corresponding un- 
deformed hole becomes more nearly equal to the slot found for 
Tijf = J. For values of this parameter greater than J the case 
can be regarded physically as that of a semi-infinite plate loaded 
on its edge 6 = |7r with stresses given by article VII, 3.4 and 
with a stress -free semicircular 'dent' which is half the 'hole'. 

The same straining-displacement expressions were used to 
calculate the shapes of the holes in Figs. VI,1.1, VI, 1.2 and the 
displacements in Fig. VI, 1.3. The value of the parameter T*f> 
was found by fitting the theoretical expression for D r to the experi- 
mental value at 6 = 0, E r = a. This avoided the necessity of 
actually calibrating the rubber in a simple tensile test, for example. 
The theory still had to predict the shape of each hole away from 
6 = and good check is found. In Fig. VI, 1 .2 strains of the order 
65 per cent Cauchy measure occur at 6 = 90, while at 9 = 60 
the straining -rotation is of the order 30. These are large values 
beyond the scope of the strains analysable by purely classical 
theory. 



4. Quadrantal, deformed, elastic cantilever: theoretical 
solution by the classical, approximate theory 

The boundary-value problem of a deformed, quadrantal canti- 
lever under shear load F per unit thickness, as in Fig. VII,4.1, 
was solved for the Navier, Cauchy strains with the biharmonic 
Airy stress function, as in equation VII(3.8), by Golovin 72 23 - 7 in 
1881. The discussion of article V,15.2 shows that the Saint- 
Venant strains compatibility conditions require the solution to 
be that for plane strain. When the assumption that plane stress 
operates, then the cantilever must be of infinitesimal thickness 
only. However, the observations of strain in the planes 
E s constant differ little for plane stress or plane strain, although 
the transverse strain e zz is greatly changed. S. Timoshenko 23 * 5 , 
for example, treats the solution as that for plane stress. 
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4.1. Boundary conditions. The arcual planes must be 
stress-free, so that 

(4-1) 

The shear stresses S ro over the plane ITT must give force F 
per unit thickness, while the normal stress 3 0( , is zero. Thus, 



(4.2) 




a 



Whatever distribution of shear stress a|)pears from the solution 
for = \TT must be accepted and, similarly, for the built-in face 








FIG. VII, 4.1. A deformed, elastic cantilever of quadrantal form held in 
this shape by a shear load F distributed over the radial plane shown. 

at = the values of both normal and shear stresses S 00 , > r0 
must be accepted. 

Because E r = a is stress -free the complementary shear stress 
S er must be zero like S r0 . Therefore, only normal stress S ed acts 
at R r a, 0, so that this is a convenient situation for the 
origin of whole-body convected axes as in Fig. VII, 4. 2 because 
the complication of following strain transfer is avoided 68 . The 
prevention of spatial-rotation at this one point gives zero whole- 
body rotation for the cantilever, although, of course, straining- 
rotation is not zero at all the other points of the body. Thus, 
spatial-displacement equals straining-displacement. The fixing 
conditions are, therefore, 

R r = a, = D* = = D* Q D^. r = (4.3) 
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4.2. Golovin's solution for plane stresses. The geometry 
of the boundaries suggests using plane polar coordinates as in 
article VII, 3. 1 . Here, we take the Airy stress function in the form 

oA = f(R r )sm0 (4.4) 

Substitute in VII(3.8) and solve the ordinary differential equation 
forf(R r ). The expression for oA(R r , 0) with four undetermined, 
arbitrary constants A, B, J, K is then substituted in VII(3.6) to 
give the plane stresses 

a,, = (2AR r -2BR-*+KR r -i) sin 6 

S ee = (GAR r + 2BR r ~3+KR r -i) sin }. (4.5) 

S r9 = (~2AR r +2BR r -*-KR r -i) cos 




Fie. VII,4.2. Whole-body convected axes with their origin O at R r = a, 
6 == 0. This position is chosen because shear stress is zero, so that 
the complication of following strain transfer is avoided. 



Boundary conditions VII(4.1), VII(4.2) give 

A - \FfN B = -$Fa*b*IN K = -F(a*+b*)/N 

N = a 2_ 



(4.6) 



4.3. Spatial -displacements for Golovin's plane two-stress 
solution. Stresses VII(4.5) in equations VH(3.14) only, then 
integrated with fixing conditions VII(4.3), give 8 

D; = U2F+G)KlogR r +(F+G)AR r *] sin 6 

-2(F+G)Kecos6 . 

~-(4F+5G)AR r *-GBR r -*+GK\ cos '^ 

+(2F+G)KlogR r +(F+G)L\ 
+(F+G)C2KO sin e+H r ) 
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FIG. VII,4.3. The undeformed shape of the elastic cantilever when the 
parameter Fty = 0-1. The short lines from the boundaries are 
corresponding line elements in the undeformed and deformed states. 




FIGS. VH,4.4. The undeformed shape of the elastic cantilever when the 
parameter Jfy == 0-2. Note that the straining-rotation is about 90 
at R r = a, = JTT. 
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with 

U = 2(4F+5G)aA-2Ga-*B-(2F+G)a- l K *\ 

L = (F+G)aH+(4 : F+5G)a*A+Ga-*B 1(4.8) 



and F y G the stress-strain parameters of article V,5.5. 

4.4. Numerical calculations. With the elastic modulus ^r, 
the spatial-displacement components (or the equal straining- 
displacement components) of article VII,4.3 were used to calculate 
the initial shapes of the cantilever for two different loads as in 
Figs. VII, 4. 3, VII,4.4 68 . Notice the straining-rotation of the 
order 90 at E r = a, \TT, when Fiji = 0-2 particularly, while 
the strains at the same position are of several hundred per cent 
Cauchy measure. 



5. Circular, right, hollow cylinder generated from a flat 
plate: theoretical solution using the Navier, Cauchy 
strains definitions 

This is an interesting example, as it gives a method 73 of dealing 
with straining-displacement directly, rather than with relative- 
displacement and then using the straining-equivalence principle. 
Further, for the classical infinitesimal strains theory, the applica- 
tion of bending moment to radial planes of a hollow, circular 
cylinder was given by Golovin 72 , in 1881, and this is adapted to 
finite strain as in article VII,4. 

5.1. Method. Fig. VII,5.1 shows the case treated. From 
symmetry, points on the plane 6 = suffer zero spatial-rotation, 
so that whole-body rotation is zero and straining-displacement D 
equals spatial-displacement U. 

The major part of D is A and w is a 'small' displacement 
necessary to keep all equations compatible when A is guessed, or 
estimated, geometrically from initial position R. Thus, assume 
that A is the displacement of a point due to generating the 
cylinder from the flat plate with the middle plane of the same 
length in each case and radial planes of the cylinder normal to the 
plane of the flat plate. Then, 

D = A+w (5.1) 
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If w proved to be not small then the estimate for A would have 
been a bad choice and another would be necessary. 

The equilibrium stress equations are solved for the cylinder with 
the Airy stress function having a biharmonic distribution, so that 
the case is one of plane strain. The stresses are related to 
straining-displacement in the Navier, Cauchy strains definitions, 
so that the Saint -Venant strains compatibility equations must be 
used. Thus, the estimated cylinder is being used as a currently 
deformed reference for the increment deformation leading to the 
correct current shape under the current load as in Fig. VII,5.2. 




FIG. VII, 5.1. A circular, right, hollow cylinder generated from a flat 
plate by pure bending moment M per unit length of plate in direction 
OR Z . The straining-displacement is D, its major component A is 
calculated with an iiiextensile middle plane of radius c in the deformed 
state, while w is a 'small' correction to ensure compatibility of 
straining-displacement and stresses. The initial position of the 
typical point is at 72J, Ry. 



5.2. Estimated straining -displacement. From Fig. VII, 5.1 
for no stretch of the middle plane 

R = C R"j. == R r (5.2) 

while 

R r c r = R' = R"+A 
so that, scalarly, 

A r = R r (lG08 0)c0 sin A e = B r sin c0 cos (5.3) 

while 

D r == J r +w; r A = ^fl+^ (5.4) 
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5.3. Stresses. It is supposed that the stress system and hence 
the Airy stress function are independent of angular position 9. 
Hence, from article V,13.2, H r0 is zero, while 



From article V,15.1, 



= 



(5.5) 



(5.6) 




FICJ. VII, 5. 2. The typical point is estimated to be at P' from the geometry 
of Fig. VII, 5.1. The solution of the equations relating stresses and 
strains shows that, in fact, it is at a closely adjacent point P. The 
stress equations are solved with the point at P', so that the estimated 
shape of the cylinder is used as the current reference for the calculation 
of the small correction deformation. 

with 



The solution of the fourth-order ordinary differential equation 
VII(5.6) is 

oA = (J+KR r *) log R r +XR r *+ Y (5.7) 

with arbitrary constants J, K, X, T. Then, from VII(5.5), 

1 

( ' ; 
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5.4. Stresses, boundary conditions and arbitrary con- 
stants. The boundary conditions on the stresses on the arcual 
planes are 

E r =a,b 8^ = (5.9) 

It is supposed that the stresses 8 eo on the radial planes have no 
resultant but constitute a pure couple M , say, per unit thickness 
in the direction OR~. For no resultant 




(5.10) 
J a 

The couple is given by 

( b 
8 B6 R r dB r =M (5.11) 

Ja 

Condition VII(5.10) is seen to be satisfied identically by virtue 
of VII(5.5).l with the two equations VII(5.9). Equation 
VII(5.11) and the two in VH(5.9) are sufficient to determine the 
three constants as 



J = 4ML-*a*b* log (b/a) K = 
X = ML- l [b*a*+2(b* log 6-a 2 log a)] M' r >.12) 



5.5. Straining -displacement correction terms. Recall 
that relative-displacement gradient and relatively initial position 
are related to the stresses relative to the deformable whole-body 
convected reference. For infinitesimal deformation the relative- 
displacement virtually equals the straining-displacement and 
relatively initial position virtually equals instantaneously initial 
position relative to a non-deformable whole-body convected 
reference. This establishes the mathematical form of the relation 
between these two patterns of points. Physical increase in 
the magnitudes of the four quantities in the two doublet 
vector fields does not affect their mathematical relationship 
because the straining convection-displacement never appears 
explicitly. 

Applying the Navier, Cauchy strain relations of article V,16.2 
to relative -displacement, the stress-strain relations of article 
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V,5.5, the straining equivalence of D* and D, then equations 
VII(5.4), VII(5.3) give 

w r . r - G8 rr +F x *-A r , r } 

R r -*(w r +w ei0 ) = G8 ed +Fx-R r -t(A r +A . t0 ) 1(5.13) 

B r ~ l (Wr;e-W0)+We;r = -R r - l (A r . e -A ) A e . f J 

Integrating these three equations and using the fixing condi- 
tions 

R r = R r := w 9 = ^i 

R r = c 6 = w r = Q I (5.14) 

R r = c 6 = TT w r = Q J 
gives 



w r - 

+2(2F+G)KR r (logS r -l)+Nw* 0-A r (5.15) 

w e = 4(F+G)KR r 6-N sin 0-^ 

with 



-2(2F+6)JCc(logc 1) 

5.6. Applied bending moment. Using condition VII(5.14).3 
with VII(5.15).l gives the applied bending moment for a 'radius 
of curvature ' c as 



M = 2cir-GJ/(cM)+(F+G)c[(K/M)+2(X/M)] 

+Fc[3(K/M) +2(X/M)] -N 
L +2[(2F+G)(K/M )c(log c-1)] 

of the same value on all radial sections. 



(5.16) 



5.7. Magnitude of the correction term for straining - 
displacement. The correction term w for straining-displace- 
ment must be small for justification of the foregoing analysis. 
With q = , as a typical value, then, at 6 = TT 



w d = 7Tc(32MhR r iftN-i + l) (5.17) 

For a duralumin plate, for example, when R r = c, c = 100A, 
h = 1, then 

w e = 0-0144 (5.18) 

as in Fig. VII,5.3. This is sufficiently small to justify the analysis. 
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5.8. Comparison with the Bernoulli simple theory of pure 
bending of a straight beam. The well-known 'engineering* 
theory of pure bending of a straight beam assumes that plane 
sections remain plane as in the calculation for A here. On the 
hypothesis that only the longitudinal fibres, in direction OR y of 
Fig. VII, 5.1, are loaded by normal stress, 8 yy = 8 00 here for c -> oo, 
while S xx = Sff here is zero. It is left as an exercise for the reader 



to decide if S rr is small enough to neglect as c 
straight plate or beam. 



oo to give the 




Fi<t. VII, 5.3.- The small correction for a duralumin phito, of radius of 
curvature 100 and thickness 2, at the longitudinal 'seam' in the 
hollow cylinder. 

6. Residual stresses in an annulus: theoretical 

Consider a circular, plane annulus of inner radius a and outer 
radius 6. The surfaces are all stress-free and body force is taken as 
zero, so that there is no applied loading. However, this does not 
mean that the body is necessarily stress-free throughout. Some- 
times, in practice, if a cut is made into such an annulus it changes 
shape and so indicates the presence of internal self-straining due to 
residual stresses. This is discussed in general terms in volume I, 
article IV, 9. It is of interest to construct an example to indicate 
something of the possible nature of such stresses. 
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Suppose the stresses are plane polar as defined in article V,2.2. 
Article V,11.4 gives the sum of the normal stresses as constant 
when body force is zero. From article V,11.2 if, further, the 
stress potential is independent of 0, there follows 

V 2 H= K r ,+R-iH. r = C (6.1) 

in which 

f} rr = K rr S eo = R~iH r (6.2) 

A. solution is required for these equations such that when 

R r - a, 6, S rr - (6.3) 

6.1*. Inadmissible solution. The complete solution of 
VII(6.1) is given in article VII, 1.2. The corresponding stresses 
#rr> & oo follow in equations VII(1.6) with two undetermined, 
arbitrary constants (7, J. Then, applying conditions VII(6.3) 
gives 



The only solutions for these two equations are 
C = Q=Jora=b 

The last is trivial, while the first two mean that the stresses are 
zero throughout the annulus when the cylindrical boundaries are 
stress-free. This is consistent with the applied stresses 
A = = B in equations VII(1.7). Therefore, the stress potential 
in equation VII(1.5) is only for induced stresses which vanish with 
the applied stresses and cannot lead to residual stresses. 

6.2. Laplacian stresses. When (7 = then the Poisson's 
equation VII(6.1) degenerates to Laplace's equation. Thus, 
with the first stress invariant 

V2J/-0 = x fif (6.4) 

Multiply by R r ~ and transform the independent variable to 

i = log R r R r = exp /, (6.5) 

This gives 

X r *V*H = H. tt = (6.6) 

while 

R*8 n = K lt -K t R*8 M = H. t (6.7) 

or 

JB;^ = -K t s ee = -^ (6.7') 

The radial stress S^ is to be zero at the cylindrical boundaries 
and, therefore, the circumferential stress S ee also vanishes there. 
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VII,6.3 ANALYSIS OF DEFORMATION 

The cylindrical boundary surfaces are absolutely free of stress 
and strain. 

6.3. Harmonic solution not satisfying the boundary con- 
ditions. The harmonic function solution of VII(6.6), with the 
arbitrary constants adjusted to give the distribution in the 6-space 
as in Fig. VII,6.1(6) between the radii t a = log a and t b = log 6, is 

H=(2t-t a -t b )L/(t a -t b ) (6.8) 

From equations VII(6.7'), 

$ = 2LB r ~*(t.-t b )-i 8 eo = -S rr (6.9) 

When R r =a,b then . ^ as in Fig. VII,6.1(rf), although these 
boundary stresses are required to be zero as in conditions VH(6.3). 
Therefore, this solution is not sufficient as it stands. 

6.4. Fourier representation harmonic solution satisfying 
the boundary conditions.f Suppose the function H(t) is 
extended to have a periodic interval of 2(t a -t b ) and maximum 
values i as shown in Fig. VII, 6. 1(6). Now represent this even 
function H(t) by a Fourier cosine series T(0, say, with constant 
coefficients X n . Thus, as in article D,l, 

T(t) = PC + S X n cos [nir(t.-t a )l(t b -t a )-\ (6.10) 



with the periodic interval 2(t b t a ) and the values of the X'a 
determined in terms of the periodic interval and the numbers n. 

Since tC(t) is continuous in the periodic interval and at its ends, 
then, as in article D,l, 

H(t) = T(t) 2t a -t b tt a ^ t ^ //, (6.11) 

Discontinuities of dpf/dt occur at t = 2t a t b , t in t b . But, at all 
points d 2 H/dt 2 = and therefore, from article D,2.2, since this 
second derivative exists to the right and to the left of each of the 
three points where the first derivative has a discontinuity, then 
the mean of the derivatives to the right and left is the derivative 
at the point. Thus, at t =t a , noting VII(6.11), VH(6.8) and 
Fig. VH,6. 1(6) give 

/dH(t)\ _ (dT(t)\ =l \(dH\ 

\ dt ;-/. \ dt Jt-t. 2 [\dt )t-t a+ o 

W] = (0.12) 



t Author, 1953. 
196 



to, 




(b) 



Periodic interval 
2(t b -t a ) 




(c) 



(*>) 



FIG. VII, 6.1. -Residual stresses in the circular annulus of which an arc is 
shown in (a) in logarithmic f-space. The abscissae of the other 
diagrams also correspond to the f-space. The finer lines in (6), (c), (d) 
are for the stress potential ff, which does not satisfy the condition 
that the cylindrical boundaries are stress -free. The firm lines in (6), 
(c), (d) are for the Fourier representation stress function J giving 
stress -free cylindrical boundaries. In the Fourier sense, the stress 
functions f and J are equal, their derivatives are equal within the 
annulus, but differ at and near the boundaries. The stresses become 
zero at the boundary by virtue of very steep (but finite) stress gradients 
through the 'skin' of small thickness A. The periodic interval of PC 
was chosen as in (6) to ensure the correct boundary conditions for 
stress from tho Fourier representation. 



VII,6.5 ANALYSIS OF DEFORMATION 

Similarly, the first derivative is zero at the two end -points of the 
periodic interval. 

The second derivative d 2 H/dt 2 is zero to the right and left of 
t = t a9 for example, the derivative d^Hjdt^ exists (and is, in fact, 
zero) to the right and left and, therefore, 



Similarly, the second derivative is zero at the end-points of the 
periodic interval. Therefore, the Laplace's equation VI I (6. 6) is 
satisfied at all points in the periodic interval and at its ends and, 
therefore, at all points interior to and on the boundaries of the 
anmilus. 

From VII(6.7'), VII(6.8), VH(fl.ll), 

R r *S rr = 2Lf(t b -t a ) K +0 ^ t ^ ^_ (6 u) 

8 rr = Q=8 ee t=t a ,t b (6.15) 

Therefore, the Fourier representation of the stress potential gives 
the same harmonic solution as that in article VII, (>..'$ but, unlike 
the stresses there, the boundaries are now stress -free. 

6.5. Skin effects. Equations VII(6.15), VII(6.14) and Fig. 
VH,6.1(d) give the stress distribution at all points of the annulus 
and its boundaries. Very steep stress gradients occur at the 
boundary when the stresses decrease rapidly to zero over the 
small distances A a , A 6 , which will be called skin thicknesses. 

The theory of Fourier series gives no precise value for the skin 
thickness except that it approaches zero. Physically, the skin 
thickness can be so small that it could be overlooked in an experi- 
ment not designed especially to examine it.f 

Strain-gauge measurements cannot be made over such short 
gauge lengths. Photo -elastic observations are always (March 
1954) unreliable very close to boundaries. This is usually stated 
to be due to residual strains induced by the cutting of the trans- 
parent material to make the test specimen, but it may be that 
much is due to steep (but finite) stress gradients or, otherwise, if 
they mutually prevent observation of the two effects. 

f The possibility of such steep stress gradients was mentioned several 
times in reviews by the present author between 1947 and 1952. See 
Appl. Mech. Reviews, U.S.A., for example. 
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Always, in passing from theoretical inference to experimental 
observation, the hypotheses of the theory should be kept in mind. 
In the present case, for example, there are the assumptions that 
the substance is an amorphous continuum while the stresses are 
strictly two-dimensional. Real, non-amorphous, non-continuous 
substances may have a different skin mechanism, such as the sort 
of 'surface tension' hypothesised by Griffith 113 to analyse the 
rupture of brittle substances. The assumption of plane stress 
removes an important degree of freedom for the distribution. 

(Uk Pseudo -harmonic solutions satisfying the boundary 
conditions. Article C,7.2 shows that any smooth curve satisfies 
the one-dimensional Laplace's equation in the interior of the 
function space. Further, at any point in the annulus here, H. t 
and hence the laplacian stresses of equations 11(6.7') are zero 
when the function has zero slope. Therefore, any term of the 
Fourier series VII(6.10) can be taken as a solution for the laplacian 
stress function for the residual stresses in the annulus from the 
point of view of finite differences. Thus, in this sense, 

K- X n cos [nv(t-t a )/(t b -t a )] (n - 1, 2, ...) (6.16) 
, _ 

rr ~ 



fii7T(t-t a 

I -y . 

\ thl'a 



is a satisfactory solution with the stresses vanishing at the 
boundaries. 
However, formally, 

tf* = 4,T*"( n r>V ((U8 > 

Vft W \ ', f / 

generally, as is required for a true harmonic function satisfying 
Laplace's equation. Therefore, it is convenient to refer to H 
in VII(6.16) as a pseudo-harmonic as in article C,7.2. 

As K. V. Southwell observes 77 (see article C,4.5) when develop- 
ing the relaxation technique, the precise mathematical form of 
the stress potential (and hence the stresses, here) does not need 
to be known so long as the governing equation VII(6.6) is deter- 
mined to the desired order of arithmetical accuracy, which will 
be governed by the accuracy of the data given by physical obser- 
vation. Thus, we do not need to know that the harmonic function 
VII(6.8), linear in t, should be found strictly. Any term or sum 
of terms of the Fourier series VII(6.10) will suffice for the physical 
observations possible. 
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7. Two -stress yielding due to pressure in a circular hole in 
a duralumin plate : theoretical and experimental 

The experiment described in article VI, 2 simulates the two- 
stress yielding of a fairly thin duralumin plate around a circular 
hole containing pressure. This inner-boundary normal stress is 
negative, while the outer boundary is stress-free as in Fig. VII, 7.1. 
The relationship between the measured strains and the theoretical 
stress distribution is now considered. 

7.1. Physical concepts. Article 11,4 discusses the various 
types of displacement of points in a homogeneous straining. Here, 




Fid. VII, 7.1. An annular plane-parallel plate with a radial pressure A 
applied to the inner cylindrical face. The zone from a to c is elasto- 
plastic and that from c to 6 is elastic. 

the ideas need to be extended to heterogeneous straining in the 
annulus. 

When pressure is applied to the inner boundary the initially 
homogeneous, stress-free plate remains elastic throughout until a 
critical, primary yield load is reached. Thereafter, on removal 
of the load, the diameter of the 'hole is found to be greater than 
it was initially. Suppose the pressure is applied again, up to a 
value just less than A from which it was unloaded, and then 
decreased again to zero. During this loading-unloading the 
strains are elastic or reversible. Therefore, if this 'new' annulus 
is homogeneous and elastic then the stresses and strains induced 
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by the applied pressure can be found as in article VII, 1. Typical 
values are shown in Fig. VII,7.2 for stress and in Figs. VII,7.3, 
VII, 7.4 for elastic strains on assuming restricted isotropy for the 
constant elastic stress-strain parameters. The dotted curve in 
Fig. VII,7.3 is for the calculated elastic strains. 




Radius (inches) 

FIG. VII,7.2. Radial and circumferential stresses in the duralumin 
annular plate of article VI, 2 in which the pressure A in the inner hole 
is simulated by expanding a segmented collet. The stress S is that for 
simple tensile primary yield of value 34 000 psi. The stresses shown 
(as ordinates) are for the yield boundary radius of 2-19 inches with the 
inner radius 0-716 inch when the axial load on the mandrel was 
17 930 pounds. When the yield boundary is at the inner boundary of 
radius 0-687 inch then the stresses are approximately -^ of the values 
shown. More accurately, at the inner boundary A/S = 0*570, 
5-34 for the lesser, greater loads respectively. 

The measured elasto-plastic strains are greater than the elastic, 
and this is best visualised in terms of the 'migration' of particles 
in an ideal atomic lattice. (See volume I, article IV, 1.3 or, here, 
article IV, 1 7.) Consider an increment of elasto-plastic straining 
of a narrow annulus around the hole, for example. The circum- 
ference of the annulus increases, while its width decreases. This 
can be visualised as due to the migration of particles to account 
for its permanent, plastic change of shape into a 'new' elastic 
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annular band able to support the stresses just less than those 
from which it was unloaded. 

Note carefully that the migration, or plastic straining, cannot 
influence the current elastic strains except to the extent that they 
may change the value of the elastic modulus (see Fig. 1,9.3, for 




-60 - 



Radius R r ( inches) 

Fia. VII,7.3. Measured elasto-plastic strains in the duralumin, plate of 
article VI, 2 when the nxial load is 17 930 pounds on the tapered 
mandrel. The yield boundary radius is 2-19 inches and the inner 
boundary radius 0-716 inch. The calculated elastic strains are shown 
as dotted curves corresponding to the stresses in Fig. VII, 7. 2. The 
elastic stress-strain parameters are assumed to be isotropic and homo- 
geneous- of the same values as those for simple tension in chapter I. 
The total plastic 'strain' is the difference of the elasto-plastic and 
elastic strains. Note that the plastic radial strain increases more 
rapidly than the plastic circumferential strain. 

example) or the transverse contraction ratio (see Fig. 1,11.1, for 
example) or allow the support of greater load due to work- 
hardening (see Fig. 1,5.2 and article IV, 17.1, for example). 

Therefore, all such plastic strains in the plate lead to just a 
new' elastic f plate able to support greater stresses, where they 

f Author, 1951. 
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occur, due to the previous plastic straining inducing work- 
hardening of an appropriate amount. If such a plate is e annealed ' 
or 'normalised' by heat treatment it suffers little change in size f 
but regains its initial elastic modulus, transverse contraction ratio 
and yield-stress values. Thus, the work -hardened elastic plate 
becomes a plate of virtually the same size, but now of the initial 



\ 




2 3 4 S' 

Radius R r (inches) 

Fit!. VII, 7. 4. - Elastic zone strains when the mandrel axial load is 17 930 
pounds and the yield boundary radius is 2-19 inches. The points 
shown are experimental. The curves are theoretical but are also 
good mean curves for the observed values. 

elastic substance. The plastic migration of the particles has 
merely led to a current elastic plate of different size from the 
initial elastic plate. 

The foregoing physical reasoning guides the analysis that now 
follows. 

7.2. Stress distribution. Articles VII,1.2, VII,1.3 give the 
stresses in such an elastic amiulus. Retaining the iiiternal- 

t The present author can find no satisfactory, quantitative, metallurgical 
statements on this aspect. 

203 



VII,7.3 ANALYSIS OF DEFOBMATION 

boundary normal stress A as positive, for the present, while the 
outer-boundary applied stress is zero, gives the induced stresses 

S rr = %C+JR-* 8 ee = %C-JR~* (7.1) 

with 

C = _a4/[(&/a)*-l] J = -4o/[l (a/*) 2 ] 
At the yield boundary, of radius c, 

A c = (S rr ) c - iC+Jc-2 (fi w ) = -'G<-Jc-2 (7.2) 



Alternatively, the elastic zone of the plate can be regarded as an 
annulus with inner-, outer-boundary radii c, b loaded with normal 
stresses A ct 0, while the elasto -plastic zone is an annulus with 
inner-, outer-boundary radii a, c loaded with normal stresses 
A,A C . 

7.3. Yield boundary determined theoretically by the 
stresses. The radius of the yield boundary is a function of the 
yield criterion used. The maximum shear stress criterion of yield 
inception, given in article IV,17.3, is the most convenient here for 
arithmetical computation. The signs of the stresses in VII(7.2) 
or VII(7.1) are opposite, so the first of IV(17.1) gives the criterion 
here as 



with S the simple tensile primary yield stress. Since the stresses 
here always fall approximately on the radius vector passing 
through point h in the stress-space diagram of Fig. IV, 17.1, then 
it is convenient to use the more exact factored maximum shear 
stress criterion of article IV, 17. 8. The factor here is about 
), to give the yield criterion 



Substituting VII(7.2) gives 



to determine the yield boundary radius in terms of the current 
geometry and simple tensile yield properties of the plate. 

Substituting for J in VII(7.1) from VII(7.4) gives the applied 
radial stress in the hole as 

A = 3-*a-2[i--(a/&)2]c2 (7.5) 
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7.4. Elastic strains. With the generalised Hooke's law for 
restricted isotropy the elastic strains are 

eg = G*S V +F* X eg = Q^+J** (7.6) 

X - 8 rr +8 M G E = (l+q E W E F E = -q*j* 
with the elastic modulus iff* = E~ 1 9 with E = Young's modulus 
and q E the elastic transverse contraction ratio or Poisson's ratio. 

Prom VII(7.6) in VII(7.3) the yield criterion in terms of elastic 
strains, with simple tensile yield strain e, is 

(7.7) 



7.5. Yield boundary located experimentally from the 
strains. Equation VII(7.7) can be used graphically to locate 
the yield boundary. A disadvantage is that only the circum- 
ferential strains have been measured, so that the radial strains 
must be inferred. A more direct method is as follows : 

The stresses ($ rr ) c , (8 eo ) c are calculated in terms of b, c, 8 and 
substituted in VH(7.6).2 to give 



Choose appropriate values of c and calculate (e 00 ) e . Plot 
these values in a diagram of e ee vs. R r . This curve intersects 
each of the family of experimental curves e ee vs. B r for a given 
state of loading as in Table VI, 2. 2. The intersection is the yield 
boundary radius c for each axial load L on the mandrel. Using 
iff K = 0-10 lO' 6 (psi)- 1 from Fig. 1,9.3, q E = 0-28 from Fig. 1,11.1, 
6 = 6 inches and 8 = 34 000 psi gives the values of c vs. L in Fig. 
VII,7.5. 

The yield boundary has been located as though the duralumin 
plate is an ideal, amorphous continuum. In practice, the boundary 
could not be defined sharply. A microscopic examination of 
the metal before and after loading could show that at a certain 
radius yield had definitely occurred, while at some greater radius 
it had definitely not occurred. The annular region between these 
two radii is a transition zone in which many crystals remain 
uiiyielded. Intuitively, it may be guessed that this zone will be 
about 0-1 to 0-3 inch, depending on the metal. 

7.6. Yield boundary and axial load. If the yield boundary 
has teen located correctly for each load then, according to 
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VH(7.5), the radial stress A is proportional to c 2 . From Fig. 
VI, 2.1, the radial stress will be proportional to L. Therefore, if 
the coefficient of friction is constant for the lubricated faces of the 
tapered mandrel and the segmented collet, then L is proportional 
to c 2 . The curve drawn in Fig. VII,7.5 is for L = 4000 c 2 and 
fits the experimental points reasonably well. Thus, 4000 psi 




JO 20 

L Mandrel axial load (Jbs J0~ 3 ) 



30 



FIG. VH,7.5. Mandrel axial load L vs. yield boundary radius c.. The 
curve shown lias the equation L 4000 c 2 . The theory gives the 
axial load L on the mandrel as proportional to o 2 . The experimental 
values of c are found from the strain measurements mid tlio 'factored' 
maximum shear stress criterion of yield inception. The collet cracked 
several times just before the second highest load and disintegrated 
just before the highest load. This may account for those two points 
being of greater deviation than the others. 

can be taken as the calibration constant for the experimental rig 
and used to calculate radial stress A from the axial load. 

The fit of theory to experiment in Fig. VII, 7. 5 is good when the 
experimental difficulties are noted. As the segmented collet 
expanded the conical face of each segment tended to lose contact 
with the conical surface of the mandrel and ride on its sharp 
edges as larger diameters of the mandrel entered the collet. 
Such sharp edges could not be lubricated satisfactorily and the 
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mandrel showed just such deep grooving from this effect. Further, 
the contiguous cylindrical faces of the collet and hole in the plate 
had to be left unlubricated, so that unaccounted shear stresses 
probably acted between them. Also, the parts of the hole between 
the expanded collet segments were unloaded. 

7.7. Calculation of the radial strain. The radial strain was 
not measured, but it is readily inferred from the measured circum- 
ferential strain in the present case of cylindrical axial symmetry. 
Article V,7.2 gives the strains in terms of relative-displacement 
D*. The straining-rotation is zero here, so that relative-displace- 
ment equals straining-displacement D. The whole-body rotation 
is zero, so that straining-displacement equals spatial-displacement 
U, except for a possible whole-body translation. The experi- 
mental strains in Table VI, 2. 2 are nominal, so that it is con- 
venient to take the coordinates of each point to be in the un- 
deformed body. The nominal strains are, therefore, 

e r = 8U/8E- e eo - V/S9 (7.9) 

The scalar initial radii E are given in Table VI,2.1. The 
scalar spatial-displacement U was calculated from the second 
equation, the result plotted against R, a smooth curve was 
drawn through the points and then the slope was measured to 
give the graphical differentiation for nominal radial strain. 
Typical values of true strain are given in Figs. VII,7.3, VIIJ.4 
for the same mandrel load of 17 930 pounds. 

7.8. Elastic strains. The elastic strains throughout the 
annulus are calculated from VII(7.6) with the elastic stress-strain 
parameters as in article VII, 7. 5 and the stress in the hole given 
by equation VII(7.5). Fig. VII, 7. 3 shows typical measured 
strains in the elasto-plastic zone with the calculated elastic 
strains curve shown dotted. Fig. VII, 7. 4 shows the calculated 
elastic zone strains for the same load aw a full line with a scale 
ten times greater for convenience. 

7.9. Planewise plastic strains. The planewise strains need 
to be considered incrementally as in article V,5.1. Suppose that 
the plastic transverse contraction ratio is isotropic, to give the 
principal normal plastic increment strains 



c - u (7 ' 10) 

207 



VII,7.9 ANALYSIS OF DEFORMATION 

Fig. VII,7.6 is the typical member of these two increment partial- 
strains plotted against total stress. For example, with subscript 
I = 00, the diagram is that for one of the circumferential strain- 
gauges when the transverse strain effects from the radial partial- 
strain are removed. The dotted curve is followed during elasto- 
plastic straining. 

Now suppose that, for the particle of substance to which 
VH(7.10) applies, the plastic modulus remains constant between 




FIG. VII, 7. 6. -Principal normal stress vs. principal normal elasto-plastic 
partial -strain diagramrnatically for a point of the body as the load 
changes. The subscript denotes either radial or circumferential 
directions for the yielded annul us problem. The dotted elasto- 
plastic curve is that which would be observed. For computational 
convenience, the straight, full elasto -plastic line is taken to pass 
through the primary yield and current values. This allows the 
definition of a current plastic secant modulus i/jf (P\~*E~*) with 
the isotropic elastic modulus ifj E E~ l assumed of the same value 
throughout. 



the primary yield and current states, 
increment strains gives 



= 



Then summation of the 



(7.11) 



This means that, for greater convenience, the current elasto- 
plastic stress-strain effects are plotted along the straight secant 
shown in Fig. VII, 7. 6 instead of along the dotted actual curve. 
Thus, the 0*"s in VII(7.11) are current secant moduli, whereas 
those in VII(7.10) are current tangent moduli. 
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7.10. Compatibility of plane wise plastic strains. The 

current elasto-plastic strains must satisfy the compatibility con- 
ditions with respect to change of position in the currently deformed 
body. Thus, strictly, the partial-increment plastic strains dyadic 
^Hffil^, of which VH(7.10) gives the scalar components, must have 
a zero curl. Alternatively, noting the assumption allowing the 
consideration of total plastic 'strains' in VII(7.11), the curl of 
JIF can be considered. Thus, from article V,6.2, the only non- 
zero planewise condition here is 



As a typical result, the measurements given in Fig. VII,7.3 
have been analysed. Taking 

&rr == e rr e rr e OO ~~ e ee e OO (7-13) 

plotting the Jast against current radial position, differentiating 
graphically and then plotting VII(7.12) gives the points marked 
in Fig. VII, 7. 7. The line drawn is for the exact satisfaction of the 



0-70 



0-05 



O'OS 



O'lO 



FIG. VII,7. 7. Compatibility of total plastic 'strains'. The full lino is 
theoretical for complete satisfaction. The points shown are calculated 
from the observations and fall well on to the theoretical line. 

compatibility conditions and is, in fact, a good mean curve for the 
experimental observations. Therefore, the total plastic planewise 
strains dyadic has a zero curl, as is required for compatibility. 



7.11. Plastic moduli. 

for the two unknowns , 



The equations VII(7.11) can be solved 
i$ e if the value of q p is known. This 
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ratio is assumed to be 0-35, the mean value for simple tension given 
in Pig. 1,11.2. As a typical case, the strains in Fig. VII, 7. 3 and 
the stresses in Fig. VII,7.2 are substituted in VII(7.11). The 
primary yield stresses are given closely by equations VH(7.2) 
when c there has the value R r to which equations VII(7.11) are to 
apply in calculating the values of the plastic moduli. 

Fig. VII,7.8 gives the values of the two moduli for plastic 
general isotropy . The very small values of ^ with tensile stress 
S BB in comparison with $ with compressive stress S^ should be 
noted as qualitatively consistent with the values in Fig. IV, 14.2 



0-3 




0'02 
/O 6 
- O'OI 



Radius RP (inches) 

FKJ. VII, 7. 8.- Plastic moduli for general isotropy of the plastic strains 
given from Fig. VII, 7. 3. The low values of the circumferential 
plastic modulus are qualitatively consistent with those in Fig. IV, 14. 2. 

for thin-walled duralumin tubes. In fact, if it is supposed that 
000 = in VII(7.1 1), then the two equations and the observations 
are still reasonably consistent. That is, the duralumin acts 
almost Plastically' only to induced tensile increment stress 
88 ee but plastically towards the compressive increment stress 

&Sf 
00 rr- 

7.12. Thickness changes. The thickness strain 



(7.14) 

is the third principal normal component of the strain dyadic and 
has not been considered up to the present. 
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Similar to equations VH(7.6) for restricted isotropy of elastic 
strains 

O K _ 



e = = 



(7.15) 



with 



C = - 



The elastic thickness change is constant throughout the plate 
and proportional to the applied stress in the hole. 

Assuming isotropy of the plastic transverse contraction ratio, 
then, similar to VII(7.10), 

(7.16) 




FTO. VII, 7. 9. Theoretical thickness changes duo to the inequality of the 
plastic moduli in the initially plane -parallel duralumin annulus. The 
scale of the thickness change is large to display the distribution. Tn 
fact, the thickness strain, is nowhere greater than a few per cent. 



with 



in article VII,7.11. Then, 



on noting the small values of 
similar to VII(7. 11), 

= -? Z rX- ( 7 - 17 ) 

This plastic thickness strain is fairly small even at the boundary 
of the hole, so that it makes little difference if the plate is taken as 
currently or initially plane-parallel. Fig. VII, 7. 9 shows the theore- 
tical thickness change to a large scale for the stresses given in 
Fig. VII,7.2 and the plastic moduli in Fig. VII,7.8. Experi- 
mental observations are not available for comparison, as their 
importance in determining stress -strain parameters was not fully 
realised at that time (1947). 

The compatibility conditions for the plastic strains are given 
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by article V,6.2. All are identically zero here except VII(7.12) 
and 

<r = (7.18) 

This condition is not satisfied by e? in VII(7.17). Therefore, the 
foregoing analysis which assumes that the stresses are plane and 
makes arbitrary assumptions for the stress-strain parameters is 
not strictly true. However, the main, plane wise features of the 
experiment and theory are consistent, so until further tests give 
more data the analysis is sufficient. 

7.13. Other solutions of this problem. Several solutions 
of this problem of yielding around a hole due to pressure have been 
proposed, but the present author's measurements of strain across 
the plane face of the annulus seem to be all that are available. 

A. Nadai, in 1947 55 , extended to a plate his analysis for a 
thick-walled tube as given in 1931 46 . Restricted isotropy with 
homogeneous elastic and plastic stress-strain parameters was 
assumed. The compatibility of the strains was not discussed. 
The value of A IS (see equation VII(7.5) here) is given as 1-16 by 
Nadai and 1-76 by the present author when c/a = 1-75. Nadai 
gave the circumferential stress S eo as much less at the hole than 
at the yield boundary, whereas the present author gives it as 
much greater. Nadai gives S 9d as negative at the hole when 
c/a = 1-75, whereas the present author gives it as positive. 

A. Winzer & W. Prager, in 1947 147 , used plastic stress-strain 
relations suggested by A. A. Ilyushin in 1946 148 . This leads to 
S ee = throughout the annulus. Winzer & Prager then suggested 
another stress-strain relation, and this led to N eo almost constant 
throughout the elasto-plastic zone and of the value at the yield 
boundary. From either stress -strain relation Winzer & Prager 
gave the value A/A C (see equation VII(7.2).l) as 1-60, whereas 
the present author gives 1-77 when c/a 1-33. 

G. I. Taylor, in 1948 149 , considered f the severe expansion of a 
circular hole due to internal pressure. Attention is focussed on the 
total stresses and the ' velocities ' they generate. Great thickening 
near the hole is considered but with the hypothesis that plane 
polar stresses are maintained there. Restricted isotropy seems 
to be implied. Compatibility conditions are not given. Towards 
the yield boundary the elasto-plastic region is found to suffer no 

t The method is reproduced in the book by H. Hill 379 in 1950. 
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thickening. The stresses are shown to have a peculiar distri- 
bution inside the yield boundary. Moving from the yield 
boundary inwards to the hole the negative stress $. increases 
negatively, then remains constant and then decreases. The 
positive circumferential stress S ee decreases to zero, discon- 
tinuously becomes negative, increases to zero and, after a dis- 
continuity of slope, increases positively. 

The present author, in 1945 47 , gave a solution with S ee almost 
constant throughout the elasto-plastic zone. Then, in 1948 106 59 , 
a solution was given with S eQ a little less than that in Fig. VH,7.2. 
Restricted isotropy was assumed for the plastic strains. Strains 
compatibility conditions were not considered. 

7.14. Conclusions. This is one of the simplest cases of hetero- 
geneous elasto-plastic straining and yet there is not even qualitative 
agreement among the various writers on the stress distribution. It 
seems desirable to study this case further before proceeding to 
more difficult problems. The reader could regard as an extensive 
exercise the attempt to relate the various theories with the avail- 
able measurements in article VI,2. 

The tests need to be repeated taking care that the unloading 
case is included. The presence, magnitude and distribution of 
residual elastic strains should be established. The question needs 
to be considered of whether these strains (if found to be of an 
important magnitude) are due to non-homogeneous elastic stress- 
strain properties induced by the straining or to the preceding 
elasto-plastic straining, as other writers' theories imply. That is, 
whether the physical concepts in VII,7.1 are correct in regarding 
the plate as merely a 'new 5 elastic one at each load stage. Thick- 
ness changes should be observed. 

Auxiliary tests on thin-walled tubes should be made with equal 
and opposite two -stress loading to verify the anisotropy of the 
plastic moduli but without the complication of strain transfer 
as in article IV, 14. Further, are the elastic stress-strain para- 
meters iso tropic and homogeneous? 
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Chapter VIII 
THREE-STRESS EQUATIONS FOR SOLUTION 

1. The physical concepts expressed in the general equations 
of equilibrium deformation 

Article V,l discusses briefly the physical concepts of deforma- 
tion under a two-stress system in terms of vectors, dyadics and 
appropriate operators. Here we deal with a three-stress distribu- 
tion and an accompanying three-strain system. Therefore, it is 
only necessary to let all dyadics and vectors be three-dimensional 
and the discussion of article V,l applies here directly, so that 
representation is unnecessary. 

Curvilinear coordinates are frequently useful for particular 
problems, but, for brevity, the full scalar expansions will not be 
given usually in this chapter, as was done in chapter V for two- 
stress. Instead, the closed form will be given and it will be 
indicated where the expansion can be found in appendix A, as this 
will save repetition of the same mathematical forms for different 
physical aspects. Where expanded forms are given explicitly, 
the general directions c a , c & , c c for either the constant unit vectors 
of rectilinear cartesian coordinates or the variable local unit 
vectors of curvilinear coordinates will be used in the manner of 
article A, 2. 

Where statements here seem to be too arbitrary, then the proofs 
will be found in volume I . 



2. Three -stress dyadic 

The three-stress dyadic ^ is self-conjugate of the form in 
article A,6 with the (7's there replaced by &'B here. It can always 
be reduced from its nonion form to a principal form in which 
only the principal normal stresses 8 l in directions Si appear. 
During the transformation from one set of axes to another there 
are found three invariants, of which the most important is the 
first stress invariant 

SSL (2.1) 



i 
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2.1. Vector stress on a plane. The vector stress acting on a 
plane normal to unit vector n at the point to which the stress 
dyadic applies is 

S H - n. (2.2) 

2.2. Partial -increment stress dyadic. When whole-body 
corivected axes are the reference for observation, then the prin- 
cipal normal strain trajectories are virtually parallel before and 
after an increment deformation from the current state. Thus, 
the principal normal strain directions x i are quasi-constant 
during the increment deformation. If, particularly, principal 
normal stresses and strains are coaxial, then the stress dyadic 
suffers a partial-increment 

(2.3) 



3. Equilibrium three -stress equation 

The equation ensuring that a point and its neighbourhood are 
in equilibrium is 

div^+mBO (3.1) 

The vector divj is given in article A, 11 for the common co- 
ordinate systems. 



4. Strain dyadic 

The strain dyadic fffll is self -conjugate of the form in article 
A, 6 with the C"s there replaced by e's here. It can always be 
reduced from its nonion form to a principal form in which only the 
principal normal strains e { in directions Xj appear. During the 
transformation from one set of axes to another there are found 
three invariants, of which the most important is the first strain 
invariant 

tf* = Se, = S, (4.1) 

i a 

4.1. Differential relative -displacement for a given direc- 
tion. The differential vector relative-displacement of one end of 
differential position vector dR = dRn is 

dD* = dRn'lffll (4.2) 

Note the similarity to equation VIII(2.2). 
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4.2. Partial -increment strain dyadic. Relative to whole- 
body convected axes the principal normal strain directions Xj are 
quasi-constant during an increment deformation. Thus, the 
partial-increment strain dyadic is, similar to equation VIII(2.3), 

(4.3) 



5. Three -stress and three -strain relations 

Partial-increment stress dyadic Aj& is related to the partial- 
increment strain dyadic Am by a stress -strain parameters 
quadadic P. Thus, as in article V,5, 

(5.1) 



5.1. Principal directions for general isotropy. The prin- 
cipal normal increment partial-strains are 

S f = 0F&S, = ^x^iAfc (5.2) 

while 

Sef = 8f -gftStF-g&S^ (5.3) 

The general component of the stress-strain parameters quadadic 
is then 

(5.4) 



5.2. General directions for general isotropy. The unit 
vectors x in the stress-strain parameters quadadic are trans- 
formed to the general directions c a . The partial-increment stress 
and strain dyadics are similarly transformed to directions c a . 
Then, for the general directions the stress-strain parameters 
quadadic P M (a) includes direction cosines, like c a X to the 
fourth degree, and the stress-strain parameters iff 1 , gf^i, ... as 
in article V,5.2. 

5.3. Principal directions for restricted isotropy. The 

direction subscripts can be left off the parameters in article 
VIII, 5.1 to give simply 

8ef = Q^^+F^Bjf (5.5) 

with 

G M = (l+q M )$ M F M = -q M $ M (5.6) 

and 

S x * = S&S f (5.7) 

the increment stress first invariant. 
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5.4. General directions for restricted isotropy. Equation 
VIII(5.5) in VIII(5.1) then transformed to the general axes gives 
normal, shear increment strains 

Se% = Q^S8 aa +FS } f 8eg = G^&S^ (5.8) 

In dyadic form 

(5.9) 



5.5 Constant elastic parameters and restricted isotropy. 

The elastic strains transfer as the deformation evolves. Therefore, 
if the elastic parameters are constant then the current elasto- 
plastic strain for the principal directions is 

e, = (G K 8 i +F^)+(G p SS i +F p 8 x s ) (5.10) 

with the plastic parameter referring to the last increment defor- 
mation. 

The dyadics transform to give, for general directions, 



e ab = G*S ab +G p SS ab 
In dyadic form 

(5.12) 



6. Compatibility of three-stress strains 

Continuity of the strain dyadic with position leads to the con- 
sideration of VJUl. However, the same continuity is assured when 

Vxjfl (6.1) 

Article A, 12 gives the expanded form for various coordinate 
systems when the a's there become the e's here. 

6.1. Compatibility of increment stresses and stress - 
strain parameters for general isotropy. Similarly, com- 
patibility of the partial-increment strain dyadic is assured by 

VxJH = (6.2) 

with Se's replacing a's in article A, 12. 

Substituting the component Se^'s from article VIII,5 gives the 
compatibility conditions for increment stresses and stress-strain 
parameters. In dyadic form, for each component of the elasto- 
plastic strain, 

Vx(P^:J^) = (6.3) 
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6.2. Restricted isotropy compatibility of increment 
stresses with stress -strain parameters independent of 
position. From VIII(6.2) there are found nine scalar equations 
like 

8e& = 8e& 8e% k = 8ej& (6.4) 

for cartesian axes. With F M , G M independent of position in the 
body at the current state of deformation, then substitution of 
equations VHI(5.8) gives 



for increment strains compatibility. 

Article VIII, 10 gives the representation of the partial-increment 
stress dyadic in terms of increment stress potential 8H by 

Jg=W8ff (6.6) 

or scalarly, 

SSy^SKy (t=or *j) (6.6') 

Then the left-hand side of each equation in VIII(6.5) is zero, so 
that, from the first equation, 

8% s = constant (6.7) 

throughout the current, deformed body. This is consistent with 
the integration of the increment stress equilibrium equation for 
zero body force as in article VIII,11. 

Article VIII, 13 gives the representation of the partial-increment 
stress dyadic in terms of a modified Maxwell increment stress 
function So/4 by 

A$ = 3*VVSo// (6.8) 

since its divergence is zero as required when body force is zero. 
Scalarly, 

ZS U = Sc^ + Sc/^. &<, -= -8e/, ; (6.8') 

Substituting in VIH(6.5).l gives 

l(G* +2F")8if.j - (6.9) 

while VIII(6.5).2 is identically zero. Equation VIII(6.9) shows 
that the first invariant of the increment stresses is constant as in 



7. Relative -displacement and strain 

Relative-displacement D* and the strain dyadic are related by 

fffll-VD* (7.1) 
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The expansion of VD* is given in article A, 14 when the F's there 
are replaced by Z>*'s here. The self -con jugate strain dyadic ffll 
is similar to that in article A, 6 with C"s there replaced by e's 
here. Equating the coefficients of like dyads on each side of 
VIII(7.1) gives the required scalar strains in terms of relative- 
displacement gradients. 



8. Displacement potential and relative -displacement 

Relative-displacement D* and displacement potential are 
related by 

(8.1) 



Article A, 8 gives operator V for various coordinate systems. 
Allowing this to operate on and equating the components of 
the vector on each side of the equation gives D*'s in terms of 6. 



9. Strain and displacement potential 

The strain dyadic and displacement potential are related by 

(9.1) 



Article A, 9 gives operator W for various coordinate systems. 
Equating the coefficients of like dyads on each side of the equation 
gives strains in terms of displacement potential. 



10. Stress potential and stress 

Consistent with the form for representation of the strain dyadic 
in terms of displacement potential the stress dyadic is represented 
in terms of the stress potential by 

(10.1) 



Article A,9 gives the operator VV for various coordinate systems, 
Equating the coefficients of like dyads on each side of the equation 
gives stress in terms of stress potential. 

11. Law of distribution of the three -stress potential 

Similar to article V,ll, 

= C (11.1) 
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The laplacian operator V 2 is given in article A,9 for various co- 
ordinate systems. But 



the first stress invariant, and this is constant when body force is 
zero. 



12. Displacement potential from the three-stress potential 

The treatment is similar to article V,12 for a two-stress system. 

12.1. Restricted isotropy, stress-strain parameters inde- 
pendent of position and zero body force. The increment 
displacement potential component 8 M of the elasto-plastic 
deformation is related to the increment stress potential by 



(12.1) 

with R the current position vector and W an arbitrary vector of 
whole-body translation. 

If the elastic parameters remain constant during the evolution 
of the elasto-plastic deformation then E , H y x s replace 8g E , SH 
S% s for the elastic component of the current strain. 



13. Modified Maxwell three-stress function 

Volume I, article 11,9.4 shows that the three Maxwell stress 
functions employed to represent the stress dyadic will not trans- 
form with reorientation of axes. However, employing one 
function oA (conveniently called the modified Maxwell stress 
function) in the same fashion is seen to be the three-dimensional 
analogue of the Airy stress function in article V,13 here. Thus 



(13.1) 
With idemfactor 



and W from article A,9 for cartesian coordinates gives, scalarly, 

Sy = -*A. i} (13.2) 



Similar forms are found for the common curvilinear coordinates 
when 3 and W are expressed in them. 
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14. Solutions by the Navier, Cauchy approximate theory 

Article V,14 on a two-stress system discusses the classical 
infinitesimal strains analysis and its extension to finite strain in 
terms of vectors and dyadics. Expressing all those quantities 
three-dimensionally, then precisely the same discussion applies 
here to three-stress. The mathematically approximate character 
of the classical theory must be borne in mind. Remember that 
it must, in fact, deal with straining-displacement rather than 
spatial-displacement related to stress, that the Cauchy strain 
definitions are a sort of doublet in which can be ( concealed' a 
'dislocational' rotation not revealed by the Saint-Venant com- 
patibility conditions, as these consider continuity of spatial- 
displacement rather than continuity of the strain dyadic. 

15. Saint -Venant's strains compatibility conditions for a 
three -stress system 

For strain dyadic M to ensure continuity of spatial-displace- 
ment 

(VxMl)xV = (15.1) 

From article A, 13. 3, for cartesian coordinates there are found the 
six conditions given briefly as 

(15.2) 



15.1. Restricted isotropy, constant elastic stress -strain 
parameters. From article VIII,5.5, briefly, 



^ = GSy (15.3) 

From article VIII, 13, the modified Maxwell stress function gives 
briefly 

S it = c/ifl+c^wb Sij = -oAtf (15.4) 

and 

V 2 ex/ - ft* (15.5) 

Substituting VIII(15.3) to VIII(15.5) in VIII(15.2) gives the 
six equations 



X s * = (15.7) 
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Solving the three equations VIII(15.6) algebraically gives the 
three equations 

X S ;ii = (15.8) 

From VIH(15.7), VIII(15.8) it is seen that the three-stress first 
invariant x s is linear in the cartesian coordinates R^ Then, with 
VIII(15.5), the arbitrary, constant, scalar C and the arbitrary, 
constant, vector J, with position vector R, gives 

V 2 e/4 = (7+J-R (15.9) 

This is the same form as that for two-stress in article V,15.1. The 
expressions for V 2 in various coordinate systems are given in 
article A,9. Note that as R -> oo then the first stress invariant 
also approaches infinity. This is not allowable physically, so that 
in the many problems in which boundaries are at infinity the 
constant vector J must be zero. Thus, in these cases at least, the 
first stress invariant is constant, as was concluded generally from 
the stress potential H. 

16. Navier, Cauchy strains definitions and spatial -rotation 
for a three -stress 

The Navier, Cauchy strains definitions and spatial-rotation are 
the self-conjugate and antiself-conjugate dyadics 

H = i(VU+UV) (16.1) 

3 = |(VU-UV) (16.2) 

The expansions of these are given in article A, 15 for various co- 
ordinate systems with the F'& there becoming C7 J s here. The 
scalar components of JUare e aa , e (ll) and of 21 are co aZ> for the general 
curvilinear coordinates. 
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Chapter IX 
THREE-STRESS ANALYSES 

1. Normal loading on hollow and solid elastic spheres: 
theoretical 

Spherical coordinates (R r , 0, <f>) are appropriate and point 
symmetry for stresses is assumed. Then article VIII, 1 1 gives the 
law of distribution of stress potential H as 

Vff = H. irr +2R r ^H, r = C (1.1) 

The particular integral is %CR r 2 , the complementary function is 
JR r ~ l -\-K with arbitrary constants J, K of integration, so that 
the complete solution is 

H=\CR*+JR r - l +K . (1.2) 

The stresses are given by article VIII,10 as 



1.1. Stresses induced by normal stresses applied to both 
surfaces of a hollow sphere. The internal, external radii of a 
hollow sphere are a, b and the corresponding applied normal 
stresses are A, B. Using the boundary conditions R r = a, 
8 rr = A,R r = b, S rr = B gives 

2J = (AB)/(a-*b-*) C = (Aa*Bb*)/(a*b*) (1.4) 
for substitution in IX(1.3). 

1.2. Particular cases 

(i) When A B, then J = and the three normal stresses 
have the same isotropic value B. 

(ii) When a = to give a solid sphere, then J and the 
three normal stresses have the isotropic value B. 

(iii) When b -> oo and B = gives normal stress on a spherical 
hole in an infinite solid stress-free at infinity, then C = 0, 2J Aa 3 . 

(iv) When 6 -> oo and A gives a stress-free spherical hole 
in a solid loaded at infinity by normal stress B to give \C = B, 
2J = -Ba*. 
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1.3. Displacement potential for restricted isotropy, stress - 
strain parameters independent of position and zero body 
force. From article VIII, 12.1, with W = for zero whole-body 
translation, the elastic displacement potential is 

= QH+lFjfXr* (1.5) 

Relative-displacement D* equals straining-displacement D because 
straining-rotation is zero. Straining-displacement equals spatial- 
displacement U because whole-body rotation is zero. Then, with 
the V operator form in article A, 8. 2, 

D =\re=c r . r (1.6) 

With x s = C, then substituting IX(1.2) in IX(1.5) gives, scalarly, 
D r = C($G+F)R r ~JGB r -* (1.7) 

The strains are given from article VIII,9 as 



1.4. Pressure inside a thin shell of restricted isotropy 
and zero body force. Put B = and A = A for pressure. 
Put b = a+A, with h small compared with a, and R r = a+J, with 
^ j ^ A. Then, neglecting squares and products of h, j, there 
are found, from IX(1.3), 



To this degree of approximation the stresses vary linearly through 
the thickness of the shell. Term a/A is large compared with unity 
or j/h, so that S dQ , 8^ do not change much with position through 
the thickness of the shell. For the same reason $. is small com- 
pared with S ee . 

The average value of S ee is, say, 

S ee ' = %A[(a/h) + %] (1-10) 

The usual engineering approximation would calculate the average 
circumferential stress by calculating the total force on the dia- 
metral plane due to A as no, 2 A and divide by 27rah the area of shell 
intersected by the plane. Then the engineering average stress is, 
say, 

8 M ' =%Aa/h (1.11) 

The difference 

See -See" = \A (1.12) 
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is fairly small compared with S ee f . A typical toy rubber balloon 
for example, has values of a/h of the order 50 to 1000 and greater. 
The circumferential strain at R r = b is 

!-(&'/&) = e ee = G8 ee +F(S rr +S ee +S^) 
giving 

Kb*(l+K)M+bh = (1.13) 

with K = (^G+F)A. The average radial strain is 

l-(h/h) = e rr = -^GA+FAa/h 
giving 

h = (h+AFb)/(l+K) (1.14) 

Substituting IX(1.14) in IX(1.13) gives an equation from which 
to find, (i) b in terms of 6, A, h, F, (?, or (ii) b in terms of 6, A, h, 
F, G. The solution for b in (i) is only a single value, so no diffi- 
culty arises, but 6 occurs in a quadratic form for solution (ii), so 
that two values are found. One value can be discarded as 
physically unacceptable by examining which value suits solution 
(i) here. 
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Chapter X 



RUBBER DEFORMATION AND ITS THEORETICAL 
INTERPRETATION 

1. Experimental planewise complex straining of a thin 
rubber sheet 

Rubber is such a common substance and, generally, suffers such 
a large elastic strain under quite small applied loads that it is an 
attractive material on which to experiment. The simplest form 



n LU 



rrrr 



1cm 




FIG. X,l.l. A thin rubber sheet stretched in two directions by strings tied 
to lugs. The initial shape is shown in (a) and the deformed shape in 
(6). The nine squares in boundary ABCD of the undeformed sheet 
deform to rectangles in the loaded sheet. Tests showed that the three 
middle strings carrying load FI was effectively that on AB. Similarly, 
F% acted on side BC. The area outside ABCD acted as a 'diffusion' 
zone through which the stresses diffused from the point loads of the 
strings to virtually uniform loading on the sides of ABCD. (After 
L. R. G. Treloar 13 without change.) 

of complex loading would appear to be homogeneous two-stress 
in a thin sheet. Such considerations led L. R. G. Treloar 7d 13 to 
attempt the test, but it was difficult to devise satisfactory means 
of applying such stresses. A compromise was reached with the 
test specimen shown in Fig. X,l.l(a). Strings were tied to the 
lugs and, on being pulled equally, gave much the shape in Fig. 



Treloar satisfied himself experimentally that the loads in the 
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middle three strings on each side were inducing the deformation 
in the nine sub-rectangles shown for the rectangle ABCI). Thus, 
the non-homogeneously strained zone outside ABCD is excluded 
and regarded as a * guard ring' or diffusion zone in which the 
stresses change rapidly away from the * point ' loads of the strings 
to spread out to a virtually homogeneous stressing inside ABCD. 
Treloar assumes that there are no stresses acting on planes 
parallel to the flat faces of the sheet because these main faces are 
stress -free. The present author's interpretation of the measure- 
ments questions the validity of this assumption in article X,3. 
Table X,l.l gives Treloar's measurements for a typical rubber 



TABLE X,l.l 

'Homogeneous plane two-stress' loading on a thin, plane rubber sheet 
by L. R. (Jr. Treloar 74> 18 . The initial cross -sectional area for each direction 
was 0-0648 cm 2 and initial thickness 0-082 cm. The extension ratios 
were independent of sequence of load application. 



Tensile Load, gm 


Extension Ratio 


Fi 


F2 


\o 

A l 


A2 


100 


100 


1'07 


1-08, 


100 


200 


097 8 


l-29 7 


200 


200 


16 7 


1-20 9 


300 


200 


46 


1-09! 


300 


100 


58 2 


(>90 5 


300 


300 


35 


1'37 


300 


400 


18, 


1-88 


200 


400 


0-93 3 


2-04 


100 


400 


<>-78 3 


2-14 


400 


400 


1-60 


1'72 5 


500 


400 


2-24 


1'51 3 


500 


300 


2-42 


l-09 e 


500 


200 


2-51 


0-87 ^ 


500 


100 


2-64 


0-72 5 


500 


500 


2-07 


2-10 


600 


500 


2-68 


l-87 5 


400 


600 


1'25 


2-98 


300 


600 


0-98 


3-06 


200 


600 


0-79j 


3-14 


100 


600 


0-67 9 


3-21 


600 


600 


2-34 


2-63 
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with loads applied in the order shown. The load F l9 for example, 
is the total on the three strings on one side of rectangle ABCD, 
while F 2 is the total load for the middle three strings on the other 
side. The strains in the rubber sheet were found to be functions 
of the current loads and independent of the sequence in which 
they were applied 13 * 4 . Extension ratio AJ equals JRi/Ri, with 
Hi the current length of the side of the rectangle parallel to the 
force F ly while -RJ is the initial length of the same side. Thus, 
AJ = -y/Mj of volume I, article 1,4.4, and is used here for brevity. 
Extension ratio AJ is defined similarly. 

Nominal stresses $?, S% are found by dividing the appropriate 
forces by the initial cross-sectional area. The virtual incom- 
pressibility of rubber gives (see volume I, article 111,8.5) the 
relation 

A?ASA = i (i.i) 

Then, as in article 1,8, the true stresses are found from 

(1.2) 



2. A quadratic strain theory f 

For infinitesimal straining, the nominal strain e and true 
strain e are quasi-equal, as also are nominal stress 8 and true 
stress 8. The secant moduli principal normal stress -strain forms 
of article VIII,5.5 are, in this case, 

e, = 08,+fy (2.1) 

with the stress-strain parameters F, G and the first stress invariant 

x* = Sfl, 

Tn dyadic form, 

(2.2) 



2.1. Stress -ser relations. The approximate linearity of the 
simple tensile true stress vs. elastic ser J u\ = (AJ) 2 in Fig. 1,8.2 
suggests the formulation of a ' secant' stress-ser relation for 
complex stresses. Thus, the three scalar equations 

u\ = 2G8 i +2F x s +l (2.3) 

or the dyadic form 

(2.4) 



t Author, 1951. 

J ser = 'squared extension ratio' is a coined word, convenient for 
brevity, and its form suggesting the full expression. 
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with the ser dyadic, having current principal directions X 1? as 

fl = SXxpq (2.5) 

Equations X(2.3) reduce to just X(2.1) for infinitesimal strains 
since, then, neglecting squares of strains, 

cj = A? 1 < = l+2ej (2.6) 

From X(2.3) are found readily 

X 8 = i-3)/(G+aF) (2.7) 

|^m:3 (2.8) 

(2.9) 



2.2 Inverse strain ellipsoid. Volume I, article 1,4.2 shows 
that 1E is the self-conjugate dyadic of the inverse strain ellipsoid 
in the undeformed body corresponding to an elemental sphere in 
the deformed body when strain transfer has not occurred. 

Continuity of the ser dyadic must be assured in a heterogeneous 
straining, but this will not be pursued, as only homogeneous 
straining and the stress -ser relations are discussed here. 



3. Quasi-plane and plane stress 

Tt is attempted to impose a plane, homogeneous two-stress on a 
thin sheet, as in L. R. G. Treloar's test in article X,I, and to 
relate stresses and strains. Following most experimenters, and 
Treloar in particular, in such a case suppose that the principal 
normal stress 8 3 normal to the plane of the thin sheet is zero 
because the main faces of the sheet are stress-free. Denote this 
zero stress explicitly by T 3 . 

3.1. Infinitesimal straining observations. From equations 

X(2.1), 

Cl = GSi+Fx" e 2 = GS 2 +F X S e 3 = GT 3 +F X S (3.1) 
with 



The experimental measurements give e l9 e 2 on the main faces, 
e 3 as a change in thickness observed by the relative movements of 
the main faces normally one to another, S l9 S 2 as average values 
not directly observable. The remaining three quantities are 
two stress-strain parameters F, G and the assumed zero value T 3 . 
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Three equations, in general, relate three unknowns or satisfy con- 
sistency conditions. Therefore, if the theory uses only two stress- 
strain parameters then the stress T 3 cannot be assumed arbitrarily 
as zero.f 

3.2. Analysis of infinitesimal straining observations. 

Taking 

( ei -e 2 ) = G(S l -8 2 ) (3.2) 

eliminates x 8 i n which T 3 appears. Plotting (0 t e 2 ) against 
(8 l 8 2 ) will show if G is a constant or not. 
Now, take 

( ei -e 3 ) = G(8 l -T 3 ) (3.3) 

and T 3 appears explicitly. If T 3 is not zero then, clearly, 
anomalous results will be found if (e^ e 3 ) is plotted against AS A 
only. This is virtually what Treloar noted, as in article X,3.4, 
and discussed in his book 13 at length, without seeing the reason 
for the anomaly. Similarly, of course, there must be considered 

(e 2 -e 3 ) = G(8 2 -T 3 ) (3.3') 

in which T 3 appears. Also, relating the first invariants of stress 
and strain, 



3.3. Analysis of finite straining. Now, consider the quad- 
ratic strain expressions X(2.3) supposing 8 3 to be zero in a thin 
sheet test and denote it explicitly by T 3 . Thus, 

u l =2GS 1 +2F x f * + I ] 

[ (3.5) 



Then, similar to X(3.2) to X(3.3'), 

K-^) = 2G(S i -8 2 ) (3.6) 

(ul-ul)^2G(8 l ~T 3 ) (3.7) 

(u 2 -u 2 ) = 2G(S 2 -T 3 ) (3.7') 

Rubber is virtually incompressible and this requires 

u\u 2 ul = 1 (3.8) 

and so determines the transverse ser u 3 for given values of the 
other two ser. 

f Author, 1951. 
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3.4. Observations analysed. Plotting the ser and stress 
differences of X(3.6) in Fig. X,3.1 shows that the stress-ser para- 
meter 2G is practically constant of value 544 10~ 6 (gm/cm 2 )- 1 
over the stress range considered. However, plotting the ser and 
stress differences of X(3.7) in Fig. X,3.2 with the assumption that 
T 3 is zero gives the discontinuous curves shown 74> 13 . If the 



-4 




-76 -, 



. X,3.1. Planewise stress-ser differences for a thin rubber sheet tested 
by L. R. Gr. Treloar 74 - 13 under apparently plane two -stress homo- 
geneous loading. Such plotting of differences eliminates the isotropic 
stress component and determines the main stress-ser parameter 2(7. 
For limiting small strains G is the shear modulus. 



values of stress difference (Si T 3 ) are calculated from the values 
of ser difference (^1^3) using 2G of value 544 10~ 6 , then the 
dotted line is found. Then, denoting the value of T 3 by T 3 (l) to 
satisfy X(3.7), this is the difference between the discontinuous 
lines and the dotted line in Fig. X,3.2. 

Almost the same values of T 3 (2) are found as the difference 
between a similar set of discontinuous curves (S 2 T 3 ) vs. (v% u%) 
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and a dotted line of stress difference of value 2G(u% u 3 ). Differ- 
ences between T 3 (l) and T 3 (2) are found because the three equa- 
tions X(3.5) have not been solved as a group, but this is not 
important at present. Treloar tested other specimens of rubber 
and the curves in Pig. X,3.3 are taken from his book 13 . It is 




FIG. X,3.2. One component of the apparently plane, homogeneous two- 
stress plotted against the corresponding ser reduced by the ser vahie 
of the thickness when the rubber is incompressible. This assumes 
that the stresses on planes in the interior of the sheet and parallel 
to the main faces are zero to give a 'plane' two -stress. Stress j? 7 s(l) 
is the average through the sheet thickness of the non-zero third prin- 
cipal normal stress. This shows that the stresses are, in fact, quasi- 
plane. The dotted line is that for constant value 2G = 544 10~ 6 
(gm/cm 2 )" 1 used to calculate stress from ser values. 

of interest that when the applied stress tended to a one-stress then 
the transverse stress T 3 approached zero. 

3.5. Physical examination of the anomaly. Treloar made 
a careful examination of the phenomenon and concluded that the 
discontinuity of the curves was a real effect and not due to some- 
thing overlooked in the experimental technique. The possibility 
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that relaxation effects gave the discontinuity was removed by 
using a specimen of rubber swollen with medicinal paraffin to 
about twice its initial volume, as this was known to reduce 
relaxation times considerably, and yet the same phenomenon was 
observed. 

Simultaneous measurement of optical double refraction dis- 
posed of the possibility of crystallisation. An experiment on 
latex sheet gave the same effect and so disposed of possible initial 
anisotropy. The same values were found for the same rubber in 
an inflation test for which the strains were not homogeneous but 
for which the stresses were calculated from the engineering 




FH;. X.3.3. Another set of values, similar to Fig. X,3.2, from other tests 
by L. R. (I. Treloar. The black dots are the values for simple tension 
(not available for the rubber giving Fig. X,3.2), indicating zero values 
of the transverse stress T$ for such loading. 

formula of article IX, 1.4 for curvilinearly, homogeneously strained 
spheroidal balloons. 

The effect for the flat sheet was independent of order of applica- 
tion of forces 13 - 4 to the sheet, as may be seen by comparing Table 
X,l.l with Fig. X,3.2. It should be noted that, in all Treloar's 
tests, the sheet thickness was not measured but calculated on 
other evidence of incompressibility, such as that by W. L. Holt 
& A. T. McPherson 18 , for example. 

3.6. Comparison of main observations for plane and 
quasi-plane stress. The constant values 2G = 544 10-6 an( j 
2F 83 10~ 6 (gm/cm 2 )- 1 were used in the first two equations 
of X(3.5) to calculate ser values u% to <u% and plotted in Fig. X,3.4 
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to compare them with the measured values. Whether plane 
stress is assumed with T 3 zero, or quasi-plane stress with T 3 of the 
values already found to suit the three equations X(3.5), the values 
of u\ , u% calculated are practically the same. This is an important 
inference, because it means that if a complex stress distribution is 
assumed to be plane then the strains observed experimentally on 
the stress-free main faces of a thin sheet should correspond closely 



3 - 



Experi- 
mental 




/>, 


Er 


Stress 


'X 

*-! 


yf 
A 2 


Plane 





V 


Quasi- 
plane 





A 



Theoretical 



Fio. X, 3. 4. Experimental values of planewise er vs. theoretical values, 
assuming the constant values 2# 544 1Q- 6 , 2F - 83 !<)- for 
the stress-ser parameters. Two sets of theoretical values a-ro 
calculated: one set for plane two-stress and one set for quasi-plane 
two-stress for which the transverse stress is included in the first stress 
invariant. Er less than unity is for compression, while a value greater 
than unity is for tension. There is little difference for strains 
observed for plane and quasi-plane two-stress systems. Fair cor- 
relation of experimental and theoretical values is soon for tension, 
but the fit is not as good for compression with the assumed const-ant 
parameters. 

to those predicted by a correct theoretical solution. However, 
the predicted changes in thickness may be quite seriously in 
error because the stress distribution is, in fact, quasi-plane. 

3.7. Physical significance of the transverse normal stress. 

The integration of the equilibrium stress equation by means of the 
stress potential shows that the first stress invariant is constant 
throughout a deformed body when body forces are zero. The 
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value of this constant depends on the geometry of the boundary 
of the deformed body and the applied surface stresses, as, for 
example, for the sphere in article IX, 1. Again, when stress-strain 
parameters are isotropic and independent of position in a body, then 
strains compatibility, as in article VIII, 6 for example, requires 
that the first stress invariant shall be constant. 

Then, in the thin rubber sheet strained by planewise strings 
tied to lugs on the four sides, the value of the constant is deter- 
minded by the extremely complicated 'boundary' stresses and 
strain. Therefore, the interior of the thin sheet can feasibly 
have a complicated stress distribution. The stresses on interior 
faces parallel to the main, stress-free faces of the sheet can decrease 
very rapidly (but not, of course, at infinitely large rates) to zero 
at the main faces. The normal stresses S ly S 2 should be regarded 
as average values equivalent to some more complicated distri- 
bution. Similarly, the transverse stress T 3 should be thought of 
as an average normal stress equivalent to a complicated thick- 
ness-wise distribution and required to complete the average 
stress dyadic to give the strains observed on the stress-free main 
faces and through the thickness. Therefore, the stresses here are 
essentially the quasi-plane distribution of article V,18, whereas 
Filon's generalised plane stress could not suit the data because 
the transverse stress S zz is there hypothesised as identically zero. 



4. Relation between stress -strain and stress -ser para- 
meters for plane stress 

The relation between the stress -strain and stress -ser para- 
meters of the linear and quadratic theories of article X,2 is found 
readily. With qualifying superscripts to distinguish the F's and 
G's, add together the three equations of each theory to give 

X s = iK+^+^S-3)/(^+3^) = (e 1 +e 2 +6 3 )/((? c +3^) (4.1) 

Taking the difference of the two equations applying to obser- 
vations on the main faces of a sheet gives 

ifaJ-nSyG" = (ti-^/G* (4.2) 

Thus, with G u , F u known, then F f , G e can be found. Constancy of 
the parameters in one theory clearly precludes the constancy of 
the parameters in the other theory. 
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5. Strain energy, extension ratios and the definition of 
stress 

Elastic strain energy, in particular, is considered frequently in 
the literature 13 * 14 ' 17 ' 31 * 39 in terms of extension ratios, so it is 
of interest to consider it here. 

5.1. Strain energy per unit initial volume. Suppose an 
initial unit cube is stretched to a rectangular block having edges 
of length A? by current true stresses $j. The force on the plane 
normal to direction Aj is S^X^. Now, allow an incremental 
change in the forces and corresponding extension ratios. Neglect- 
ing second and higher order small quantities gives the increment 
work done per unit initial volume, briefly, as 

8w = SSWAgSA; (5.1) 



The current strain energy per unit initial volume follows by 
integrating this expression between the initial and current values 
of stresses and extension ratios. 

5.2. Strain energy per unit current volume. The volume 
considered now is always unity or virtually so for a current cube 
of deformed substance. Therefore, from instant to instant, as the 
deformation evolves, the unit cube of a deformable body does not 
consist of the same particles, as some migrate in and others 
migrate out. 

The force on a typical face is now S { . The increment work done 
per unit deformed volume in an increment deformation is 

8w = S^SjRi (5.2) 

i 

with SjR, the differential changes in length of the unit sides of the 
cube, regarding the current state as reference. Then, instan- 
taneously, with the currently deformed body as the reference, the 
initial length JRJ can be treated as a constant with respect to the 
increment deformation, so that 

AJ^^/JZJ (5.3) 

8AJ = 85,/E? = AjSjRi/tf, - X i 8R i (5.4) 

since the JRj are unity. Then 

Sw = SS,8AJ/A? (5.5) 
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The current strain energy per unit current volume follows by 
integrating between the initial and current values of stresses and 
extension ratios. 

5.3. Stresses and the strain energy. When unit energy is 
supposed to be a function of only the extension ratios, then the 
total differential of * initial' unit energy w is 

AJ (5.6) 



Comparison with equation X(5.1), and noting that the three 
SAJ are arbitrary, gives 

S i = (0w/0A?)/(AyAJ) (5.7) 

defining the true stresses in terms of rate of change of strain 
energy with respect to extension ratios and initial volume. 

Writing a total differential for 8w similar to X(5.6) and equating 
with X(5.5) gives the true stresses as 

S i = XUdw/dX'i) (5.8) 

Equating X(5.8), X(5.7) gives 

dwo/dXl = A?AA(0u;/0Aj) (5.9) 

A change of variable is sometimes convenient. Write 

AJ = expa t (5.10) 

or 

a, = log A? (5. 10') 

is the 'natural 5 or 'logarithmic' strain definition of Ludwig 41 , 
also defined independently by Hencky 42 and used methodically 
in his finite elastic strains theory. Then, in equation X(5.8), 

Si = dw/d^ (5.11) 

In dyadic form, with x the unit vectors in the principal normal 
strain directions for isotropy, this gives a sort of 'dyadic gradient 
operator' in strain-space in 

= Satfr^/Soi (5.11') 

i 

5.4. Incompressible substances. If the substance is in- 
compressible then 

AJASAS = 1 (5.12) 

Using this with its differential gives a condition to be satisfied by 
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the differentials of the extension ratios for an incompressible 
substance such as rubber, for example, 

(Aj)-iSAJ - (5.13) 

The logarithm of X(5.12) considered with X(5.10) gives the 
incompressibility condition as 

Sec, = (5.14) 

i 

while 

= (5.15) 



5.5. Stresses in incompressible substances. Equation 
X(5.12) in X(5.9) gives, for an incompressible substance, 

dw !^ = dw/dX? (5.10) 

From article X,l 

8 i =8 i X i (5.17) 

so that in X(5.7), X(5.8) with X(5.16) the nominal stress is 

(5.18) 



5.6. Strain energy for rubber under simple normal stress. 

A simple case of strain energy is that for rubber under simple 
tension S l9 say. Article 1,8 shows that true stress is almost 
linearly proportional to ser. Then, with constant (7, write 

Si = CT(A2)2-1] (5.19) 

With #2, #3 zero in X(5.5) substitute for Si and integrate to give 



(Aj-Aj-iJdAS = 6<{i[(A2)2-l]-log AJ} (5.20) 
1 

As an academic example suppose the ti l vs. Aj curve for simple 
normal stress on a highly elastic substance is fitted by 

S l = 6 y +JAj+^(AJ) 2 +i(AJ) 3 (5.21) 

with constants J, K, L. Then, with C J+K+L for zero 
stress with zero strain, on integrating the increments of strain 
energy, 

w = C log AS+J(Af-l)+tJf[(Af)*-l]+tii[(Af)-l] (5.22) 
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Generally, with constants C (n) , the simple normal curve is 
fitted by 

8, = (7<>(Aj) n (5.23) 

80 that 



w - tf<> log Aj+Sm- 1 (7 (m >[(Ai > ) rn -ll (5.24) 



5.7. Three-stress strain energy for a rubberlike sub- 
stance. Prom X(2.9) write 



8 i = e/K-l)+#(5X-3) (5.25) 

with the stress-strain parameters 

J = J0-1 
Substituting in X(5.5) gives 

Sw = 



Integrating partially with respect to AJ between the limits 1, A? 
gives 



w = i(J+^)2(A?)2-3+S{^[(Ap2 +( Ao)2_ 3] _j} log AJ (5>26) 
Rearranging and introducing the ser first invariant gives 



w = |J(|-3~S log tt J)+Jjr(fo-3)(l+S log tt?)-^Sttf log ^J 

(5.26') 
From X(5.25) the first stress invariant is 

X 8 = (J+3K)(p-3) (5.27) 

and substituting in X(5.26') gives the unit energy in terms of the 
first stress invariant. 

5.8. Incompressible substances three -stress strain 
energy. The incompressibility conditions are 

^X = 1 S log u\ = log (u\u 2 u = (5.28) 
From X(5.26 ; ), 

w = w'+w" (5.29) 

log tt ? (5.30) 



(5.31) 
with the last using X(5.28). 
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From X(5.8) the stresses are 

Si = X idw/dXi (5.32) 

Substituting for w from X(5.26') gives Si in X(5.25), from which 
the unit energy was calculated, but with w" = 0, the w' in 
X(5.32) gives a stress S^ not equal to the stress Si in X(5.25), from 
which X(5.29) was calculated. Thus, 

S^ = ui(JK log ui) (5.33) 

More generally than X(5.31), write the zero strain energy 
function with an arbitrary function W(u^) of the three u^ as 

w" = \W(ui) log (ulu%%) = (5.34) 

Then, using X(5.32) and X(5.28), the corresponding stresses are 

Si" = W(ufi (5.35) 

or as a stress dyadic, for isotropic stress W which is generally an 
arbitrary function of the ser's varying from point to point in a 
heterogeneously deformed body, 

& = W$ (5.35') 

Therefore, in an incompressible body, the absolute stresses acting 
cannot be prescribed by a strain energy function. For example, in 
an experiment on rubber, if the strain energy and ser's are 
measured, then the zero strain energy function w" escapes 
measurement f and the experimenter must, of necessity, cal- 
culate the stresses from w' in X(5.32), which gives S^ ^ S iy 
the absolute stresses acting. If the stress-ser relation X(5.25) 
applies then, from X(5.26'), 

W = J+K(3) (5.36) 



6. Other quadratic theories on strain 

This brief article cannot include all the writers on quadratic 
theories of strain or do full justice to the labours of those quoted. 
A recent survey and critical comparison of various theories on 
finite elastic strain are given by C. Truesdell 31 with a fairly 
comprehensive list of references which the reader can use as a 
starting-point from which to form his own J opinions. 

t Author, 1952. 

j Professor Truesdell shows a predilection for quadratic theories on 
strain and he does not notice the deficiency in R. S. Rivlin's only indepen- 
dent, fundamental postulate, as given in article X,6.6 here. Again, on the 
present author's work, nothing is given on which a reader can form his 
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It is convenient to introduce coined words as abbreviations to 
describe various deformation effects related to stress by the 
several writers. Thus, 

er = extension ratio, 
ser squared extension ratio, 
inver = inverse extension ratio, 
invser = inverse squared extension ratio. 

6.1. Cauchy, Green. Cauchy, in 1827 19 - 19 , derived the 
relationship defining a strain ellipsoid or the quadratic strain 
metric 

XjrVUxj, = (dR/dR)2 = u n (6.1) 

while Green, in 1839 19 - 20 , found the relationship defining the 
inverse strain ellipsoid 

xfrfhxjfe - (dRId&y - u'h (6.2) 

with 



These are formulated in volume I, article 1,2. 

With the unit vector successively in the principal directions 
there are given the principal normal invser and ser values 

u { = XiXitfl = (dRf/d.8,) 2 (6.4) 

ui = xfxf.fl = (dRi/dRff = ur l (6.5) 

The first invariants of X(6.3) are 



P = 3:fl' = Suf ' 

i J 

Saint-Venant, in 1847 19>2 , attempted to use the ser with 
Cauchy's nominal strain to analyse finite strain but, in error, 
actually treated infinitesimal strain with finite spatial-displace- 
ment, as was pointed out by Pearson in 1886 19>2 . 

6.2. B. R. Seth. In 1935 75 , B. E. Seth used strains defined 
by the dyadic ^(3 IE) to express stress. Rearranging, for con- 
venience here, his stress -invser relations are of the form 

fl - 2^+2^33:^+3 (6.7) 



own opinion, and Truesdell shows no understanding of the few aspects of 
the present theory which did secure publication. (Seo references 5> 70 , for 
example.) 
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This is similar to X(2.4) except that, here, the invser dyadic is 
used in place of the ser dyadic there. 
From this equation there follows readily 

x s - *(a* 7 +0)-itf-s) (.8) 

g=jm+[*(f-3)--JJJ (0.9) 

J = -1 K = 



It will be useful to have the unit strain energy for such a 
substance. Substituting in X(5.5) gives 

8ti> = X[(J4Jn(A?)-+^^ 

Integrating partially with respect to Ay between the limits I, Ay 
gives 

w=w'+w" (6.10) 



w = 

6.3. F. D. Murnaghan. In 1937 39 , F. D. Murnaghan 
analysed an increment of strain energy in an isothermal deforma- 
tion using both the dyadics J(J 11) and ^(Id 3) as strain 
measures. An isotropic substance is defined as one in which the 
strain energy w m per unit mass is unaffected by transformation of 
the initial coordinates R. On this basis, it is concluded that the 
unit strain energy must be a function of only the scalar invariants 
of J(3 IE). With true density m, and writing 

2/, = l-f 1 (6.11) 

then Murnaghan finds the principal normal stresses as 39>1 

8i = m(l-2/i)(^'Yd/i) (6.12) 

Using X(6.11) and its differential gives f 

S { = 2mu i (3w m ldu i ) (6.13) 

Change the variable with 

Ui = exp( 2a,) (6.14) 

and then 

, = m(dw ni /daL { ) (6.15) 

f Author, 1950. 
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When the substance is incompressible, so that m is constant, 
while strain per unit volume is 

w = mw m (6.16) 

then, 

8 i == dw/dxt (6.17) 

This is precisely equation X(5.11) formulated simply in terms of 
logarithmic strain without consideration of compressibility or 
otherwise. 

Murnaghan's formulation is complicated, but to see if it is 
justified for physico -mathematical consistency, the reader should 
consult his book, of 1951 40 . 

6.4. M. Mooney. In 1940 17 , M. Mooney considered the finite 
straining of rubber using three postulates 17tl : (i) 'the material is 
isotropic . . .'; (ii) c the deformations are . . . without change in 
volume'; (iii) 'the traction in simple shear ... is proportional to 
the shear'. He concludes 17<1 from (i) that w must be symmetric 
in the er. He gives a circular, cylindrical element an initial 
axial er AJ, uses (ii) and defines shear strain as (AJ)*(A A). 

By rather involved reasoning, which the present author cannot 
follow completely, Mooney considers strain energy involving 
several arbitrary functions for which the existence conditions are 
considered and he concludes that their form must require, 
generally, 

w = c*(o_ 3 ) + 0tf-3) (6.18) 

with , the ser and invser first invariants in equation X(6.6) 
while C, C are arbitrary constants which, effectively, are stress- 
strain parameters. 

By reasoning involving the differential form of the incom- 
pressibility condition and holding one AJ constant, then Mooney 
finds 17 - 2 ' 17 3 

S f - S, = XftdwIdXV-Wdw/dtf) (6.19) 

(This can be found simply by just taking the difference of any two 
of the three equations X(5.8).) Mooney states that 17 - 3 the 
stresses $, cannot be found from the strain energy function but 
only their difference (SiSj), because 'the strain energy is indepen- 
dent of the mean tension or hydrostatic pressure'. 

6.5. W. Kuhn, L. R. G. Treloar. In 1934-36 12 , W. Kuhn 
formulated a thermodynamical, statistical theory for the calcula- 
tion of simple tensile stress-strain relations in substances possessing 

243 



X,6.6 ANALYSIS OF DEFORMATION 

long-chain molecules. L. R. G. Treloar, in 1943-44 and 1949 13 , 
applied the theory to rubber and extended it to three-stress 
relations. Placing some restrictions on the undeformed and 
deformed shapes of a long-chain molecule and assuming incom- 
pressibility gave 13<l the unit energy 

w o = C(<>-3) (6.20) 

where C is a constant involving the number of molecules per 
unit volume, Boltzmann's constant and constant temperature. 
Treloar then finds 13 - 2 the stress difference 

S,-flf, = 2<7(tt?-tftf) (6.21) 

or 

Sj = 2Cu i +H (6.21') 

where H is described 13 - 2 as '. . .an arbitrary stress in the nature 
of a hydrostatic pressure . . . (which) will have no effect on the 
stresses . . .'. 

6.6. R. S. Rivlin. In 1948-54 14 , R. S. Rivlin considered a 
strain energy function to be the correct starting-point for a theory 
rather than any specific load-deformation experimental relation- 
ship. To restrict the mathematical form of the function, from a 
generality which is difficult to apply in particular cases, Rivlin 
gave two fundamental postulates: (i) the strain energy function 
must be symmetric in the ser's; (ii) the strain energy function 
involves only the ser's or the three invariants of the ser dyadic 
(i.e. the er's do not occur but only the (er's) 2 ). 

Comparison with article X,6.4 shows that postulate (i) is also 
Mooney's (i). Rivlin accepts zero volume change but seems to 
reject Mooney's postulate (iii). Rivlin arrives at postulate (ii) by 
assuming that the scalar er's 

A? - dRildBt (6.22) 

change sign with rotation of the element through 180. This is 
incorrect, as one may see by simply asking, 'What is an extension 
ratio of 3, for example? ' Rivlin has confused scalar and vector 
quantities. Mooney 17 - 4 states, explicitly, that the Aj are always 
positive. On this fallacious reasoning Rivlin finds Mooney's 
strain energy function X(6.18) and regards it as that for general 
deformation without noting that Mooney's form followed from 
a particular deformation. 

Using the well-known increment strain energy form in terms of 
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the AJ Eivlin finds Mooney's form X(6.19) but, like Treloar in 
X(6.21'), he separates the two stresses to give 

Si = 2(Cu i ~Cu i )+H (6.23) 

with H an 'arbitrary hydrostatic pressure'. 

Except for the fallacious postulate (ii) which he introduces 
independently, Rlvlin's theory and end results are just those of 
Mooney. Further, for the incompressible substance considered 
in most of Rivlin's work, article X,5.8 shows that the strain 
energy function cannot be taken as the starting-point for a theory 
(without further qualification) in denial of his initial reasoning. 

6.7. Collected formulae for an incompressible substance. 

For convenience of comparison, collect the relevant expressions 
for the various theories on incompressible substances. A super- 
script is placed on the present author's stress-ser parameters to 
distinguish them from Seth's, while, here, C = 
C = -_i(j_j_^Q f or better comparison with Mooney. 



Author (articles X,5.8, X,5.7): 

w = w' ' ~\-w" 
w' = 



(e>-3y\ log KitfwS 



NeJh (article X,6.2): 

w w' ~\-w" 
w' -Ctf- 

w" - - i[-2C-X-/m-3)] log 
S i - 



(6.25) 



Kuhn, Treloar (article X,6.5): 

w = C(f-3) 
Si = 2Cu i +H 



- (6 ' 26) 

3H J 
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Mooney, Rivlin (articles X,6.4, X,6.6): 






Author: The theory in equations X(6.24) evolved from the 
simple tensile test. Inspection of Seth's equations for stress in 
X(6.25) suggests that they may fit compression tests better than 
tensile. Therefore, a combination of the two theories may give 
good fit over both the compressive and extensive ranges of de- 
formation. Then, since the same physical event is analysed by 
each, they may be added and the factor J absorbed into each 
parameter throughout to give,f 

w = w'+w" 



(0.28) 



w" = = ||~ 2(0 - 
Si = (2^ , 



0.8. Comparative comments. A stress-strain theory on the 
finite straining of a substance of restricted isotropy should reduce 
to the generally accepted Hooke's law form for infinitesimal 
straining. The theories of Seth, Murnaghan and the present 
author do reduce to the correct form in which -occurs the first 
stress invariant. The theories of Mooney, Treloar, Kivlin do not 
reduce to a form in which occurs the first stress invariant unless 
the 'arbitrary hydrostatic pressure' is identified to include it. 

The idea that the first stress invariant is physically like a 
hydrostatic pressure and does not influence the finite elastic 
deformation of an incompressible^ substance appears to have been 
introduced by Mooney and propagated by Treloar and Rivlin, 
who simply neglect it and so find theoretically 13 - 3 that there is no 
unique relationship between stress and strain, because it depended 
on the loading sequence for a complex stress system, although 

t Author, 1952. 
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Treloar's own tests (see article X,3.5) showed that the strains in 
rubber are uniquely the same for any sequence of load application. 
Inspection of these authors' own equations X(6.26), X((5.27) shows 
that the first stress invariant can be introduced into any of the 
strain energy and stress -strain equations so that the statement 
and their formulation are inconsistent. The erroneous idea 
appears to be an extrapolation from infinitesimal straining in 
which the first stress invariant and first strain invariant, giving 
the value of the zero dilation, are related by a modulus of dilation. 
Thus, 

X?=Kl-2qtf (6.29) 

But for an incompressible substance q = J, so that the modulus 
becomes zero and allows the first stress invariant to be of any 
arbitrary finite value without affecting the dilational relationship. 
However, this does not mean that the first stress invariant does 
not enter into the stress -strain relationships. Further, the first 
strain invariant does not measure dilation in finite strain. 

The incompressibility condition does lead to the existence of 
arbitrary stresses, but through a zero strain energy function as in 
X(6.24), X(6.26), X(6.28), and not through the first stress in- 
variant. The 'arbitrary hydrostatic pressure* H in X(6.26) 
appears to be due to Treloar's generalisation and not due to 
Mooney who, explicitly, gives stress differences only. The idea 
of a zero strain energy function affecting the stress-strain relation- 
ships does not enter into the Mooney, Treloar, Rivlin theory. 

The strain energy function for the one-constant theory of 
Treloar in X(6.26) is found from the author's two-constant 
theory in X(6.24) by putting constant K = 0. The strain 
energy function for the two-constant theory of Mooney in X(6.27) 
is found from the author's four-constant theory in X(6.28) by 
putting K = = K. 

6.9. Compatibility of quadratic strains. The solution of a 
problem in heterogeneous equilibrium straining requires the satis- 
faction of the equilibrium stress equation, stress-strain relations, 
strain-displacement relations and boundary conditions on stress 
and/or strain and/or displacement. Suppose such a solution is 
available. The problem has not been solved unless the strain 
dyadic is single-valued and continuous. This is not necessarily 
ensured by Saint-Venant's conditions even for infinitesimal 
strains, as in article VIII, 15, but it is convenient to follow the 
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same processes here for finite quadratic strains to allow a com- 
parison. 

Equation X(6.28).4 is seen to include, as particular cases, the 
preceding four theories giving true stress Si in terms of principal 
normal ser u\ and invser MJ. Multiplying both sides by XjX|, 
adding the three such equations and rearranging gives the dyadic 
form 



+2(C-K-C-K)$ (6.30) 

From volume I, articles 1,2 and 1,4, 

m - 3-(vu+uv)+(VU)-(UV) 

11' = x lXl u? = (x lXl xJxJ):ia (0.31) 



Equilibrium of an element requires that 

div=V. = (6.32) 

The independent variable coordinates in the 'nabla' operator 
V are those of the point in the deformed body, whereas in V the 
coordinates are those of the point in the undeformed body. All 
writers agree on the necessity for using V in X(6.32) and not V. 
Therefore it seems rational to use V consistently in formulating 
strains compatibility conditions for the scalar components 
u ij9 u% (i = or ^ j) of Id, <H' respectively for general directions c t . 
Following the mode of approach to formulate Saint-Venant's 
compatibility conditions for infinitesimal strains we try to 
eliminate U from Itl by taking the curl and conjugate curl. 
Then, 

VxlExV = Vx[(VU)-(UV)]xV ^ (6.33) 

The elimination of the product term evidently needs compatibility 
conditions on 1ft even more complicated than those of Saint- 
Venant. Again, if we try to eliminate U from IE' the relation- 
ships are even more complicated because there occur such as 
V operating on V. 

F. D. Murnaghan 40 has, in fact, found the compatibility con- 
ditions for 1E using V (while actually using advanced tensor 
analysis) but warns the reader of the complications. When the 
strains are infinitesimal then Murnaghan's relations reduce to the 
Saint-Venant form 

V xia o xV = (6.34) 

248 



BUBBER DEFORMATION AND ITS INTERPRETATION X,7 

The solutions of particular, heterogeneous, finite strains 
problems as given by F. D. Murnaghan 40 and R. S. Eivlin u - 16 f, 
for example, have not been subjected to the test of satisfying 
compatibility conditions. (Rivlin, in fact, does not appear to 
have formulated any compatibility conditions.) From the 
present author's viewpoint, the compatibility conditions proposed, 
but not applied, by Murnaghan must suffer from the same defi- 
ciency as Saint-Venant's in not ensuring differentiability of the 
strain dyadic. (See article V,15.5 and the discussion of disloca 
tional rotation in Saint-Venant's theory of torsion in articles 
XI,5.13 and XII,7.5 or in volume I, article 111,9.) 

7. Theory for physically non-linear stress-strain rela- 
tions and mathematically linear strains relations 

The mathematically linear strains theory formulated in volume I 
and here, except for article X,6, considered total strains as linear 
in the stresses when secant moduli were used. The formulation of 
quadratic theories, as in article X,6, leads to great mathematical 
difficulties when the compatibility of heterogeneous strains is 
considered. The compatibility of mathematically linear strains is 
fairly readily examined, so that it is now appropriate to generalise 
the theory to include strains physically non-linear in stresses. 
A simple case is that for one-stress in Fig. 1,8.2. 

Only the elastic case is considered here, so that qualitative 
superscripts are unnecessary. Further, isotropy is assumed, so 
that the principal normal stress and strain dyadics are coaxial. 

7.1. Formulae from the physically linear theory. Chapter 
VIII gives the cross-references to the formulation of the following 
formulae. 

The relative-displacement D* and the strain dyadic M are 
related by 

VD* = ffl = SepqXi (7.1) 

while, with the straining equivalence principle for straining- 
displacement D, then 

(-R 

D * D* = <IR>$K (7.2) 

Jo 

f See volume I, reference 24 for a more complete list. 
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The single-valuedness and continuity of the strain dyadic is 
assured if 

curl m = (7.3) 

The stress dyadic f& obeys the law 

div & = div SSiXft - (7.4) 

i 

for equilibrium when body force is zero. This can be integrated 
by using the extended potential theory f to represent the stress 
dyadic. Thus, 

-VVJf (7.5) 

while 

V2jf=c = x = J:g (7.6) 

with x ^e first stress invariant and arbitrary constant C. 
The stress-strain relation is 

e, = $>i: (7.7) 

with the stress-strain parameters dyadic, for general isotropy, as 

(7.8) 



7.2. Physically non-linear stress-strain relations. The 

formulation of equations X(7. 1 ) to X(7.6) did not require any know- 
ledge of the stress-strain properties of the substance, so they are 
still valid for a body of substance having physically non-linear 
stress-strain properties. Therefore, any change needs to be in 
equations X(7.7) and X(7.8). 

Suppose that each principal normal strain can be resolved to a 
spectrum of components e[ u} of which the n'th involves the stresses 
to the n'th degree. Thus, 

e, = Sei n > (n = l,3,5,...) (7.9) 

with 

6 [n> _ $i:ga (7.10) 

and 

. ... (n terms) = Sfl^x, 1 

i~?i^ J 

or 

ej n > - ^ n W i n ^ n i Vj n) /S J n --gi c - ) i0k n) S k n (7.12) 

The moduli /4 n) and transverse contraction ratios ^" k are pheno- 

menologically appropriate to the stresses S^ of degree n. The n is 

t 8ee volume I, appendix C. 
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odd in X(7.9) because the partial-strains must change sign with 
the stresses. 

If restricted isotropy can be postulated, then there occurs the 
simpler form 

ei n > = 

j>(7.13) 



7.3. Compatibility conditions. The reader should note care- 
fully that the stress-strain parameters cannot be chosen arbi- 
trarily, as they must comply with X(7.3) at least. Thus, 

curl SSpi n) l^XjXj - (7. 14) 

Further, for rubber the condition of incompressibility may be 
imposed. The satisfaction of X(7.14) may be exact or else 
approximately so in the ' applied theory ' sense of being within a 
stated order of numerical accuracy. (See article C,4.5 for a 
general discussion.) When a valid strain distribution has been 
found, then the initial, undeformed shape, corresponding to the 
current, deformed shape, is found from X(7.2). 
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Chapter XI 
COUPLES APPLIED TO MASSIVE BODIES 

1. Two couples applied to one or more surfaces of a body 

As particular cases, the torsion of thin- walled circular tubes by 
forces applied to planes normal to the axis is given in chapter IV. 
Another common example is that of a stick gripped between the 
hands and twisted about its axis by shear stresses applied to its 
cylindrical surface. Again, a finger thrust into a tube and rotated 
axially can supply axial torque by circumferential shear stresses 
on the inner surface of the tube. Torsion can be applied to a ball 
held in cupped hands which are then rotated in opposite directions 
about an axis joining them. Further, the gripped stick can be 
'bowed' due to bending as well as twisted due to torque. The 
reader will be familiar with many such homely cases of couples 
applied to bodies. 

The problem is to give them, in general, convenient mathematical 
form for analysis of such special cases. The feature common to all 
these cases is that each surface of the body can be subdivided 
into two parts of areas A', A" loaded by surface stresses S n ', S n " 
respectively, while a third part of the area is A'" left unloaded or 
constituting the boundary between A' and A" where these are 
contiguous. 

1.1. Moment of an elemental force. In Fig. XI, 1 . 1 , dA is an 

elemental area with unit normal n and on which acts stress S n . 
The moment of the elemental force S n dA about a point O is 

dQ = dQq - (S n dA)R sin [R, SJq 

= Rx S n dA = Rx^-dA (1.1) 

with stress dyadic jg, the elemental vector area dA = ndA and 
vector product denoted by the 'cross'. 

The points and R are in translatory equilibrium, so force 
S n dA acting at will be the equilibrating force for S n dA, while 
these two equal and opposite forces constitute a couple of arm 
sin [R, SJ. 
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1.2. Moments due to the surface forces in each zone* 

Use XI(l.l) to calculate the moment Q' at a point 0' due to 
surface stresses S n ' acting on surface A'. Thus, 



= f 



(1.2) 

A' 

and similarly for area A" 9 

0" = JR" X ".C/A" (1.3) 



A" 




FIG. XI, 1.1. The elemental torque due to an elemental force given by 
stress acting on an elemental area. The direction of the elemental 
torque is normal to the plane of the stress vector and the position 
vector. 

Notice for future applications that surface area A is composed 
of all exterior and interior surfaces of the body, while the sub- 
areas A', A", A'" of A are arbitrary for the particular problem. 
Thus, for the tube twisted axially by loading on the exterior and 
interior surfaces, on the exterior surface A* ^ ^ A'", A" = 0, 
while on the interior surface A" ^ ^ A' n ', A' = 0. 

For equilibrium, 

q" = -q' Q" = Q> (i.4) 

Notice that the axes of these two couples are only required to be 
parallel and not necessarily coaxial. 
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1.3. Body in translatory equilibrium. The body is required 
to be in translatory equilibrium, so that the sum of the integrals 
of the forces over A' and A" is zero. However, for the present 
case of couples only applied to the body there is the further 
restriction that each integral shall vanish. Thus, 



(1.5) 



A' 




Fiu. XI, 2.1. The diagrammatic deformed shape of an elastic body under 
torque Q due to shear stresses only on the plane ends of the body is 
shown in (a). Unit vector c z is normal to the plane ends of the body. 
Unit vector n is a typical unit vector normal to the stress -free surface 
of the body at that typical point. Release of load gives the dia- 
grammatic shape of the body in (6). In general, all the plane sections 
of the deformed body are warped in the unloaded body. 

2. Torque applied to plane sections of bodies 

Fig. XI, 2.1 (a) shows diagrammatically a deformed elastic body 
with plane, parallel end surfaces on which act shear stresses of 
which the aggregate constitute an applied torque Q of the same 
magnitude on each end surface. There is no resultant extensile 
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force or 'bending' moment because the normal stresses on the 
plane ends are zero. Fig. XI,2.1(6) shows diagrammatically the 
elastic body when the torque Q is removed. In general, the 
loaded plane ends will not be plane in the unloaded state. 
Similarly, all other sections will 'warp' in general from the un- 
loaded to the loaded state. 

It is important to notice that only the stresses applied to the 
ends of the body are under the control of an experimenter. 
Any hypothesis on the value of stresses internal to the body needs 
justification. The reason for an explicit statement of such a 
truism is clear by considering the Saint-Venant approach dis- 
cussed in article XI,5. 

2.1. Mathematical form. Suppose the upper, plane end of 
the body is A' with unit normal c , the lower plane end is A" 
with unit normal c s , while the stress-free surface is A'" with 
unit normal n. Stresses S ', S/' are shear stresses, so that 

S' = V=8 m " (2.1) 

Resolve S/, S/', R', R" to the general, curvilinear directions 
c a , c h (as in article A, 7) in the plane ends of the body, and then 
dA f = dR a 'dR b ' 9 dA" dR^'dR b " are the elemental curvilinear 
areas. Expanding tho integrands in article XI, 1.2 gives 



Q' =c c 

*A' i 

rr } (2.2) 

Q" = ~c \(E 

A" 
with the restriction that 



JHJ 



(2.3) 
A' A" 
There must be no resultant force on each plane end, so, further, 

f Js fl 'WZ a 'JB 6 ' = = l!s a "dE a "dR,," (2.4) 

A' A" 

Also, the area A'" must be stress-free, so, there, 

n."' = (2.5) 
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2.2. Stress -free surfaces and the stress potential. Con- 
sider the stress-free surface of the body in terms of the stress 
potential If. Then, 

S* - n-VVff = n-V(Wf ) = (2.6) 

Choose a pair of unit vectors 1, m tangential to the stress-free 
surface at the point for which the normal unit vector is n. Then, 
1, m, n constitute a mutually orthogonal set at the point. 
Define a set of orthogonal lines, generally curvilinear, in the surface 
and of lengths L, M and of length N in the volume enclosed and 
tangential to 1, m, n respectively at the typical point. Then, at 
this point, 

V( ) = n( ) ;N +m( ). tM +l( ) ;L 

n-V( ) = ( ). (2.7) 

Therefore, for the surface to be stress-free at the point 

= (2.8) 



3. Torsion of a frustum of a hollow, elastic sphere of 
restricted isotropy: theoretical 

An exact solution of the torsion equations of article XI, 2 will 
be sought by first postulating a simple form for the stress potential 
in cylindrical coordinates (R r , 6, R s ) and then finding the shape of 
the deformed body having the required stress-free surfaces A'". 

3.1. Stresses. Choose the stress potential 

H=KR 3 (3.1) 

with undetermined constant K. For cylindrical coordinates, 
articles VIII, 10, A,9.1 show that the only non-zero stresses are 

(3.2) 

Article VIII, 11 shows that integration of the equilibrium stress 
equations gives the first stress invariant 

a zero constant here, since all the normal stresses are zero. 

3.2. Stress -free surfaces. Article XI,2.2 shows that the 
stress is zero at a point of a surface normal to n when 

(Vff ), N = (3.4) 
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From article A,8.1 with H independent of B r 

VH = R r -ic e H ;9 +c z H lz = K(R r ~iR 2 c e +c z 9) (3.5) 
Then, with c z constant, 



+KS r -Wfy.j f +KO. Jt c. = (3.6) 

Choose n, and hence dN, to lie in the plane 8 = constant, so 
that 6. N = = c e . N , to give on rearranging, 

R r . N R r 
say. Fig. XI,3.1 shows that this is satisfied when the stress-free 




Fit;. XI, 3.1. With a point moving over a spherical surface so that N is 
constant, then R z jR r equals (dH s /dN)/(dR r /dN) as required for the 
stress -free surface of the torsion problem when the stress potential is 



surface is spherical, of radius N. Some representative shapes of 
the resulting family are shown in Fig. XI, 3. 2. 

3.3. Torque. The torque on any plane with inner, outer 
radii 6 i} b of a given hollow sphere of radii a { , a is given from 
equation XI(2.2), XI(3.2).2 as 



Q = S zd R r *d0dR r = 

Jo Jfci 
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But, with h the height of the plane from the plane R z = 0, 

so that the applied torque, of the same value on each plane, is 

Q = Kir(aJaf) (3.10) 



3.4. Strains. Since, in XI(3.3), the first stress invariant is 
zero, then the elastic strain dyadic with stress -strain parameter 
G similar to that in article VIII, 5. 5 specialised, is 

m = oss = own (3.ii) 




FIG. XI, 3. 2.- -Representative shapes for a family of frustums of hollow 
spheres with axial torque Q applied as an appropriate circumferential 
shear stress distribution on the plane ends and independent of circum- 
ferential position. The spherical surfaces are stress -free. 

Using the cylindrical coordinates form of W in article A, 9.1 with 
H from XI (3.1) gives all strains zero except 

e r& = -GKR Z R~* e ze = GKR-* (3.11') 

3.5. Displacement potential and relative -displacement. 
From article VIII, 12, with arbitrary vector W and x s zero, then 
the displacement potential is 

e=OH (3.12) 
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The relative-displacement 

D* =\re=GK(R r -iit & c Q +ec K ) (3.13) 

The stresses and strains are zero at R r -> oo, so that whole- 
body rotation is zero because there is at least one point suffering 
zero spatial-rotation even if it is at infinity. Therefore, spatial- 
displacement 

U = D & D* (3.14) 





(a) 

FIG. XI,3.3. A lamina of thickness h at the basal plane position in a 
frustum of a hollow sphere. The dotted lines give the shape under the 
applied torsion, while the full lines are those correspondingly in the 
undeformed lamina. A physical discontinuity occurs at =^ 
although the stresses have the same value on each side of the 'slot', 
which opens when the applied torque is removed. 

Kg. XI,3.3 shows diagrammatically the straining-displacement 
adjacent to the inner boundary. Since D z has different values at 
= o, 6 = 27T, this means that the hollow sphere has a physical 
discontinuity or ' cut ' along the plane 9 = 0. The two planes 
= 0, = 2n are in contact when the body is deformed by the 
applied torque and in this sense the body is sensibly continuous. 
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Such a solution is ' dislocational' in the Volterra theory, which 
would suppose the body to be physically continuous at = 0. 
This fallacious theory is discussed in volume I, article VI, 12. 

The reader may find it of interest to use H = KR S log R r = G\Q 
and find discontinuity of stresses as well as displacements at 9 0. 

3.6. Inherent or residual stresses. Suppose the initially 
unstrained body is made of the required shape and loaded appro- 
priately with torque on the planes normal to OR Z and with the 
same values of S rd9 S zd as in XI(3.2) on each side of the slot at 
zero. Now, to all external appearances, the hollow sphere is 
continuous with continuous stresses since the slot has closed up. 
Suppose a perfect weld is made to join the two contiguous faces 
of the slot and leave a homogeneous hollow sphere with the 
stresses unchanged. If, now, the applied torque is removed the 
body cannot assume a stress-free state because the two faces of 
what was the slot at = cannot separate and be unloaded as 
part of the surface under the control of an experimenter. Thus, 
removal of torque gives a body having inherent or residual 
stresses. 

Thus, the arbitrary restriction that the internal stresses S zQ 
of the body should be independent of R z leading to KR Z Q as a 
choice of stress potential leads to a problem in residual stresses if 
the body from which applied surface loading has been removed is 
to be solid. This problem of evaluating the change in stresses 
from the initial residual values to the current values and the 
change in shape to give the required spherical form has not been 
solved. 

4. Further consideration of the approximate analysis of 
torsion of a thin -walled, right, circular cylinder: 
theoretical 

Articles 111,7 to 111,12 consider the shear stress S xv equal to T, 
say, acting on a strip of thin sheet. In terms of the stress potential 
for cartesian axes OR X R V R Z with the main faces of the sheet 
parallel to the plane ORyR y this is 

T=S^=K xy (4.1) 

so 

H=TR x R y (4.2) 

gives the correct shear stress and all other stress components are 
zero. 
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4.1. Plane stress solution adapted to cylindrical coordi- 
nates. This plane analysis was adapted to give an approximate 
analysis of the axial torsion of a thin-walled tube with axis OR Z 
that of the tube when using cylindrical coordinates (JR r , 9, B z ). 
Thus axis OR y of the plane analysis becomes OB Z9 while R x of the 
plane analysis becomes the length B r 6m the cylindrical coordinates 
with R r the radius of the tube. The axis OR Z of the plane analysis 
is in the radial direction for the tube. Then, for this adaptation 
XI(4.2) gives 

H - TR r OR z (4.3) 

Provided that this stress potential is a suitable Poisson solution 
the cylindrical stresses are found by suitable differentiation as in 
article VIII, 10. This gives the non-zero stresses 

S eo = TR-i 0R Z S ez =T S zr = T0 (4.4) 



4.2. Deficiencies of the adapted solution. Article VIII,11 
shows that the sum of the normal stresses must be constant but, 
in fact, equals TR r - l R z 6 here, so that the adapted stress potential 
is not suitable. The strains for such a stress distribution will 
not satisfy the compatibility conditions. Further, some of the 
stresses are not independent of as required. 

Therefore, the intuitive wrapping of the plane sheet under shear 
stress only into a thin-walled tube acted upon by circumferential 
shear stress only is not formally allowable. Only when the 
radius of the tube is infinite does the stress S ee vanish in XI(4.4) 
while SST is independent of R r and has a discontinuity at 6 = 0, 2?r. 
The stress-potential function KR Z of article XI,3 gives the 
circumferential shear stress K/R r as the only non-zero stress 
when the R z coordinate is zero. Thus, a narrow frustum of the 
sphere of that article approximates to a similar short length of 
the thin -walled right tube. 

5. Saint -Venant's theory of torsion of right cylinders of 

arbitrary cross -section 

5.1. Coulomb's theory for the torsion of circular cylin- 
drical threads. Coulomb, in 1777 19 - 1 , gave a theory for the 
torsion of threads or rods of circular cross-section. This assumes 
that a plane passing through the axis of the initially untwisted 
thread deforms to a helical surface in which the initial radius 
vectors remain straight. Then, geometrically, with T the constant, 
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Fia. XI,5.1. The dotted lines show the loaded, infinitesimally strained, 
right, circular cylinder of unit length of the Coulomb theory on torsion. 
When the boundary of the cross-section is of arbitrary shape as in 
Saint- Venant's theory, then the corresponding unloaded body is 
shown by full lines. Plane cross -sections 'warp', but the displace- 
ments observed in the lower view are those for the theory of Coulomb 
or that of Saint-Venant, as both assume that radius vectors remain 
straight. The 'angle of twist' T is that relatively between radius 
vectors unit distance apart axially. 

infinitesimal angle of twist | per unit length of rod (as in Fig. 
XI,5.1), the infinitesimal circumferential spatial-displacement of a 
point at radius B r is of magnitude 

U=R r TR z (5.1) 

when the axis of the rod is in direction OE Z of the spatially fixed 

f This symbol has been used for shear stress in article XI,4. 

262 



COUPLES APPLIED TO MASSIVE BODIES XI,5.2 

cartesian axes OEJRyE^ Thus, initially plane sections normal 
to OR Z are assumed to remain plane. With U x , U y , U e , the spatial- 
displacement scalar components, then, on resolution of U, 

U x = -TB y E z U y =TEM x U Z = Q (5.1) 

5.2. Saint -Venant's extension of the Coulomb theory. 

Saint -Venant extended the Coulomb theory to right cylinders of 
rectangular and elliptical cross-sections in 1847 19 - 2 and then to 
any arbitrary cross-section in 1855 19 - 7 . Saint-Venant accepted 
the Coulomb form for U x , U y in XI(5.1) but supposed that U z 
is a function U Z (E X9 E y ) independent of E z . Therefore, generally, 
the initially plane sections normal to OE Z do not remain plane under 
load but all 'warp' to the same shape. This followed from an 
approximate analysis by Cauchy 19 - 5 in which Saint-Venant 
noticed that the warping of sections was implied. Thus, it is 
assumed that there is a line, within the cylinder and parallel to 
the surface generators, that remains straight and is an axis about 
which all sections rotate without change of shape (except 
for warping) under the torsion. This is the so-called axis of 
twist. 

Cauchy doubted the validity of Saint-Venant's assumptions 
that the projection of radius vectors on planes normal to OE Z 
should remain straight after torsion of the arbitrary cylinder 19 - 6 . 
This assumption is important, so that a quotation f from the 
u History" of Todhunter & Pearson is worth while: ' . . . Saint- 
Venant assumes that the angle of torsion T, corresponding to a 
unit length is constant', Cauchy proposes to generalise this by 
assuming I 7 to be a function of the distance of the point from the 
axis. Saint-Venant himself pursues this suggestion in a note on 
pages 341-343 of his Torsion, and shows that it does not lead to 
any results of practical value.' 

The present author arrived independently at Cauchy's doubt 
and shows in article XII, 1 that Cauchy 's suggestion is most valu- 
able, since it leads to an analogy with flows of irrotational fluid 
as originally suggested qualitatively by Thomson & Tait 19 * 4 
and giving important practical solutions. Saint-Venant's analysis 
will lead to analogy with the flow of rotational fluid of constant 
vorticity, but this is not as easy to achieve experimentally as the 
irrotational flows. 

f The symbol T here is given as r by Todhunter & Pearson. 
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5.3. General equations required for particularisation to 
Saint -Venant's theory. The further inferences that follow 
from the theory can be followed more closely if there are collected 
here the various general expressions to be particularised for 
torsion. The generalised Hooke's law is, with the first stress 
invariant 



I (5.2) 

with four more similar expressions for e yy , e sc , e yz , e zx . The 
equilibrium stress equations with zero body force are three such as 

S*x;x+Syx:y+8zxx = (5.3) 

The stress -free cylindrical surface for which the typical normal 
unit vector is n normal to the axis OR Z requires 

Sjfj.Hj.+SjyJly = SyyUy+SfyHj. = $> y^Hy + ti ^71 X = (5.4) 

with n x , n y the direction cosines of n with respect to OR X , OR y 
respectively. Saint-Venant's strains compatibility conditions 
are six such as 

p -\-p 

x x\ yyi^yy'ixx 
^'.US+^VKXX = ' 

with the other four expressions found by cyclic interchange of the 
subscripts x, y, z. 

5.4. Infinitesimal spatial -displacement, strain and stress 
relations. The first two equations of XI(5.1) arid the assump- 
tion on U z then reduce equations XI(5.2) to 

<W = = e yy e xy = V= e sz (5.6) 

U z . x -TR y = 2GS SX U Z , U +TR X - 26^ (5.7) 

The six strains compatibility conditions, with XI(5.6), reduce to 
two non-zero expressions 

5.5. Stress assumptions and boundary conditions. ISaint- 
Venant now assumes, further, that 

j = = jS jS r =z=0 S (59) 

to satisfy all of the four equations XI(5.6) when considered with 
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XI(5.2). This assumption reduces the equilibrium stress equations 

to 

(5.10) 
(5.11) 

and the boundary conditions XI(5.4) to 

SyJly+S^ = (5.12) 

But, from Fig. XI,5.2, 

(5.13) 



5.6. Laplacian equation and boundary conditions for the 
warping displacement. Differentiating the two equations 



dR, 




\ 



-A* 



FIGS. XI, 5. 2. An olemontal length of the boundary of the cylinder, with 
elemental lengths in the directions of the coordinate axes in the plane 
of a cross -section, define an elemental area adjacent to the boundary 
for which the unit outward normal is n. 

XI(5.7) with respect to .R,, E y respectively, adding together and 
using XI(5.11) gives 



Q (5.14) 

while XI(5.7) with XI(5.13) in XI(5.12) gives the boundary 
condition 

(U s . x -TB y )(dRJdL)-(U zly +TE x )(dR x /dL) = (5.15) 
These are the two equations given originally by Saint-Venant 19 -*. 

5.7. Boussinesq stress function and its boundary value. 

Boussinesq, in 1871 19 - 3 , introduced a stress function /J to satisfy 
XI(5.11) identically. Thus, with j8 a function of B X9 R y only, 

*, = -fe S zx = fl. y (5.16) 
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Substituting in XI(5.7), differentiating suitably and subtracting 
to eliminate U s gives 

= -T/G (5.17) 



Substituting XI(5.H>) in the boundary condition XI(5.12) with 
XI(5. 13) gives 

P lx (dR x ldL)+p. ll (dR y /dL) - dp/dL = (5.18) 

and so the stress function /? is constant along the boundary. 
This constant value can be zero without loss of generality. 

If /J is a laplacian then the right-hand side of XI(5.17) must be 
zero with T 0. But a zero T means that the cylinder is not 
deformed and so represents a trivial case for Saint -Venant's 
theory of torsion. 

5.8. Spatial -displacement by integration. The spatial- 
displacement component is found by substituting from XI(5.16) 
in XI(5.7) and then integrating the resulting two equations. The 
components U X9 U y are just as in XI(5.1). Collect for future 
reference : 



5.9. Torque. The torque is given by article XI, 2.1 with 
article XI, 5. 7 as 

Q = 

A 



A 
Integrating by parts gives 



rr -jr rr 

\RJ.,dR f 8R v = WM\* S - 

A J^-) 



A 
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with j8( -), j8(+) zero on the boundary at the limits of integration 
and E y (), R y ( + ) the limits for the direction OR y . Similarly, 



Therefore, 

R,, (5.20) 



5.10. Membrane analogic solution. An analogy between 
the Saint-Venant theory of torsion and uniform transverse 
7>ressure P on a slightly deflected membrane having a boundary 
of the same shape as the right cylinder cross-section was intro- 
duced by L. Prandtl 25 in 1903. This is merely summarised here 
to indicate its nature, so the reader should consult the book by 
8. Timoshenko 23 - 1 for a clear, concise account. 

Denote by Z the small transverse deflection of the membrane 
under the uniform pressure. If H is the uniform tension in the 
curvilinear membrane, then the equilibrium of an element yields 
the equation 

V2Z = Z. XX +Z. W = -P/H (5.21) 

Comparison with XI(5.17) gives the required analogue, 

Z = JB P/H = TIG (5.22) 

The contour lines Z constant correspond to the stress-function 
trajectories j8 constant. The value of the resultant shear stress 
at a point is given by the maximum slope of the membrane at that 
point. 

The foregoing applies to a singly connected cross-section of the 
cylinder; that is, one without holes inside the outer boundary. 
When there are holes so that the cross-section is multiply- 
connected, then the membrane analogy becomes inelegant because 
the height Z at each interior boundary needs to be adjusted and 
this is not easy experimentally. 

5.11. Constant -vorticity, inviscid, incompressible fluid 
analogic solution. If o> is the 'rigid-body' angular velocity of 
an element of fluid, then the vorticity of the element in a two- 
dimensional flow is 

2o> = V y . x -V x , y (5.23) 
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with V XJ V y the velocity components at the given point. The 
condition of continuity for the incompressible fluid, ensuring that 
the same volume of fluid flows away from the point as to it, is 



Q (5.24) 

Satisfy this equation with the stream function ]8 by substituting 

F*=-Air Fy^Aa (S- 2 *) 

Substituting these expressions in XI(5.23) gives 

= 2ai (5.26) 



J. Larmour, in 1892 26 , pointed out that this is analogous to 
XI(5.17) if a} is constant. Thus, in the analogic sense, together 
with XI(5.16), 



-Zy0 - 2co ft y = S zx = -V x -ft. = S zy = -V y (5.27) 

5. 12. Experimental circulation of constant -vorticity fluid. 

H. Lamb 15 considers the irrotational motion of fluid con- 
tained in a boundary of arbitrary, fixed shape that rotates 
with constant angular velocity CD relative to fixed space about a 
point within the boundary 21 - 9 . The details of finding the com- 
plex potential are not given here, but article XI,7.6 illustrates the 
stream function in such a case for an elliptic boundary. The 
stream function for flow relative to the rotating cylinder is 
analogous to the Boussinesq stress function for torsion. The 
constant vorticity is given by, quite literally, rotating at constant 
angular velocity the fluid within a boundary of the same shape 
as the cross-section of the cylinder. The velocity relative to the 
rotating boundary gives the stresses as in XI(5.27). 

This analogy appears to have advantages over the membrane 
analogy of article XI,5.10. The membrane is usually a soap 
bubble that is rather fragile, while its shape, the slope, contour, 
etc., are not easy to measure. The membrane analogue is parti- 
cularly difficult when there are holes in the cross-section. A 
shallow tank of the required cjoss-sectional shape filled with 
water can be rotated at constant speed o>. Dye that does not 
disperse too quickly can be injected to define streamlines that 
can be photographed by a camera rotating with the tank. 
Velocities can be measured by hot resistance-wires, for example, 
and their readings taken via slip-rings to the outside measuring 
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bridge. | Holes of any shape and size are represented by cylin- 
drical obstacles placed appropriately in the circulatory flow. 

5.13. The laplacian Boussinesq stress function and a 
modification:]: of the Saint -Venant theory. The solution of 
the present torsional deformation problem requires the satis- 
faction of: 

(i) Equilibrium stress equations. 

(ii) Cylindrical boundaries are stress-free. 
(iii) Saint-Venant's compatibility conditions for the Navier, 

Cauchy strains. 
(iv) Stress -strain relations for restricted isotropy. 

Saint-Venaiit assumed that 

(A) 8 m = 0=8 w 8^ = =S a 

With these assumptions on the stresses then (i), (ii), (iii) arc 
satisfied by 

& ax = P;y zy = ~~ P;x 

j8 constant on the boundary 



with stress-strain parameter G. 

Condition (iv) needs closer examination. Suppose that: 

(a) j8 is the imaginary part of y, a function of the complex 
variable c. 

Then, with i = \/( 1) and the two-dimensional laplacian 
operator, 

7 = +# c = B x +iB v } 
*=fty ;v = -A* \ (5-29) 

V2<x = = V2 J 

From the last two equations of XI(5.28), 

)/G = . (5.30) 



f Mr. C. R-. Urwin 27 suggested the Kelvin double bridge for such con- 
ditions whore resistance changes at the brushes are superimposed on the 
small resistance changes at the hot wire. The present author suggested 
the modification of the simpler Wheatstone bridge by potential leads and 
high-ratio arms. 

t Author, 1951. 
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If j8 has been chosen so that whole-body rotation is zero, then 
U = D, the straining-displacement. This is assured if, for 
example, the stresses vanish at infinity or at the origin of 
coordinates on the 'axis of twist', so that at least one point 
suffers zero spatial-rotation. Further, for infinitesimal strains as 
assumed by Saint-Venant D = D*, the relative-displacement, 
while &l, z = D* ;x , .... Then XI(5.30) gives 

U 2 = 2*G ' U X =2B S *. X G+X U y = 2B z x. y G+Y (5.31) 
with X, T each arbitrary functions of both B x and B y . Compari- 
son with XI(5.1) shows that a would be second-degree only in 
B x . By for radius vectors to remain straight. Function a can be 
of any degree to suit XI(5.29), so that radius vectors do not remain 
straight in general. As noted, Cauchy felt intuitively that this 
should be so and doubted the validity of Saint-Venant's assump- 
tion. 

Notice that, apart from the theory formulated in this treatise 
for convected axes, etc., it could have been assumed that 

(b) U^ = U W U s;y = U y;s (5.32) 

without being more arbitrary than Saint-Venant in assuming that 
(B) U^-TRyR, U y =TB 3 B x (5.33) 

This arbitrary assumption by Saint-Venant led to the poissonion 
distribution of /? in XI(5.17), while the present author's (b) led to 
the laplacian distribution in XI(5.29). With T = 0, for XI(6.17) 
to be laplacian gives the trivial case of zero deformation accord- 
ing to the Saint-Venant theory. 

Article XII, 7. 5 discusses further peculiarities of Saint-Venant's 
theory in leading to physically unacceptable ' dislocational 
rotations' independent of stress. Further, maximum shear 
stress does not necessarily occur at the point of the boundary 
closest to the axis of twist, as predicted by Boussinesq from the 
yaint-Venant theory. Filon, in 1899 10<J , questioned the validity 
of Boussinesq's general inference and gave an example to illustrate 
his objection. 

0. A specialised theory t of torsion of non -cylindrical 
bodies 

The shear stresses S zx , 8 zy in terms of the stress potential Hare 
8 ZX ^K ZX 8 zy ^H, sy (6.1) 

t Author, 1951. 
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for cartesian coordinates OR r R }/ 7L. Suppose these stresses are 
independent of R z as in Saint-Venant's theory of torsion. 

6.1. Stress potential function. This condition is satisfied by 

H=E^(R n E y ) (6.2) 

with cf.(R x , R y ) a function of R x and R y only, to give 

S^ = *. x S Z y = *. y (6.3) 

This supposition must be noted as an arbitrary restriction on the 
distribution of the stresses in the body interior, although, strictly, 
only the stresses applied to the end surfaces are under the control 
of an experimenter, as noted in article XI,2. 

6.2. Boussinesq stress function is the conjugate of the 
stress -potential function. Comparison with the Boussinesq 
stress function ^(R^ R v ) of article XI,5.7 shows that 

-A* - *;y P;y = *;x (6.4) 

These are the Oauehy-Riemann conditions of article B,3 ensuring 
that 

y(c) - <x(fi,, Ry)M(R^ R y ) (6.5) 

is differentiate with respect to the complex variable 

c = tt f +iS y (6.6) 

The functions a, /? are said to be conjugate. Article B,4 shows 
that the family of curves a constant intersects orthogonally 
the family of curves /J = constant. Article B,5 shows that a, )8 
are both laplacian, so that, with the two-dimensional laplacian 
operator, 

V 2 oc -= V 2 j8 (6.7) 



6.3. Stresses in terms of the stress -potential function 
and its conjugate. Differentiating the stress-potential function 
suitably gives the rest of the components of the stress dyadic as in 
the first two columns of Table XI, 6.1. More briefly, this means 
that the stress dyadic is represented by 



with the three-dimensional operator W in each expression. 

The first two lines of Table XI, 6.1 are identical with equations 
XI(6.4) and XI(6.3). Differentiating each of these two lines 
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t* 


KzP;rx 

and /^ ;j/2/ 











**** 


<SV.r 


*An, 


KzU-xiy 


<S W 


~KzP',ry 



suitably in turn gives the remaining four expressions in column 
three for the stresses in terms of the conjugate stress potential. 
Notice that these results are consistent with the two laplacian 
equations in XI(6.7). The second equation shows that the first 
stress invariant (8^+8^+8^) is zero, but, in general, 8^ is not 
zero, nor are 8 XX and 8 yv , as assumed in the &aint-Venant theory 
of article XI, 5. 5. 

6.4. Stress -free surface. With n the normal unit vector for 
the typical point of the stress-free surface of the twisted body, 
then, as in XI(2.6), 

S n = = n-VVH (6.8) 

For cartesian coordinates this gives the three scalar equations 



= n x R z K. xy +n y R s <y.. y y+n z <x.. y (6.8') 

= n x B z K :xx +n y R z cL. xy +n z <x. ;x J 

These three homogeneous, linear equations with the direction 
cosines n x , n y , n z of n as independent variables are consistent and 
solvable if their determinant is zero 20 . Thus, 

<** <*- 
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(5.5. Basal solution for the stress -free surface. The 

solution E z = is best treated as a special case by reverting to 
XI(6.8') to give 



n z <x.. y = = n z <x.. x \ 

If n is normal to OE Z then the last two expressions are satisfied, 
while with XI(5.13) and XI(6.4) the first equation of XI(6.10) gives 

p. x (dR x /dL)+p :y (dR y ldL) = dp/dL = (6.11) 

just as in XI(5.18) in Saint-Venant's theory. This states that ]8 
is a constant along the boundary of the section B z = of the 
twisted body, while a and j8 are conjugate harmonic functions. 
Further, Table XI,6.1 shows that stresses S^, S yy , S xy are zero 
in this ' basal' plane just as in Saint-Venant's hypothesis for all 
planes of his right cylindrical twisted body. 

6.6. General solution for the stress -free surface. The 

second solution for XI(6.9) is given by putting as zero the 
expression in the brackets. Thus, for any value of R z > 

^x^x^yy + ^y^y^xx ^x^iy^xy = <> (6.12) 

The selected stress potential a will contain at least one parameter 
that can take a constant value on each of a family of curves given 
by this latter equation. The value of njn x at any typical point 
on any particular one of these curves is given from XI(6.8').l as 

n y /n x - a.> ;z/ (6.13) 

with the partial-differential coefficients calculated at that point. 
Prom either of the last two equations of XI(6.8') there is 
found njn x . Thus, 

(^'.xy + ^yy^yM^z/^y = n z/ n x 

- -(*; X x+*;xynyKW* ;x (6.14) 

Using XI(6.13) in this equation and cancelling terms common to 
both sides gives 



Substituting in XI(6.12) gives the family of curves 

^(^x^yy^.y^xy) = (6.16) 

for R z constant, on which are to be determined the direction 
cosines ratios n y /n x from XI(6.13) and, from XI(6.14), 
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But the scalar product 

nn = n x 2 -}-n y ^ ~\-n z 2 = 1 
so that substituting from XI(6.13) and XI(6.17) gives 

to determine n x , except for the sign, which is readily found by 
inspection in a particular problem. The normal unit vector is 
now given by 

n = n,c r +n, l c ll +n^ (6. 19) 

Jj JL, I // // I <U H \ ' 



6.7. Boundary curve of a plane section of the body. The 

shape of the surface of the twisted, non-cylindrical body is most 
readily given in terms of the boundary curve of the typical section 
R s = a constant. At the typical point of such a curve the unit 
vector t tangential to the boundary curve is normal to both a, 
and n. Therefore, the vector product 

c.xn = t sin [c,, nj -= V (6.20) 

say, with [c,, n] the angle between c s and n with the vectors in the 
right-handed screw sequence c s , n, t. But, to find the unit 
vector t, denote the arithmetical magnitude of V by V, and then 

V = rt V = v/(V-V) t - V/v/(V-V) 
Therefore, from XI(6.20), 

t - (axn)/v/|(c,xn)-(c,xn)| (6.21) 



But 

so that 



< 6 - 22 ) 



6.8. Torque. The torque on a cross-section of area A normal 
to axis OB S is given from article XI, 5. 9 as 



Q = (B^^-R^^dB^M, (6.23) 

A 
Substituting from Table XI, 6.1 gives 

Q = ^(R x ^ ty -R^, x )dK x dR y (6.24) 

A 

With dL an elemental length of the boundary and the com- 
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ponents of the vector in article A,17.1 as c^JR^a, c y R y <x., then 
the surface integral is converted to a line integral 

Q = (Dt-Rocy/ZL = <V<x, L RtzdL = <y<x L RdR (6.25) 
L L L 

with t R the cosine of the angle between t and R and, since 
tjflL dR, the change in the modulus of radius vector R. 

Now calculate the torque again, using the conjugate function j3. 
Substituting from Table XI, 6.1 in equation XI(6.23) gives 

Q - -jj(R x p ;j: +R y l3. y )dR x dR y = Q 2 +Q 2 (0.20) 

Ql = 



For Qj take C X R X ^ 9 c y R y P as the components of the vector in 
equation A(17.5), while, here, the outward unit normal vector is 
txc, when txc,, t, C. form an orthogonal set. Then, as a line 
integral on the boundary, 



since the dot and cross can be interchanged in the scalar triple 
product. But with R =Rr, then t>(c,xr)dL = Rd0 if dO is the 
angle swept by the radius vector as the point on the boundary 
changes from L to L~{-dL. Positive rotation is anticlockwise 
viewed in the direction c z . So, 



The torque is therefore 

Q = - p L R*d9+2 PZRJR U (6.27) 

^ *^ 

A 

6.9. Curvilinear coordinates. The equations for this theory 
on torsion have been formulated for cartesian coordinates, but 
these are not always the most convenient for a particular problem. 
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The solution for the frustum of a sphere is a solution for the 
present theory, since the stress potential a = KR Z Q is the real 
component of iKR z log c when c = R r exp (id). The unit 
vector normal to the stress-free surface is there the spherically 
radial unit vector. Cartesian coordinates in that case would 
have been clumsy. As an exercise, the reader can formulate the 
equations for any particular coordinates by writing If = jR^oc as 
before and then expressing a and the operator W in the desired 
curvilinear coordinates. Forming the scalar product with n as 
in XI(6.8) then gives three scalar equations analogous to XI(6.8'), 
but with the direction cosines now relative to the local unit 
vectors of the curvilinear coordinates. 

6.10. Displacements. For an elastic substance of restricted 
isotropy, with a zero first stress invariant as here, stress-strain 
parameter G and constant, arbitrary vector W, article VIII, 12.1 
gives the displacement potential 

= 67J/+W.R = G^oc+W-R (6.28) 

Relative-displacement for whole-body convected cartesian axes is 
D* =V= (GB^ ;x +W x )c x +(GE^. y +W y )c y +(G^+W z )c s 

(6.29) 

The straining-displacement D is given by the straining- 
equivalence principle, but whether this equals spatial-displacement 
U in a particular case depends on whether whole-body rotation is 
zero. Notice that if a is chosen so that it has a discontinuity at a 
point, then so will D* be discontinuous and the body has a physical 
discontinuity at that point. 

The 'angle of twist' is not a fundamental idea in this theory, 
nor is it constrained to be constant as in the Coulomb, Saint- 
Venant approach. The particular cases in chapter XII show how 
radius vectors of a cross-section warp in their plane as visualised 
by Cauchy. His intuitive idea was not developed further because 
the Saint-Venant compatibility conditions, shown by the present 
author to be necessary but insufficient, were the only set available 
at that time and since. 

7. Torsion of a solid right cylinder of elliptical cross - 
section: Saint -Venant's solution 

A solution for the torsion by infinitesimal strain of a right 
cylinder of elliptical cross-section will be found for Saint-Venant's 
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theory using the Boussinesq stress function of article XI,5.7. 
Originally, in 1847 19 * 2 , Saint- Venant solved equations XI(5.14), 
XI(5.15) to give the warping displacement in XI(7.7) here. 

7.1. Stress function. The stress function ft is to have zero 
value on the elliptical boundary and satisfy 

V 2 j8 = /&+, = -TIG (7.i) 

with T the infinitesimal angle of twist per unit length and G 
the shear stress-strain, isotropic, constant parameter. 

With a, b the major and minor semi-axes of the external 
boundary of the elliptical cross-section, then the stress function 

p = KV-BJIat-RSJb*) (7.2) 

with 

K = Ta*b*/[2G(a*+b*)] (7.3) 

satisfies the required conditions. 

7.2. Stresses. The shear stresses are given by 

S., = f$, y = -2KR,/b* 8^ = -ft* = 2KR x /a* (7.4) 
from article XI,5.7 with equation XI(7.2). All other stresses 
have been assumed zero as in article XI, 5. 5. The shear stresses 
are zero at the origin of coordinates and independent of R z . 
From XI(7.4) it is seen that the maximum stress occurs at the 
end of the minor axis, where S zy = and S zx 2K/b. The 
minimum stress occurs at the end of the major axis, where 
S Sf = and S^ - 2K/a. 

If the shear-stress trajectories are ellipses geometrically 
similar to the outer boundary, then their equation will be 

1 -R*l(ka)*-R*l(Wr- = (7.5) 

with < k ^ 1. The slope of this curve is 

dR u ldE x = -(bjaY-RJRy - S zy IS zx (7.6) 

with the last ratio following from XI(7.4). Therefore, the shear- 
stress trajectories are, in fact, ellipses of geometrically the same 
shape as the outer boundary. 

7.3. Torque. The torque applied to the cross-section of the 
solid right cylinder is given in article XI, 5. 9 with equations 
XI(7.4) as 

Q = 2 HftdR^Ry - irKah (7.5) 

A 
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7.4. Angle of twist. The angle of twist per unit length of the 
right cylinder is given from XI(7.5) and XI(7.3) as 

T = 2G(a*+b*)Q/(7ra*b3) (7.6) 

if the applied torque is given. 

7.5. Infinitesimal spatial -displacement. From XI(5.19), 

U z , x = TR y +2Gp ;y = TR y -GKR y 

U s;y = -TR x -2Gp,r = -TR x +4G 

Integration gives the * warping' displacement 



(7.7) 

giving the departure of plane sections of the deformed body from 
their initially non-planar undeformed shape. Also, from XI(5.19), 
are found Saint-Venant's assumed spatial-displacements 

U x = ~TR y R z U y = TRM X (7.8) 

7.6. Constant -vorticity, inviscid, incompressible fluid 
analogic solution. Consider the solution of torsion of the solid, 
elliptic cylinder by the analogue of article XI,5.11. H. Lamb lr)0 
gives the stream function /J for the flow of fluid relative to an 
elliptic boundary rotating at constant angular velocity CD as 21tl 

= (lR x 2/a*-R u 2 /b 2 )a 2 b 2 a)/(a 2 +b*) (7.9) 

Comparison with XI(7.2) shows that it is the Boussinesq stress 
function for this case, with 

o> == \T\G (7.10) 

This is similar to XI(5.27) except for the unimportant change in 
sign of T. The streamlines /? constant are geometrically similar 
to the outer boundary just as the shear stress trajectories are in 
article XI,7.2. 



8. Torsion of a right, hollow cylinder of elliptical cross - 
section with geometrically similar inner and outer 
boundaries: Saint-Venant's solution 

The analysis of this case follows directly from the analysis for 
the solid cylinder given in article XI ,7. 

8.1. Stresses and stress-free boundaries. Article XI,7.2 
gives the torsional shear stress components and shows that their 
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resultant is linear with respect to position, zero at the axis of 
twist and tangential to the ellipse 

1 -R x *l(ka)*-R y *l(kb)* = (8.1) 

with < k ^ 1, geometrically similar to the outer boundary and 
passing through the given point. Therefore, every such ellipse 
within the outer boundary can be chosen as the projection of a 
stress-free cylindrical boundary defining the elliptical hole in the 
hollow cylinder. On each ellipse the minimum, maximum stresses 
occur at the ends of the major, minor semi-axes respectively. 

8.2. Torque. The torque is found in a similar manner to that 
in article XI, 7. 3 with the integration over the area (^4 A^ with 
^4 , A { the areas enclosed by the outer, inner boundaries respec- 
tively. For the inner boundary let the parameter k have value 
/tj, and then 

Q = (1-ktfirKab (8.2) 



8.3. Angle of twist and infinitesimal spatial -displace- 
ment. The infinitesimal angle of twist T per unit length of 
cylinder can be regarded as given when assuming the infinitesi- 
mal spatial-displacement values as in article XI, 7. 5. Nothing 
changes for the hollow, elliptical section here, so that the values 
U x , U Ir U z of the spatial-displacement components there also 
apply here, so they will not be repeated. For a given angle of 
twist the torque is reduced by the factor (1 k^), as in XI(8.2), 
for the hollow shaft as compared with the solid shaft. 
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Chapter XII 
SHEARING THIN, PLANE LAMINA 

1. A particular form from the specialised theory on torsion 
and a hydrodynamical analogy f 

Consider again the basal solution for the particular plane 
R z = giving equations XI(6.10), XI(6.11). In this case the 
normal unit vector n is chosen to be normal to axis OR S) while the 
conjugate stress potential j8 is constant along the one or more 
boundaries of the cross-section. 

1.1. Stresses in terms of the stress potential and its 
conjugate. With S s the resultant shear stress at a point in the 
plane, Table XI,6.1 gives 

*;* = S = ft, a., = S zy = -ft, (LI) 

or, vectorially, with the two-dimensional nabla operator, 

Va = s = (Vxcjjs (i.i') 

while, with ^ R z ^ 8R Z , 

88^ ->O^S SZ 88,^ ->()<- 88 yy (1.2) 

with the 8 indicating quantities having values in the range from 
zero to first-order smallness with E z . Thus, in the stress dyadic 
all stresses are zero or negligible in comparison with the finite 
shear stress S on the plane. 

Since n is normal to c S9 then from equations XI(6.8') the 
boundary is stress-free when 

= n x y.. x +n y <x.. y = n-Va = n-S c (1.3) 

Therefore the shear stress S is tangential to the boundary. 

1.2. Hydrodynamical analogue. 8ince a, j8 obey the 
Cauchy-Riemann conditions in XII(l.l), then they are both 
solutions of the laplacian 

V a = = V 2 j8 (1.4) 

f Author, 1951. 
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With i = \/( 1), then the complex variable solution is 

y (c) - *(B X , R y )+ip(R x , R y ) c = R x +iU u (\^ 
with the trajectories /? constant and a constant intersecting ortho- 
gonally as in article B,4. 

This is analogous to irrotational, inviscid fluid motion with a 
the velocity potential and j8 the stream function. On a stream- 
line j3 is constant while a varies. On an equipotential trajectory 
orthogonal to the streamline a is constant while ft varies. 

The negative vector gradient of the velocity potential will be 
used to conform with common usage in fluid mechanics. Thus, 
the fluid velocity 

V - -Voc (1.6) 

so that, with XII(l.l'), 

V x == a ;# P;y **ax 

y __ _ a _g _ . o 
Y y a ;y P:.T &ev 

while speed F equals the resultant shear stress 8 a tangential to 
the streamline. 

1.3. Solutions for irrotational, inviscid fluid motion. 

There are available many mathematical solutions for irrotational, 
inviscid fluid motion. f Thus, the mathematical solution for the 
circulation of fluid in concentric, circular paths 21 - 1 ' 1 ' 30 gives a 
solution of torsion of a circular cross-section. The complex vari- 
able is a powerful technique to use in studying other shapes of 
streamlines. 

It has been found experimentally that, for moderate speeds, 
fluid such as water, and gas such as air have the velocities pre- 
dicted by irrotational flow theory so long as solid surfaces are 
not approached too closely. The water or air is stationary in the 
layer in contact with the solid surface but attains the predicted 
velocities outside a thin boundary layer in which the velocity 
gradients are large in the direction normal to the surface. There- 
fore, in a problem for which the cross-section is of such a shape 
that mathematical analysis is not convenient, the setting up of a 
suitable flow in which the speed, and hence shear stress, can be 
measured gives the solution with the streamlines defining the 

t References 150 ' 21 m were consulted for the methods of formulation of 
the particular flows here. The reader should consult these books or others 
on classical hydrodynamics for a fuller discussion than is appropriate 
here. 
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shear stress trajectories. Alternatively, the recent elaboration of 
numerical methods of solving f Laplace's equation by A. Thorn 7G , 
R. V. Southwell 77 and others allows the analysis of complicated 
cross-sectional shapes. 

The analogue presented here was anticipated qualitatively by 
Thomson & Tait, in 1867 19 - 4 , in the following words: '. . . the 
actual shear % of the solid, in any infinitely thin plate of it between 
two normal sections, will at each point be, when reckoned as a 
differential sliding parallel to their planes, equal to and in the 
same direction as the velocity of the liquid relatively to the 
containing box ||*. 

1.4. Formulae for fluid motion. Now determine the velocity 
and speed 21 - 2 at a point and the streamline pattern 21 - 3 and 
hence, by analogy, the magnitude and direction of the shear 
stress S z and the shear-stress trajectories. 

The additive properties of complex numbers are similar to those 
of vectors, so that we may write 

V = V x +iV y (1.8) 

while its conjugate, as in Fig. XII, 1.1, is 

V = V x -iV y (1.9) 

But, from the complex potential, 



r 

*+#., = 7;* ^ (rfyAfc)S. - dy/dc (1.10) 

since 

c - R x +iR u 

Substituting from XII(1.7) in XII(l.lO) gives the conjugate 
velocity 

V = rfy/rfr, (1.11) 

f The reader should consider the objections raised in articles C,4.5, 
C,7.2, C,7.3 here. 

J This means shear strain, that is linearly proportional to shear stress 
for the small, elastic straining of an isotropic solid with which Thomson & 
Tait dealt. 

Opposite direction to that in XII (1.6) because of the negative sign 
introduced there. 

|| That is, the enclosing solid boundary. 
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XII.1.6 



To find the velocity the sign of i must be changed throughout. 
That is, y(c) must be changed to y(c') with the conjugate of c as 

c' = B x iB y (1.12) 

Then, 

V = dy'ldc' (1.13) 

To find the speed, note that 

72 = F 



') (1.14) 

with the last following from XII(1.13), XII(l.ll). Sometimes it is 
useful to have the reciprocal form 

F-2 = (dc/<ly)(dc'ldy') (1.15) 



X 

" ( 




(J. XII, 1.1. The conjugate complex number c' is given by reversing the 
imaginary component of the complex number c. Similarly, the 
conjugate complex function y' is given by reversing the imaginary 
component. The conjugate vector V is given by reversing the Vy 
component of V. 



With X, Y the real and 
(1.16) 



1.5. Equations of the streamlines. 

imaginary parts of exp y, then 

X exp a cos j8 Y exp a sin /? 
so that 

y=JTtan (1.17) 

Therefore, if tan /? is given a constant value on the streamline j8 
equals a constant, then this equation is that of the stream- 
line 21 - 4 . When ]8 = 0, TT, ..., then Y = are the corresponding 
streamlines. When /J = JTT, ITT, ..., then X = are the corres- 
ponding streamlines. 
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1.6. Displacements. From article XI,6.10 the relative- 
displacement D* -> D* as E z -> 8S a -> when whole-body 
translation is zero. Thus, 

D*-*G<x,c s (1.18) 

The velocity-potential function to give this warping component of 
relative-displacement is found most easily, in some cases, from 
the form XII(1.16). Thus, 



so 



1.7. Warping and residual stresses. The loaded, elastic, 
plane lamina will not remain plane, in general, after unloading. 
If it is constrained to remain more or less plane like a glue layer, 
for example, then the removal of the applied surface stresses 
&zx> &zy will n fc leave the lamina stress-free. Alternatively, if 
the stress-free lamina is plane and remains plane when loaded, then 
the stresses in article XII, 1.1 will not maintain the deformation. 
Intuitively, it appears that a small normal stress S Z3 is required 
to 'flatten' the lamina. 



2. Shearing of a long, plane, strip lamina : theoretical 

Choose, 

y = a+i]8 = Sc = S(R x +iR y ) (2.1) 

so that the velocity potential and stream function are, respectively, 

oc = SB X j8 = 8E y (2.2) 

From XII(1.7), 

-V x = 8 ZX = a., =S -V y = S sy = a., = (2.3) 

Further, all other stress components are zero, and not merely 
negligible by being first-order small quantities, so that the applied 
stresses are as in Fig. XII, 2.1. The streamlines ft constant are 
straight and parallel to the axis OR X . 
The relative-displacement magnitude 

D* = Gx - aSB t (2.4) 

shows that the lamina remains flat but it is to suffer zero spatial - 
rotation while the load is being applied, so that allowance must 
be made for strain transfer as in articles 111,6, 111,8. 

284 



SHEARING THIN, PLANE LAMINAE 



XH,3 



3. Shearing of an infinite, plane lamina containing a circular 
hole: theoretical 

The hydrodynamical analogy shows that the shearing of an 
infinite, plane lamina containing a circular hole is mathematically 
similar to the uniform two-dimensional flow around an obstacle 

of circular cross-section. For such a case the complex poten- 
tial 21.5, 150 

(3.1) 




ft = const. 
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FIG. XII, 2.1. Shear stress S in direction OR X on a lamina with its main 
faces normal to OR Z . Trajectories for the conjugate stress potential 
j8 constant are those for shear stress shown as solid lines. The 
dotted lines are trajectories of stress potential a constant. Any line 



= constant can be taken as in a stress -free surface normal to OR 



y . 



with S the uniform speed in the negative direction of OR X at 
infinity and a the radius of the obstacle. Separating this into 
real and imaginary parts gives the velocity potential and stream 
function respectively as 

a - S[R x +a*R x /(RJ+R y *)] = S[R r cos 0+(a*/R r ) cos 0] \ 

jB = S[X y -a*X y l(X x *+X y *)] - S[R r sin 0-(a*/R r ) sin 0] j ^ ' ' 

R x g a and a ^ R x ^ oo together 



The OR X axis for oo 
21 
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with the circle E r = a constitute the streamline /J = 0. Several 
streamlines are shown in Pig. XH,3.1. 

3.1. Speeds. The speed is given by 

72 = (d<y/dc)(dy'/dc f ) = S 2 (l-a2/ c 2)(i_ a 2/ c '2) 



so that 

(F/) 2 = 1 -2a 2 r -2 cos 26+a^JR^ (3.3) 

The speed is zero at the points R r = a, 6 = and TT. These are 



V 

S 



I 



I 



I 



4 




FJCJ. XII, 3.1. Shear stress # a])pliod at infinity to a lamina having a 
stress-free circular hole of radius a. The lower view shows some shear- 
stress trajectories on each of which the conjugate stress potential has 
a constant value. The upper view gives the distribution of local shear 
stress V on the trajectory formed by the axis OR X and the circum- 
ference of the hole. The maximum value is twice the value of the 
uniform shear stress at infinity. 

the 'stagnation' points of the flow. The speed or shear stress is 
shown in Fig. XII, 3.1 for various distances along the OR X axis 
on streamline /3 = 0. The maximum velocity occurs at B r = a, 
= ITT, |TT and is of value 2S. 

For the shearing case, the velocity at infinity must be reversed 
to give the shearing stress, while the local velocity must also be 
reversed to give the local shear stress. Then, the values of V/8 
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XII,4 



are found from XH(3.3) with the maximum shear stress of value 
28 at B r = a, = |TT, fjr. The shear stress rapidly approaches 
the value for uniform shearing with increase of radial position. 
Thus, at B r /a = 2 the shear stress approaches the value 8. 
Equation XII(3.3) shows that the shear-stress ratio V/S is inde- 
pendent of the size of the hole. 

4. Shearing of a long, strip lamina with a semicircular 
indentation of one edge 

This case is readily analysed with the solution in article XII,3. 
Any shear-stress trajectory (i.e. any streamline by analogy) can 




FIG. XH,4.1. The shear-stress distribution in Fig. XII, 3.1 can also be 
used to give that in a strip having a semicircular indentation in one 
edge as shown. The disturbance due to the indentation decreases 
rapidly with position along OR y . The shear stress very quickly 
becomes virtually uniform as it is at infinity, so that the upper edge is 
virtually straight to define a strip. 

be taken as defining the right, cylindrical stress-free face of the 
lamina. Therefore, the line j8 zero gives the indented edge in 
Fig. XH,4.1. The shear-stress trajectories rapidly become virtu- 
ally straight and parallel with increase of E y and, therefore, one 
of the streamlines can be chosen as the upper edge of the strip 
parallel to the OB X axis. The stress values are precisely as in 
article XII,3. 



5. Shearing of a long, strip lamina changing width 
abruptly 

Consider the two-dimensional flow in a straight channel with 
an abrupt change in width 21 - 6 , as in Fig. XII, 5. 1. With 8 the 
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velocity at infinity, where the channel is of width h, while the 
channel is of width k after the abrupt change in width, the 
complex potential is given from 

l+t 1 



with 



= 



(5.2) 



The speed can be found from 

F-2 = (dc/dy)(dc f /dy f ) (5.3) 

as in XII(1.15). The form found is complicated, but the reader 
may find it an interesting exercise to carry out the differentiations 




Pro. XII, 5.1. Shearing of a strip that changes width abruptly from 
width h to width k. Uniform shear stress ti is applied at infinity to 
the strip of width h, and uniform shear stress 8hjk at infinity to the 
width k. A few shear-stress trajectories are shown cliagrammatically. 

and then examine the velocities in the neighbourhood of the 
change in width. 

This problem is easily examined experimentally with a two- 
dimensional flow of water, for example, although the formal 
mathematical treatment is complicated. Sources of dye up- 
stream will define the streamlines, while the speed can be measured 
at each position by a pitot-tube or hot wire, etc. 

6. Shearing of an infinite, plane lamina containing an 
elliptical hole 

The solution for two-dimensional flow past an elliptical obstacle 
is known 21 - 7 15 and described most easily in terms of elliptic 
coordinates. 
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6.1. Elliptic coordinates. Thus, with 

c = a cosh = +*?? (6.1) 

then, by successive elimination there occur the two equations 

R x 2 /(a* cosh 2 g)+R y */(a* sinh 2 ) == 1 (6.2) 

R x 2 /(a* cos 2 <r))-R y */(a* sin 2 rj) = 1 (6.3) 

For a given value of = f equation XII(6.2) is that of an ellipse 
with semi-axes (a cosh ) and (a sinh ). Equation XII(6.3) is 
that for an hyperbola and is orthogonal to and confocal with the 
ellipses. The foci of both systems of curves are 2a apart on the 
real axis. The point at which the ellipse ( constant intersects 
the hyperbola r\ constant is said to have the elliptic coordinates 
(o> 'no)- A more detailed description is given in references 21<8 15 , 
for example. 

6.2. Flow past an inclined ellipse. The complex potential 
for flow, at angle (f> to the axis OR X , past an elliptical obstacle with 
its major axis in the direction OB X is 

a+i]8 = y = $a(cosh 0-f-sinh ) cos h ( ~ o~ ty) (6-4) 
with 8 the uniform speed at infinity. 

The velocity can be found as described in article XII, 1.4 but 
will not be detailed here. The reader may find it as an exercise. 
The main concern here is with the maximum velocities and these 
occur on the ellipse constant. On the elliptical boundary, 

(V\ 2 (cosh l^-fshih ) s in 2 (TJ a) 

8; ~~~ (cosh sinh ^ ) (sinh 2 f + sin 2 ry) 

The hydrodynamical analogue gives the local speed V equal to the 
local shear stress. 

6.3. Flow past an inclined plate. As is chosen smaller the 
ellipse becomes more nearly a line of length 2a for which = 0. 
Thus, in the limit the flow is past a flat plate. However, this 
cannot correspond to reality because the speed tends to infinity at 
the ends of the plate. The plate corresponds to a straight crack 
of length 2a for the case of shear. 

7. Axial torsion of a hollow, elliptical lamina 

The hydrodynamical analogue to circulation of irrotational 
fluid allows a known solution 21 * 4> 15 to be applied to torsion. 
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7.1. Complex potential. Take the complex variable as a 
function of the complex potential in the form 

c = k cos y (7.1) 

with k an undetermined constant. Noting that cos ij8 cosh j8 
and sin ij8 = i sinh /? and separating the real and imaginary parts 
gives 

R x k cos a cosh j8 E y = k sin a sinh j8 (7.1') 




Jb'iu. XII, 7.1. A family of confocal ellipses with foci 2k apart are shown as 
full lines. A family of confocal hyperbola) with foci 2k apart are 
shown as dotted lines. The intersection of the ellipse for ft = constant 
arid the hyperbola a = constant gives a point located by the elliptic 
coordinates (a, ft). 

7.2. Streamlines and equipotential lines. Eliminating the 
velocity potential a gives the family of confocal ellipses, with 
semi-axes k cosh /?, k sinh /?, 



as the equation for the family of streamlines on each of which the 
stream function j8 has a constant value. Taking ]8 = gives the 
limiting case of a line of length 2Jc along the axis OE X . 

Eliminating the stream function /? in XII(7.1') gives the family 
of confocal hyperbolae 

RJKk* cos 2 a) R v 2 /(k* sin2 a) = 1 (7.3) 

on each of which the velocity potential a has a constant value. 

290 



SHEABING THIN, PLANE LAMINAE XII,7.3 

These equipotential trajectories are orthogonal to the streamlines 
given by XH(7.2). Fig. XII, 7.1 shows diagrammatically some of 
the streamlines and equipotential lines. 

7.3. Speed* From article XII, 1.4, with equation XII(7.1), the 
speed is found from 

= sin y sin y' = (cosh 2 cos 2<x) (7.4) 



The value of the speed is also the value of the resultant shear 
stress, and Fig. XII, 7. 2 shows Vk vs. B x /k for a few values of j8. 
The streamlines rapidly become very good approximations to 
circles with increase of the radius. When /? equals 2, then the 
streamline is almost circular and the tangential speed almost 
constant. At the smaller values of j8 the speed changes con- 
siderably with position on the streamline and becomes theoreti- 
cally infinite at the ends of the straight line /? = 0. The value of 
the parameter k can be chosen arbitrarily of any positive value. 
When k is very small, but not zero, then the straight line j8 = 
becomes short, while the streamlines become virtually circular of 
small radius. For example, choosing k = 0-10, then the stream- 
line ]8 = 2 occurs at a radius of about 0-36, with the speed, and 
hence shear stress, virtually constant of value about 2-6. Outside 
this streamline the streamlines are even more closely circular, with 
speeds decreasing fairly slowly with radius. The largest speed, 
and hence shear stress, occurs at the end of the major axis for a 
given streamline. 

7.4. Hollow, elliptical lamina. Any of the elliptical stream- 
lines can be taken as a stress-free boundary. For a given value of 
k in XII(7.2) the radial position (B X9 B y ) increases with increase of 
the value of stream function /?. Equation XII(7.4) and Fig. 
XII,7.2 indicate that the stresses tend to infinite values as ]8 -> 0, 
so that there must be an inner boundary for the lamina on which 
j8 > 0. Equation XII(7.4) gives the distribution of the shear 
stresses decreasing with increase of radius to zero at infinity. 

7.5. Comparison with Saint -Venant's solution. Saint- 
Venant's solution for the hollow elliptical cross-section with 
geometrically similar inner and outer boundaries is given in 
article XI,8.1. There the stresses increase with increase of 
radius, whereas here they decrease. There the stresses are a 
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maximum at the ends of the minor axis, whereas here they are a 
maximum at the ends of the major axis. 

The reason can be seen by considering this solution with the 
present author's modification of Saint- Venant's solution in article 

1,7.2., 



Vk 





FIG. XII, 7.2. Shear-stress trajectories shaped as confocal ellipses are 
analogous to the circulation of , in viscid, irrotational fluid around a 
plate of length 2k as in the lower figure. The ellipses rapidly become 
virtually circular with increase of radial position. The upper figure 
shows the distribution of shear stress on the corresponding elliptical 
trajectories in the lower figure. The shear stresses rapidly become 
virtually independent of angular position with increase of radial 
position. 
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XI, 5. 13. In this lamina, the conditions on stress, strain and the 
conjugate stress -potential function are just as in Saint-Venant's 
solution, but here some of the stress gradients with respect to 
R z are not zero. The solution there shows most difference from 
the one here in the making of arbitrary assumptions on dis- 
placements by Saint-Venant and on displacement gradients by 
the present author. These latter lead to a laplacian solution for 
/?, as here or in article XI,5.13, whereas Saint-Venant's assump- 
tions on constancy of angle of twist per unit length lead to a 
poissonian equation. 

The stress-free fibre on the axis of twist suffers twist according 
to Saint-Venant's solution. The present author regards this as 
an anomaly that Cauchy 19 - 6 , presumably intuitively, could not 
accept, as is mentioned in article XI,5.2. The present particular 
solution leads to Navier's conclusion, in 1864 24 , on the high 
stressing of most distant parts of a given boundary, although this 
is not necessarily true in general as inferred by Navier, as may be 
seen at orthogonal corners where the shear stresses must be zero. 
Navier's inference followed from assuming, fallaciously, that plane 
sections always remained plane as in Coulomb's theory, although 
Saint-Venant's solution for rectangular and elliptical sections was 
published seventeen years earlier and was justified, qualitatively 
at least, by experiments with rubber showing the ' warping' of 
planes. 

The author's solution here is compatible in Saint-Venant's 
strains compatibility conditions, but Saint-Venant's solution is not 
compatible in the author's more restrictive conditions. Therefore, 
the Saint-Venant compatibility conditions allow the acceptance of 
the 'dislocational rotation' of a stress-free fibre where this is 
rejected by the author's compatibility conditions. Dislocational 
rotation is discussed in article V,15.5 and volume I, article 111,9.4 
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Appendix A 
VECTOR ANALYSIS 

1. Introduction 

The deformation problem deals continually with dependent 
variable vector functions having a definite value at each point of 
the function space. Such a vector function is said to constitute a 
vector field in the space and its change in value from point to 
point must be considered. 

Volume I, appendix A treats the cartesian forms for the vector 
analysis used in this treatise. The solution of particular problems 
is frequently more convenient in appropriate, curvilinear, ortho- 
gonal coordinates, so the various operators and the results of 
their operations are now formulated explicitly for cylindrical and 
spherical coordinates and the general curvilinear forms indicated. 

If the presentation here of expressions formulated in volume I 
is too terse, then volume I or a standard work such as Vector 
Analysis (G. Bell & Sons, 1921 and subsequently), by C. E. 
Weatherburn, for example, should be consulted. The present 
writer has derived so much instruction and pleasure from this 
latter book that explicit references are given to it in volume T and 
here. 

2. Notation 

Vectors are denoted by bold upright capitals, their arithmetical 
magnitude or modulus by the corresponding italic capital and 
the unit vector in the direction of the vector, or briefly its ' direc- 
tion', by the lower-case upright bold. Thus, for example, 

A=Aa (2.1) 

Orthogonal cartesian unit vectors are c y , c 29 C 39 denoted briefly 
by c^ or Cj or c k . For physical applications a particular sequence 
is more convenient, as in the table 



3=2 



2 
3 
1 



3 
1 

2 (2.2) 



Sometimes c X9 c y9 c s may be used in place of 
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The orthogonal unit vectors of curvilinear coordinates take 
special values, in general, for each point of the coordinate space. 
Where brevity is secured by using general subscripts for cylin- 
drical, spherical, . . . coordinates they are c a , c & , c c . 

Dyadics have been denoted by an Old English face, like 21 for 
example, while quadadics are shown by bold italic sanserif, like 
A for example. 



3. Scalar product 

The scalar product C of vectors A, B, with [A,B] the angle 
between them, is 

= A-B = AB cos [A,B] = 2U<A = B-A (3.1) 

a 

since 

A = 2U a c fl B - a c a (3.2) 

and 



afl 

a a 



The scalar product sign is referred to as 'dot' so that the 
term * dot product ' is sometimes used. 



4. Vector product 

The vector product of two vectors A, B is 

= AxB = q,AB sin [A,B] = -qBA sin [B,A] = BxA 

(4.1) 

and, also, 

= Sc a (-4 6 -B c -4^) (4.2) 

a,b,c 

since 

r xc = 



The vector product sign is referred to as 'cross' so that the 
term 'cross product' is sometimes used. 
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5. Passive f product 

The passive product of vectors A, B is 
= AB = ABab = S(^ cr B a ^c tt +^ tt JS ft c tt c 6 

a,b,c ( 5 jj 

This is a dyad. In general, 

BA ^ AB (5.2) 

Similarly, a quadad is given by the passive product of four 
vectors. Thus, 

E = ABCD = I>(A a B a C a D a c a c a c a c a + ...) (5.3) 

a,b,c 

and the sequence must be retained because, generally, 

ACBD ^ ABCD ^ ... (5.4) 

6. Self-conjugate dyadic transformation 

The dyadic, 

= S[C'aa<W,+C'*(<^+C 6 C a )J (6. 1 ) 

a,b 

is self -con jugate, because interchange of unit vectors in each unit 
dyad leaves the dyadic unchanged. The idemfactor 3 is a special 
case with the 'mixed' coefficients zero and the 'unmixed' equal 
to unity. (See volume I, articles A, 10 and A, 23 for its properties.) 

6.1. Mohr's construction for a two-dimensional dyadic. 

If the self-conjugate dyadic is two-dimensional, then 

= C a aC a Ca+C bb C b C b +G\ tb (C a C b +C b C a ) = GjXjXj+C^XjXj (0.2) 

with the last its 'principal' form, as shown in volume T, article 
A,9, with directions x,, Xj in the plane of c a , c b as in Fig. A,6.1. 
Using, 

c a* x i = cos c a* x j = sin 



= sin c fc -Xj = cos 6 / ^ ' ' 

then, with the double product notation of volume I, article 
A.22.1, 

i -(7 J ) cos 26 *\ 
J-J^i-Oj) cos 29 I (6.4) 
G^ = c a c 6 : = i((7 1 -C' J ) sin 28 } 

t Other writers refer to this as the 'dyadic product' because, historically, 
second-order -adics (or second-order tensors) were the only ones analysed 28 . 
However, we deal with triads, quadads, . . ., so that a more general, self- 
explanatory term like 'passive product' is convenient. 
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These relationships are amenable to easy geometrical inter- 
pretation on a plane diagram due to Mohr 78 , in 1882. Set off 
C f i, G'j coinitially as in Fig. A,6.2 for positive values of these 
quantities. Draw a circle of radius \(C i <7j) as shown. A 
radius vector is described at angle 26 to C i to give C aa , C bb , C^ as 
shown. The construction for the converse transformation to 
pass from C^, C bb , C ab to C h C j is evident from the figure. 

Volume I, article A,9, shows that when a self-conjugate dyadic 
is transformed from one set of axes to another set, there are three 
combinations of the scalar coefficients which retain their arith- 
metical values for any axes. These are the three invariants of 




FTO. A.G.l. Fnit vectors X 4 , Xj are the principal directions for a two- 
dimensional self-conjugate dyadic. The unit vectors c a , c b are the 
coordinate directions and 6 gives the orientation of the dyadic relative 
to them. 

which the first # (1) is the most important in deformation analysis. 
Thus, from A(6.4), 



3: = x <i) = Gaa +C bb = Ct+Ci (6.4') 

for the present two-dimensional dyadic. 

6.2. Principal components explicitly in terms of the 
general components. Geometrically, from Fig. A,6.2, 

C* - l(C aa +C bb ) 



When (C aa +C bb ) == == (0,+^), then the first invariant of 
is zero to give 

-O l = C s = Vtt(Caa-C bb ) 2 +C al *] (6.6) 
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The principal normal components are equal but of opposite sign, 
as also are the general normal components. The origin of Fig. 
A,6.2 is at the centre of the circle of a radius equal to the magni- 
tude of the principal normal components and of the maximum 
shear component. This latter acts on planes at 45 and 135 to 
the principal directions. 

When, on the right-hand side of A(6.5), the square root is less 
than the first term, then G { and C j are of the same sign. Thus, 




Fin. A,6.2. Mohr's construction for invariant transformation of a two- 
dimensional self-conjugate dyadic. The scalar, principal components 
are Ci, (7j, while the general components are C aa , CM, C ab . Angle 9 is 
that in Fig. A,6.1. 

explicitly, forming the inequality, squaring both sides, cancelling 
common terms on each side and transposing suitably gives 

I CA& I > C ab 2 for Ci, <?j of the same sign (6.7) 

Similarly, from A(6.5), 

I C aa C bb | < C al ? for C { , C'j of opposite signs (6.8) 

6.3. Vector component of a self-conjugate dyadic. By 

definition, f the vector component of < in direction n is 

G n = n- (6.9) 

The normal component of this is, scalarly, 

t Author, 1948. See volume I, article A, 7. 2. 
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If t is a unit vector orthogonal to n then the tangential component 
of C n is 

C nt =:t'C n = tn:& (6.11) 

Again, this latter is the modulus of the vector 

C nt = C n -C nn (6.12) 

having the direction t. Then, 

0^ = t.(n. nnn:) = tn: (6.13) 

as in A(6.11), since tn = 0. Otherwise, without the explicit 
appearance of t, 

G nt = dbv^CVCrf) = V[(*--nn:n).(.n-nnn:)] 

= \/[ n ''* n nn::nn] (6.13') 

The scalar tangential component is thus determined in terms of one 
direction n only, but the extraction of the square root introduces 
ambiguity of its sign. 

6.4. Maximum scalar value of the tangential component 
of the vector component of the self-conjugate dyadic. 

Transform the nonion form of < in A(6.1) to its principal form 
(see volume I, article A,9). Thus, 

= SCfox, (6.14) 



(i) Substituting in A(6.11) gives C nt in terms of the C { and six 
direction cosines t { , %. However, these are not independent but 
are constrained by 

= S*i 2 = 1 (6.15) 



= 1 (6.16) 

These can be used to remove n 3 , t 3y ^, for example, from A(6.11). 
The resulting expression is differentiated with respect to n^ and 
then equated to zero for an extreme value. This is repeated for 
n 2 and ^ and the resulting three equations solved with n l9 n^, J, 
as the unknowns. This is complicated, so a simpler proof due to 
S. Timoshenko 23 - 12 is now given. 

(ii) Substitute A(6.14) in A(6.13') to give 

<V = SG l n 1 8-(S0 1 w | 2)2 (6.17) 

involving only three direction cosines n { . 

One of these, n 3 say, can be eliminated by using A(6.16) to 
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leave only two unknowns n l9 n^ in A(6.17). Dift'erentiate and 
equate to zero for an extreme value of C nt 2 with respect to the 
two unknowns. This gives the simultaneous equations 

Oa)] - 1 
C' 8 )] =0 J v ' } 

A factor (C l G 3 ) has been cancelled from the first equation and 
(C 2 C 3 ) from the second because solutions from putting such 
terms as zero give symmetrical stress distributions which are not 
general. 

A solution is given by n^ = n 2 and these values in A(6.1(5) 
give n 9 = l. Thus, n = x 3 , the principal direction for which 
C 3t = 0, so that this solution for n corresponds to a minimum for 
C nt 2 and not the maximum value being sought. 

Assuming both direction cosines are distinct and non-zero, then 
A(6.18) gives 

i^-Cy = (Ct-CtW+Wt-CtW - 4(<7 3 -C 3 ) (6.19) 
These simultaneous equations are inconsistent except for zero 
stress differences and such symmetrical cases are neglected here 
as not general. 

Now assume n 2 = ^ n^ and A(6.18) gives ^ = Vi and 
these values in A(6.16) give n 3 = Vi- These values in 
A(6.17) give 

C^(max) = KOa-aja (6.20) 

If, instead of eliminating n 3 2 in A(6.17), either n^ or n 2 * is 
eliminated in turn and the procedure leading to equations A(6.18) 
to A(6.20) is repeated, then similar results are found with sub- 
scripts 1, 2, 3 interchanged cyclically. Thus, the three minimum 
values of the tangential component are zero and occur on the 
principal planes, while three maximum values 

C^max) = | KCi-tfj) | when n - (Xj+XjJVi (6.21) 
Therefore, the absolute maximum is half the greatest algebraic 
difference of the principal scalar components of the self-conjugate 
dyadic. This result was given by Hopkins 114 in 1847 for the 
case of the stress dyadic. 

7. Elemental line lengths and changes in unit reference 
vectors with position in orthogonal reference systems 

The various operators are readily put into the form appropriate 
to the particular coordinate system when the elemental line 
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lengths are given in terms of the coordinate parameters and the 
rates of change of the non-constant unit reference vectors have 
been found. 

7.1. Cylindrical coordinates. In Fig. A, 7.1, E r = constant 
is a right cylindrical surface with axis OR et 6 = constant is a 
plane passing through axis OR Z , while S s = constant is a plane 
normal to OR Z . All these level surfaces intersect orthogonally. 
The cylindrical scalar coordinates (R r , 9, R z ) for point R are shown 
in Fig. A,7.1. 




(ft) 



Cb) 



FIG. A,7.1. Cylindrical coordinates (R r , 0, R z ) are shown in (a). Com- 
ponent R r lies in the plane R z = 0, while R e is normal to it. The unit 
vectors c r , c^, c z are mutually orthogonal and parallel to the co- 
ordinate lines. For a differential change of position in the coordinate 
space the unit vectors change differentially to correspond and give the 
geometrical relationship in (6). 



Passing from R to R+dR the coordinate parameters change by 
dR r , dQ, dR z . Hence, write the elemental line lengths as 

dR a == dR r dR b = dR 9 = R r dO dR c = dR z (7.1) 

The differential changes in the unit vectors with these differential 
changes of position are found geometrically to be 



dc r = 



dc e = 



and hence 



c r;e = c e c e . Q = -c r (7.2) 

Change of position along any other edge of the differential 
orthogonal element does not change the unit vectors because they 
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do not suffer relative rotations in the process. Hence, writing 
rates of change of the c's schematically gives 





<v 


c e 


C z 


8 











8B r 


d 
80 


Ce 








d 
dR, 












(7.3) 



7.2. Spherical coordinates. The coordinates (B r , 6, <f>) denote 
a point R in the spherical system of Fig. A,7.2. The surface 




Fie. A, 7. 2. Spherical coordinates (R r , 6, ^) are shown. Coordinate R r 
is the radius of a spherical surface. Angle is described in the plane 
B e = 0, while </> is in the plane in which is described the great circle of 
radius R r passing through point (R r , 9) in the plane R z = 0. Unit 
vectors c f , C0, C0 are mutually orthogonal and apply to point (R r , 6, <f>) 
shown. Unit vector C is normal to the plane in which <f> is described, 
while C0 is tangential to the great circle for ^. 



E r = constant is a sphere about the origin, 9 = constant is a 
plane, while <f> constant is a cone. All these level surfaces 
intersect orthogonally. Elemental coordinate line lengths are 



dE a = dR 



= dS e = S r cos 
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A,8 

In a geometrical manner similar to that in equation A(7.2), the 
rates of change of the unit vectors follow the scheme 
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C COS <f> 


c r cos ^ 

* +C0 sin ^ 


-~c fl sin ^ 
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c* 









(7.5) 



8. Operators, grad, div, curl 

These operators are defined for cartesian coordinates in volume 
I, articles A,5, A, 13. With the curvilinear coordinates they 
become, briefly, 



grad( )=V( ) = 
div( )=V-( )= 
curl( )=Vx( ) = 



(8.1) 



Using the appropriate unit vectors and differential coordinate 
lines lengths dR a , ... as in article A,7 gives the particular curvi- 
linear forms. 



8.1. Cylindrical coordinates 

grad ( ) = c r ( 
div ( ) = c r .( 
curl( ) = c r x( 



). fl +c s ( 



(8.2) 



8.2. Spherical coordinates 
grad ( ) = c r ( ). r +(R r cos^)-i 
div ( ) = <v( ) ir +(Rr cos #)- 
curl( ) =c r x( 
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9. Second -order operators grad grad, laplacian 

The second-order operators grad grad and the laplacian are 
found readily in cartesian coordinates because, there, the unit 
reference vectors are constant throughout the coordinate space. 
In curvilinear coordinates, however, the rates of change of the 
unit vectors must be considered. 

9.1. Cylindrical coordinates. With the cylindrical co- 
ordinates in Fig. A,7.1, equation A(8.2).l (operating on a dummy 
function F to allow the brief notation for differentiation) gives 



MMF = C^+CA-^+C^-C^ 

Scheme A(7.3) gives the rates of change of the unit vectors and so 
the operator grad grad is 

VVF = F. rr c r c r +(E r ^F. e ) ;r (c r c e +c e c r ) 



+F. zz c z c ss +F. sr (c s c r +c r c !: ) (9,1) 

The laplacian is the scalar of the 'spherical' part of W and is 
found as f 



=r F. rr +R r -iF. r +R r -*F ;oe +F lBS (9.2) 

by double scalar product with the idemfactor. (See volume I, 
article A,23.3.) The same expression is found by performing the 
operation div grad F, as is more usual to derive the laplacian. 

9.2. Spherical coordinates. From A(8.3).l for spherical 
coordinates as in Fig. A,7.2, and using the scheme A(7.5) for rate 
of change of unit vectors gives, with dummy function F, 

VVF = F.^c r c r +sec<f>(FB r -i). re (c r c e +c e c r ) 



sec 



(9.3) 
The laplacian scalar operator acting on the dummy F is 



(9.4) 

f Author, 1950. 
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10. Vector gradient of a self-conjugate dyadic 

The continuity of a self-conjugate dyadic (Q is examined so 
frequently in the analysis of deformation that it is useful to have 
its vector gradient explicitly for the common coordinate systems. 
The expressions for curvilinear coordinates are not as concise as 
those for cartesian, so that it is convenient to write the scalar 
coefficients of VQ, schematically. The scheme will be made clear 
by expanding the form for cartesian coordinates. 

10.1. Cartesian coordinates. Using the cartesian coordi- 
nates (B l9 B 2 , B 3 ) with unit vectors c l9 C 2 , C 3 constant throughout, 
then 





c,c. 
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c 3 


a 12 . 3 


^2J:3 


*/:* 



(10.1) 



Thus, from the second row, third column, for example, the co- 
efficient of the triad C 2 c 3 c 3 is a 33 . 2 . 



10.2. Cylindrical coordinates. The cylindrical coordinates 
(E r , 0, B z ) for which the unit vectors are c r , c e , c z are given in 
Fig. A,7.1. Use the grad operator from article A,8.1 and the 
rates of change of the unit vectors from article A,7.1. From the 
self-conjugate dyadic 



(10.2) 
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there follows readily 
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(10.3) 

10.3. Spherical coordinates. The spherical coordinates 
(JB r , 0, </>) are given in Fig. A, 7.2 with unit vectors c r , c e , C . 
From the self-conjugate dyadic 



(10.4) 

with the rate of change of unit vectors from article A,7.2, there 
follows readily 



c r c r 



a ee;r 



+2a re cos </> 
20,0 8 i n ^ 
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(c r c e +c e c r ) 



a rO',r 
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+(a rr -a ee )cos<f> 
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11. Divergence of a self -conjugate dyadic 

The definition in article A, 8 gives the divergence of self- 
conjugate dyadic Q, as the vector V- Q. This is found readily 
by forming the scalar product between the first and second unit 
vectors in each triad of the triadic VQ of article A, 10. The 
scalar product of orthogonal unit vectors is zero, while it is unity 
when they are equal. 

11.1. Cartesian coordinates 

V.Q= (a 11 . 1 +a 1 g l8 +a 81;3 )c 1 

+ (O>22;2 -\- a 23;3~\~ a !2; l) C 2 

+(a 3 3;3+a> 31 . 1 +a 23 . 2 )c 3 (1 1.1) 

11.2. Cylindrical coordinates 

Rfl. Q = (R r a rr . r +a re . e +R 1 a zr . s +a rr a ed )c r 
+(a ee . 9 +S t a eg;g +B 1 a r9;r +2a r9 )c B 
+(R r a zz;z +R^ zr . r +a ez;e +a sr )c s (1 1.2) 

11.3. Spherical coordinates 

= / 



+a^o sec #+a^ \ 
\+2a rr a ee a <M) a <t>r tan </>) 



\+3a re 2a 

/**r.r+ a W ^ G ^\C 

(11.3) 



12. Curl of a self -conjugate dyadic 

The definition in article A, 8 gives the curl of a self-conjugate 
dyadic (E^,as the dyadic Vx (^. This is found readily by forming 
the vector product between the first and second unit vectors in 
each triad of the triadic V (E^in article A, 10. The vector products 
of like vectors are zero. 

12.1. Cartesian coordinates 
Vx Q= (a 31;2 -a 12;3 )c 1 c 1 +(a 12 . 3 -a 23 . 1 )c 2 c 2 +(a 23 .^ 



(12.1) 
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12.2. Cylindrical coordinates 

Vx(^ = [R^a^e a es )a re . z ]c r c r 



<*> esl ra S r:zC e C s 
+[ -B r - 1 (a rr;e -2a re ) +a rd . r ]c z c r 
+[a rr;s a zr;r ]c e c r 
+[a ee;r R r -i(a re . Q +a rr -a^)]c,c fl 
+[Rr" 1 a zze a ez . S! cc : (12.2) 



r zz;e a ez . S!rs: 

12.3. Spherical coordinates 

Vx Q = f-E-^a^-ae,) lc r c r 

[ +(E r cos <t>)~ l (afr.Qa Q<t) cos <f>-\-a rQ sin 0)J 
+[R r - l (a re; ta e<f> ) a e<f> . r ]c e CQ 

+[<*>e<hr(Rr c os (/>)~ l (a <ftr . e a e<f> cos <f>+a re sin <)]c c^ 
f Rr~ l <*>eei<i>+(Rr cos ^-^jfl+a^. cos 01 c r c g 
+a ee sin ^ a^ sin ^ J 



r^;r (^r os <f>)~ l a re . a^ sin 01 
L +. cos a 50 cos J 



r cos )- 1 

-Rr^faew+are) J (12.3) 

13. Conjugate curl of a dyadic 

The conjugate curl operator is defined by 

( )xV = S( ).xc a ' (13.1) 

Let this operate on a dyadic 

JF = /oaC C a +/ a6 C a C 6 +/ ac C a C c 



+/c c c c +/ m c c c a +f cb c c c b (13.2) 

13.1. Cartesian coordinates 

^ 



(13.3) 
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13.2. Cylindrical and spherical coordinates. These are 
complicated expressions rather like those in articles A, 12. 2, 
A,12.3 for the curl operator. They are left for the reader as an 
exercise in expansion of the operators. 

13.3. The dyadic as the curl of a self-conjugate dyadic. If 

the dyadic J[ is chosen as the VxQ^of article A,12.1, then the 
coefficients of the dyads there are substituted for the /'s here. 
For example, substitute (a 23;2 a^j), the coefficient of C 2 c 2 , in 
place of f 12 in equation A(13.3). Then, for self-conjugate dyadic 
Q,, for cartesian coordinates, 

= (a23;23+<*>23;23<*>22;33<*>33i22)ClCl 



;12 a ll;22 a 22;ll) C 3 C 3 



(13.4) 

For cylindrical, spherical coordinates the expressions for Vx Q 
in articles A,12.2, A,12.3 are substituted in the corresponding 
coordinate forms for ( )xV when written out in article A,13.2. 
This is left as an exercise for the reader. 



14. Vector gradient of a vector 

The vector gradient VF of a vector Fo ccurs frequently in 
the deformation problem. Using the various forms for V from 
article A, 8 and the rates of change of the unit vectors with position, 
as in article A,7, gives the required forms. 

14.1. Cartesian coordinates 

VF = F 1;1 c 1 c 1 +F J . 2 c 2 c 1 +F 1 . 3 c 3 c 1 

+F 2;1 C 2 C 2 +F 2 . 2 C 2 C 2 +F 2;3 C 3 C 2 

+F 3;1 c 1 c 3 +F 3 . 2 c 2 c 3 +F 3 . 3 c 3 c 3 (14.1) 

14.2. Cylindrical coordinates 

VF = F r:r c r c r +E,-i(F r . e -F e )c e c r +F r . z c g c r 
+F e . r c r c e +R r -i(F e . e +F r )c e c Q +F e . z c s c e 

*F s . c e c z +F 3 . z c z c s (14.2) 
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14.3. Spherical coordinates 

VF = F r;r c r c r +(R r cos ft-Wr-i-P, cos <f>)c e c r +(F^-F 4 ,)c 4> c r 



+F g . r c r c g +(R r 

+Ft ;r c r Ct+(R r coa<f>)-i(F^. g +F g sin^c^+^+^c^* 

(14.3) 

15. Self-conjugate and antiself-conjugate components of 
the vector gradient of a vector 

VF = 1(VF+FV)-B(VF-FV) (15-1) 

with the conjugate dyadic FV. The term $(VF+FV) is the self- 
conjugate component of VF, while |(VF FV) is the antiself- 
conjugate component. Using the results in article A, 14 gives the 
components in the several coordinate systems. 

15.1. Cartesian coordinates 

i(VF+FV) = - 



- 3 ) (15.2) 

J(VF-FV) = KF^-F^c^ 



+ l(Fl;3-F 3 -l)(C 3 C 1 -C 1 C 3 ) (15.3) 

15.2. Cylindrical coordinates 



J(VF-FV) = &F e . r +R-i(-F r . +F e )](c r c e -c e c r ) 

(15.5) 



15.3. Spherical coordinates 

i(VF+FV) = F r . r c r c r +(R r cos ^(F^+F, cos f-F+ sin 



cos i)-i(F rtt -F, cos </>)+F g . r -](c r c e +c e c r ) 
r cos fri(Ft,+F a sin i>)+F e .^(c g c^+c^ i ) 

+c^) (15.6) 
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(VF-FV) = %[(Il r cos <f>)-i(F r . e -F e cos </>)+F d . r ](c r c e -c c r ) 



cos -+, sn < 

(15.7) 



16. Divergence and curl of a vector 

The divergence of a vector F is V-F and the curl is VxF. Article 
A, 14 gives VF for the various curvilinear coordinate systems. 
The divergence of the vector is found by forming the scalar 
product between the two vectors in each dyad of VF. The curl 
of the vector is found by forming the vector product between the 
two vectors of each dyad in VF. 

17. Two-dimensional forms of the theorems of Stokes and 
Gauss on related line, surface and volume integrals 

Volume I, articles A,20, A,21 give the three-dimensional forms 
of these theorems, but for some applications two dimensions are 
required. 

17.1. Stokes 's theorem. For the finite, single-valued point 
function F, with C a closed curve and S any surface with C as 
boundary and rfR a differential change in position along C, 

(CdR-F = jrfS-VxF (17.1) 

C 8 

with the surface integral over one side of 8. 

Let C, S be in the plane R z = 0, while F is a function of 7^., R y 
only for cartesian axes. Then, with dC an element of C with unit 
tangent t and direction cosines t X9 t y , A(17.1) becomes 



(17.2) 
C S 

17.2. Gauss's theorem. With volume V enclosed by a 
surface S, then 



J-F = \V-FdV (17.3) 

J 

S V 

Let the lamina of article A, 17.1 now be of arbitrarily small 
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thickness h, the volume element h8R x SR y , the surface with c z as 
its outward normal be $ + , that with normal c z be 8", 
while an element of area on the cylindrical surface is hdC with 
outward normal direction n. Then, in A(17.3), 



f = f 



+ +hn-FdC (17.4) 

s s + s- c 

But I = , so that, with n X9 n y the direction cosines of n, the 

a- s+ 

common factor h cancels on each side of A(17.3) to give 



B v (17.5) 

G S 

with if, here, the area enclosed by C as in equation A(17.2). 
But 

n x = t v n y~ 1>x ( l7 - 6 ) 

to give the left-hand side of A(17.5) in terms of the tangential 
vector t in place of normal vector n. Then, in closed, two- 
dimensional form, A(17.5) is also 

(|>(V(FxdR) = fv-Fd (17.7) 

C S 

But, since the dot and cross can be interchanged in the product of 
the three terms under the integral sign on the left-hand side, then 
also 



= f 



(17.8) 
C S 

to give a tangential line-integral form for Gauss's two-dimensional 
divergence theorem. 
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COMPLEX VARIABLE 

1. Complex variable 

The complex variable evolved from the extraction of roots from 
algebraic equations. There occurred forms such as -v/( 1), not 
being a physical quantity, although it had to be given mathema- 
tical meaning to ensure that an equation of degree n had n roots. 
Thus, the so-called * imaginary' is 

t = V(-l) ^ = -1 (1-1) 

With R x , E y the cartesian components of position vector R, then 
the complex variable 

c = R x +iR v (1.2) 

Comparison of B(l.l) with the Hamiltonian forms in volume I, 
article A,l shows that quaternions can be thought of as a further 
generalisation of complex numbers. Alternatively, the 'rotating' 
effect of unit vectors in vector product can be used to interpret i 
into vector analysis terms, but this is not pursued here. In 
plane polar coordinates in which R r = R, then 

c = R cos 0+iR sin = R exp (i0) (1.3) 

1.1. Conjugate complex variable. The complex position 

c' = R x iR y = R (cos i sin 9) = R exp ( iO) (1.4) 
is the reflection of c in the 'real' axis OR X and is the conjugate 
of c. 

2. Function of the complex variable 

A function y(c) of c can always be resolved to 'real' and 'imagi- 
nary' components a(R x , R y ), P(R X , R y )- That is, 

y - a+ijS (2.1) 

2.1. Conjugate function. By definition, the conjugate of y is 
this function with the sign of i changed. Thus, 

y = a i (2.2) 

Therefore, y'(c') is of the same functional form as y(c). 
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3. Differentiability of a function of the complex variable 

If dy/dc, the rate of change of y with respect to c, is to be 
uniquely defined at a point, then it must not depend on the way c 
changes by change in the value of either, or both, R x and iR y . 
Thus, 

, i\ 

{ > 



_ 

dc ~~ 8R X ~~ 8(iR y ) 
so that 



Therefore, equating reals and imaginaries on each side gives the 
Cauchy-Riemann conditions, briefly, as 



The integral of a complex function must be differentiate, so 
consider 

= C = A+iB (3.4) 

and, similar to B(3.1), B(3.3), 

_ dC _ J^ -_^ 3A L- i 3B 

K = A. X = B. y j8 = B. x = -4 (3.5) 



4. Orthogonality of the trajectories of the components of a 
function of the complex variable 

Let the coplanar curves a = constant, j8 = constant intersect 
at point R. Let 8R^ be a differential change in position along 
jg = constant during which a changes to oc+Soc. Then the unit 
vector tangential to /? = constant is 

t^-SR^/Sa (4.1) 

Similarly, the unit tangent to a = constant is 

t a = SR./SjS (4.2) 

Resolving the SR's to cartesian axes OR x R y , form the scalar 
product of the t's and equate to zero on the assumption that they 
are orthogonal. There follows, on slight rearrangement, 

a.J/5.,, - -Vft, (4.3) 

But these are the Cauchy-Riemann conditions rearranged so that 
a = constant, ]8 = constant are orthogonal. 
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5. Distribution law for components of a function of a com- 

plex variable 

By differentiating and adding suitably, equations B(3.3) give 
V2 a = = V 2 j8 (5.1) 

with the two-dimensional laplacian operator 

V 2 ( ) = ( ) + ( \yy (5.2) 

6. Complex potential 

Either of the conjugate components of a complex function can 
be used as a potential function in the analysis of a deformation. 
This restricts the corresponding self-conjugate dyadic to have a 
zero first invariant. Thus, 

3: (VVoc+iVVjS) = |:VVy = (6.1) 

in view of B(5.1). 

6.1. Vector gradient of a complex function. Noting B(3.1) 
gives 

Vy - c xr . x +c y y. y = c y/c (6.2) 

with total differentiation denoted briefly by ( )/ c and the complex 
unit vector 

c = c x +ic y (6.3) 

Transformation to plane, polar coordinates gives 

c - (cv+tc,) exp (iO) (6.4) 

The complex vector B(6.2) has complementary, lamellar compon- 
ents. (See volume I, article A,18.) 

6.2. Grad grad of a complex function. Similar to B(6.2), 

VVy=V(Vy)=Cc y/cc (6.5) 

with the complex unit dyad 

cc = [c x c x -c y c y +i(c x c y +c y c x )] 

= [c r c r -c e c e +i(c r c e +c e c r )] exp (i20) (6.6) 

Self-conjugate dyadics are usually found far more easily as in 
B(6.5) rather than by extracting the complementary components 
of the complex function and performing the operation VV on either 
separately. 
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Appendix C 
FINITE DIFFERENCES 

1. Polynomial representation of a continuous function 

The functions occurring in the equations for physics are 
usually single-valued, finite and continuous at all points in the 
range considered. However, the experimental data correspond- 
ing to these functions are known at only discrete points of the 
function space. Theory and experiment can be compared at 
these discrete points only, so that it is frequently convenient to 
reshape the theoretical expressions into a form suitable for 
numerical manipulation over discrete intervals of the function 
space. 

The first step is the converse of this process. Suppose a, con- 
tinuous function F = F 0y F l9 ..., F k _ 2) F k , F k+1) ..., F n at points 
E x = 0, h, ..., (kl)h, Teh, (k+l)h, ...,nh for a single independent 
variable. It is assumed that the function F can be expressed as 
a finite power series (or polynomial). Thus, 

(1.1) 



The coefficients C k are adjusted to such values that.F assumes the 
values F k at points E x = kh, but otherwise the values of F con- 
form with those given by G(l.l). This polynomial is continuous, 
with continuous derivatives up to the %'th, and so satisfies all 
the required conditions for the function. 

Several techniques have been evolved to find the values of the 
C k in terms of the F k , k, h. Usually factorial expressions are 

US ed 93 ' 94 > 77 . Thus> with 

^ k (E x ) = E x (E x -h)...[E x -(k^l)h][E x -(k+l)h]...(E x -nh) 
<f> k (kh) = (-l) (n -Vkl(n~-k)\h n 

then, 

f= 2 ^ k (E x )/<f> k (kh)]F k (1.2) 

k-0 t l,...,n 

Thus, when E x = kh then F = F k , since the coefficient of F k is 
unity, while the coefficient of each F r when r ^= k is zero. The 
expansion of this expression gives the form G(l.l) with the 
coefficients C k in terms of the F k and h. 
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2. Differentiation with finite differences 

This process is as old as the differential calculus, but, even so, 
fresh progress has been made recently. W. G. Bickley, in 1941 94 , 
studied the accuracy of differentiation at the point R x = when 
various numbers of the values F k are considered in the process. A 
few values such as F , F 2 , ...,F 5 proved sufficient for differentia- 
tion up to the fourth order, for example. The inclusion of F k 'a 
with k > 5 leads to elaborate formulae not justified by the slight 
increase in accuracy for most cases. 
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FIG. C,2.1 Two-dimensional relaxation local grid. All points are h 
apart along the grid lines. The eight points around the central point 
are sufficient to define all the partial-differential coefficients up to the 
second order. 

2.1. Two-dimensional. Using a two-dimensional grid for 
cartesian axes OEyE y and notation as in reference 77 gives the 
discrete points at distance h apart as in Fig. C,2.1. Differentia- 
tion of such as C(l.l) gives 94 , with the least possible number of 
F k 's, the partial-differential coefficients at the point as 

(F. x ) = (Ft-FJ/ph) 



(F lv ) = (*.- 

(F:yy)o = (F 2 +F 4 -2F )/h* 

(2.3) 



2.2 Three-dimensional. The forms of the partial-differential 
coefficients are obvious, but, for brevity, it is convenient to modify 
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the notation. Thus, modify Pig. 0,2.1 to give Fig. C,2.2, which 
is the plane R z and is the typical plane of the three for the 
cartesian, orthogonal axes OR 1 R 2 R 3 or OR X briefly. Thus, the 
specialjsequence x = 1, 2, 3, y 2, 3, 1, z = 3, 1, 2 has been used 
as in the principal notation. Now, similar to equations C(2.1) to 
C(2.3), 

/TTT \ fjjf 171 \//Oli\ /O A_\ 

I Jl . I-. = I jp Jj ,~,)/l^/fr) {<u.'ii 

(F ;xx ) = (F.+^-2F.)y I (25} 
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FIG. G,2.2. Three-dimensional relaxation local grid. All points are h 
apart along the grid lines. This is a typical plane (R x , R y ) or R z = 
of the three such planes. The special sequence x = 1, 2, 3, 
y = 2, 3, 1, z = 3, 1, 2 is used here as elsewhere. The introduction of 
negative numerals simplifies and abbreviates the three-dimensional 
formulae compared with their form if a notation such as that in 
Fig. G,2.1 is used. 

and these apply generally when the appropriate numerals are 
substituted for x, y. Thus, with x = 2, y = 3, for example, 

(F. 83 ) - 



3. Laplacian operator 

This operator occurs frequently in the deformation equations, 
so that its explicit statement inr finite -difference form is convenient. 

3.1. Two-dimensional. From C(2.1).2 and C(2.2).2 

(V*F) - (F. xx ) +(F. yy ) = (Ft+Fi+Ft-t-Ft-iFoW* (3-1) 
This was given by C. Runge, in 1908, and others since 76 . 
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R. V. Southwell 77 - 3 has generalised this sort of expression to 
the case where either 3, 4 or 6 points are those adjacent to and 
are equally spaced around a circle of radius A. The resulting 
triangular and hexagonal grids for 3 and 6 points on the circle are 
useful in some problems but usually the square grid, of Fig. C,2.1 
for 4 points, is used. 

Equation C(3.1) applies to one point and its locality in a con- 
tinuous field of the function F. 

3.2. Three-dimensional. The three-dimensional form follows 
from adding together the three expressions C(2.5).l to give 

(3.2) 



where the F x values are all at distance h from 0. 



4. Solution of simultaneous, linear, algebraic equations 

4. 1 . Iteration of the wanted functions . The iterative method 
of solving simultaneous, linear, algebraic equations began with 
Gregory's method, given in 1674 93 - 1 , to extract the square and 
cube roots of algebraic equations. The solution of the lagrangian 
frequency equations proved difficult and a matrix iterative 
method was given by W. J. Duncan & A. R. Collar 98 in 1934. 
However, this method proved laborious with a large number of 
independent variables. 

4.2. Escalation. J. Morris & J. W. Head, in 1942 ", sought 
to overcome this difficulty by devising their escalator method, 
which avoids successive approximation by considering a sub-set 
of the equations and suitably reducing the number of variables in 
each. The roots found from these equations are used to find other 
roots for a larger sub -set and so on until the full number of 
variables is considered. The escalator method is applied to 
simultaneous, linear, algebraic equations by J. Morris (1947 9G ). 

4.3. Finite differences. The solution of the boundary-value 
problems of theoretical physics for various differential equations 
was sought by various methods 100 ,f including finite differences 93 - 2 . 

f Other methods include the choice of arbitrary values for the wanted 
functions satisfying some of the conditions of tho problem and then finding 
the adjustment necessary by minimising the error. S. Odman considered 
this in detail in 1948 and in a survey in 1953 101 . 
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The problem is thus reduced to the solution of simultaneous, 
linear, algebraic equations for which iterative methods are 
applicable 95 . 

4.4. Iteration of errors in the wanted functions. A fresh 
approach was initiated by the Hardy Cross method of moment 
distribution given in 1930 97 . This is a physico-mathematical 
method to solve for the bending moments in the equilibrium of 
joints of rigid-jointed frames. A good approximation is found to 
the moments and then these values are ' fixed ' temporarily. Now , 
one joint is 'released' so that it can rotate to an equilibrium posi- 
tion under the moments in the members radiating from the joint. 
The previous moment in excess of that for equilibrium has the 
excess distributed appropriately to the other ends of the members. 
The joint is again fixed and the distribution of the excess moment 
performed at another joint. The process is continued until the 
excess moment at each joint is negligibly small. The process is 
iteration of errors in place of iteration of the wanted quantities in 
the simultaneous, linear, equilibrium equations. 

K. V* Southwell, in 1935 103 , used the iteration of errors to 
analyse frameworks and named it the relaxation method. In 
1938 104 , D. G. Christopherson & K. V. Southwell extended the 
method to two independent variables as in equation C(3.1), for 
example. An exponent of iterative methods 95 has described the 
relaxation process as '. . . a sort of brute-force, cut-and-try 
numerical method of attack ' 105 . There may be some justification 
for this, since elaborate methodological rules of manipulation are 
not formulated; there are involved only simple arithmetical pro- 
cesses that are within the grasp of the least skilled of computers. 
This is a powerful argument for the method ! 

4.5. Spirit of the relaxational approach. Orthodox mathe- 
matics seeks the general solution of a given, governing differential 
equation: (i) at all points within and on the boundary of the 
function space, and (ii) the exact values of the wanted function, 
with (iii) precisely specified values of the wanted function and/or 
its derivatives at the boundary. 

R. V. Southwell 77 observes that for the formulation of a theory 
in mathematical physics and its subsequent examination *. . . the 
data must be obtained by physical measurement, therefore can be 
neither exact nor complete 917 ' 10 . Again, 'From the practical 
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standpoint a function is sufficiently determined when its values are 
known within tolerable margins of uncertainty and at a number of 
points which is large enough to define the trend of its values 
elsewhere' 77 - 11 . And again he gives '. . . a contention which 
underlies the whole argument . . . that nothing in our definition of 
a function requires the mathematical form ... to be known' 77 - 10 . 
On this basis Southwell concludes that in physical problems 
orthodox differential equations can be replaced by finite-difference 
forms without appreciable error, since the intervals can be chosen 
as small as we please 77 - 9 . Again, it is not necessary to solve the 
finite-difference equations exactly, '. . . since it is always possible 
to account for the data within their estimated margins of uncer- 
tainty' 11 *. This leads to e . . . a systematic sequence of opera- 
tions, each entailing localised alteration of the wanted function, 
which steadily reduces the magnitudes of quantities termed 
"residuals", thereby accounting for the data more and more 
completely' 77 - 9 . Therefore, the '. . . task will be ended when all 
residuals have been brought (sensibly) to zero at internal 
points' 7M2 and so that '. . . any problem that can be formulated 
can be solved' 77 - 13 . 

The relaxation procedure is described in article C,5.3, where it is 
noted that there is no mathematical proof of convergence to a 
unique solution from any arbitrary initial values and prescribed 
boundary conditions. Article G,7.2 shows that convergence does 
not occur in all cases and article C,7.3 gives examples of pseudo- 
harmonic functions. The deformation problem in article VII,6 
relates the harmonic and pseudo-harmonic functions. 



5. Two-dimensional Pois son's equation solved by the 
iteration of errors 

R. V. Southwell 77 - 4 describes the method by analogy to an 
initially plane net with transverse forces at the nodes. There 
appears to be no mathematical proof of convergency of the 
relaxation process to unique values of F. Appeal is made to the 
fact that the physical net adopts a configuration consistent with 
minimum strain energy, while the problems considered have 
physically unique solutions 77 - 5 ' 77 - 6 ' 77 - 7 . The following direct 
arithmetical approach seems shorter than the net analogue.")* 

t Author, 1945. This is an obvious description but does not seem to be 
given in the literature. 
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Poisson's equation, with the right-hand side as a known, 
continuous function 6?, is 

V*F = G (5.1) 

Substituting C(3.1) gives, for point R x = 0, 

(5.2) 



When the values F 0) ...,F 4 are known exactly, then this equation 
is satisfied identically. 

5.1. First approximation. Allocate arbitrary values (usually 
chosen to suit some intuitive knowledge) F P 9 F Q , ... on the grid, 

ooooo o o o o o 

nK T>V 
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(a) (b) 

FKJ. C,5.1. Two-dimensional relaxation grid with distance h between 
the nodes along the grid lines. Five arbitrary, initial values of the 
wanted function are shown in (a) with P as the central point to which 
the local difference equation applies. The residue at P is liquidated 
and added to the initial value off 1 as in (b). The point Q is now taken 
as the central point to which the local difference equation will apply. 
The initial residue at P is now seen to influence the value of the residue 
at Q for this second approximation to the field of values for F. 

with nodal points P, Q, ... as in Fig C,5.1(a). Apply equation 
C(5.2), but, since the F p , ... values are not correct (generally), the 
right-hand side is not zero but equals the residue r%, say. Thus, 

j(ry +*?+*! + J2 1 ) -(^+rf ) -i w; - o (5.3) 

Therefore, if the residue is added to the value F P 9 then the five 
values (F p -}-r p ), F Q , ..., F T constitute an exact local solution of 
0(5,2). 

5.2. Second approximation. Now, regard the set of values 
of F as those for a fresh beginning. Firstly apply C(5.2) to the 
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original values before liquidation of the residue at P. Let r$ be 
this residue to give 



Since point P is now point 3 on the local grid, denote the initial 
residue at P by r and add and subtract Jrf to C(5.4). This gives 



Now apply C(5.2) to the values shown in Fig. C,5.1(6) as those 
after liquidation of the residue at P. This gives just C(5.5) with 
the residue (r^+Jrf). Therefore, the liquidation of the residue 
at P increases the residue at Q by Jrf. 

Similarly, the liquidation of the residue at P effectively increases 
that at each of the points R, 8, T by JrJ* when they are considered 
in turn. 

5.3. Relaxation procedure. Fig. C,5.2(a) combines the 
two Figs. C,5.1(a), (6), while Fig. C,5.2(6) gives numbers as an 
illustration. The values of F p , F Q , ...,F W have been chosen as 
1, 2, ..., 8. The residues are r p = 2^, r Q = 3 on using initial 
values of F and with G chosen as zero. Each residue has been 
liquidated at its point and distributed to the adjacent four 
points. The columns are added on each side of a point to give 
the modified values of the function and the residue. The liquida- 
tion of the residue at each point then gives the new set of values 
4|, 6J, ..., 8| in Fig. C,5.2(c) to be taken as the set for further 
relaxation by liquidation of the largest residues as and where they 
occur. Now r p |, r Q = are smaller than they were, so that 
temporary local satisfaction of the governing equation is closer. 

The description of the process makes it seem complicated, but a 
trial by the reader will show its simplicity. 

5.4. Boundaries. The relaxation procedure is continued until 
the residues are small enough to be considered as negligible within 
the boundary of the function space. 

This leads to the necessity of defining the boundary for finite 
differences of position. With the grid of discrete points shown in 
Fig. C,5.3 the 'boundary' points are those nearest to the actual 
boundary (AB) and define the equivalent boundary (EB). Boun- 
daries AB and EB are brought closer to coincidence as the grid 
spacing h is reduced. 

The function F and/or its derivatives, as given in article C,2. 
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must have special values at the boundary. When the derivatives 
are involved then there must be found a suitable number of 
values of F outside the boundary as in Fig. C,5.3. We are con- 
cerned with all derivatives up to the second order, so that it is 
necessary to have eight points surrounding each point of EB for 



fc- 




fir* }ir* 
raj 



4, 



3.,, 



'I 2i 



(b) 



re) 

FTO. G,5.2. Example of a relaxation computation for a laplacian distri- 
bution with the algebraic representation in (a), the first approximation 
to the wanted function, the residuals and their distribution in (ft), 
the liquidation of all residuals and recalculation of the current residues 
gives the second approximation to the wanted function in (c). Note 
the rapid reduction in the residues between (6) and (c) for only one 
sequence of liquidation for the two points P and Q. 

a square mesh. The outer members of these points define the 
fictitious boundary (PB) which tends to coincide with AB as the 
grid spacing is reduced. 

The relaxation procedure f is thus seen to involve the ' dispersal ' 

t The foregoing description of boundaries differs considerably from that 
given by R. V. Southwell 77 . Southwell introduces fictitioiis nodes beyond 
the actual boundary, but these are not considered as joined to form a 
'fictitious boundary' as here. The strings of the analogic net are terminated 
at the actual boundary and this leads to the necessity for the unequal star 
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of the original errors to points beyond the boundary FB. Errors 
of any magnitude whatever have no effect on the solution of a 
problem so long as they are not in the function space. 



5.5. Analogues to solve Poisson's equation. A net: The 
infinitesimal transverse displacement of an initially flat membrane 
and the distributed normal force causing the displacement are 

FB 
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FEQ. C,5.3. Two-dimensional function space relaxation grid with grid 
length h. The actual boundary (AB) is replaced by the equivalent 
boundary (EB) denned by the grid nodal points closest to AB. The 
points on the fictitious boundary (FB) are such that each point on 
EB is surrounded by eight points : four in the grid lines directions and 
four in the diagonal directions. These eight points allow the definition 
of all the arbitrary partial-differential coefficients, up to the second 
order, of the wanted function at EB. (If it is required to impose 
arbitrary boundary conditions on the partial-differential coefficients 
up to the fourth order then the FB must be two lengths h outside 
EB.) As h becomes smaller, then so AB, EB, FB approach more 
nearly to coincidence. 

related by a Poisson's equation 23 - 11 77 - 8 ' 10G . R. V. Southwell, in 
1938 77 - 4 , expressed this in finite differences, so that the membrane 
became a net loaded at its nodal points. Numbering the nodes as 
in Fig. G,2.1 and viewing, in the direction OR y , a section of the 

grid technique. Further 77 - 14 , '. . . there is nothing to prohibit multiple 
values at "fictitious nodes" . . .'. The present author feels that the compli- 
cation of manipulation and thought introduced by not considering the 
fictitious boundary as part of the single-valued function space is un- 
warranted. Again, it is not clear how to set up the analogic electrical 
networks of articles C,5.5, C,6.2 if multiple values were allowed at ficti- 
tious nodes. 
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net along axis OR X gives Fig. C,5.4. Force %h 2 G is applied in 
direction OR Z to the node at 0. The small transverse displace- 
ments induced are F 0) F ly F 2 , F 3 , F 4 considering the four points 
around 0. Tensile force L, say, is induced in each of the four 
strings. It is readily shown geometrically that the component in 
the direction OE a of the tension in string 01 is ^(F 1 F ). All 
four such forces, when added, give ^(F 1 +F 3 +F 3 +F 4 ) F and 
this balances the applied force ^h?G . Therefore, equation 



R 




FIG. C,5.4. The analogic, initially plane net (as in Fig. C,2.1) sectioned 
along the axis OR X to show the small transverse deflections due to 
transverse loading applied to each nodal point. The deflected net is 
shown as a firm line and the corresponding unloaded net is shown 
dotted. At the typical node there acts the force shown and this is 
balanced by the transverse components of the equal tensions L 
acting in each of the four strings radiating from 0. The deflections 
of the central point and the four surrounding points 7, 2, 3, 4 aro 
Fo, ..., Ft of the same values as the wanted function at each point. 

C(5.2) is satisfied exactly if such a net is constructed, the appro- 
priate forces JA 2 6?0 applied and the transverse displacements 
measured. Suitable boundary conditions must also be imposed to 
solve particular problems. 

An electrical network: T. K. Hogan, in 1943 m , gave the 
analogy for an electrical network, as in Fig. C,5.5 with F , ..., F 4 , 
G as potentials and the 'grid length' h is ^(rjR) by analogy. 
The resistance B is large compared with r\ that is, 100 to 1000 or 
more times greater. Equation C(5.2) is satisfied exactly. S. C. 
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Redshaw, in 1940 108 , extended the analogy, constructed an instru- 
ment with a 10 by 10 mesh and performed experiments showing 
good accuracy. 



6. Three-dimensional Poisson's equation solved by the 
iteration of errors 

When the functions F, G are three-dimensional in 

V*F = G (6.1) 

then the three-dimensional laplacian operator of article C,3.2 gives 

-J-Fo-WGo = (6.2) 




. C,5.5. A typical star of tho electrical network analogue to solve the 
two-dimensional Poisson's equation expressed in finite differences 
(after T. K. Hogan 10 7 ) . Potentials F , . . . , F 4 correspond to the wanted 
function when applied potential G is the non-zero right-hand side of 
Poisson's equation. Potential G must be large when compared with 
the JP's and so resistance R is largo when compared with r. The 
'grid length' is <^(rjR) by analogy. 



6.1. Relaxation procedure. Similar to the procedure in 
article C,5 a set of values F x ' ', say, are guessed for all the nodal 
points. Then, the right-hand side of C(6.2), instead of being 
zero, equals the residue r ' 9 say, to give 

= (6.3) 



The liquidated residue r ' added to F ' must be distributed 
equally between the six points x around the current point 0. 
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That \r ' must be added to the current residues at each of the 
six points x is clear from the argument similar to that in article 
C,5.2. 

This procedure continues with the greatest (usually) residue 
liquidated and distributed at each step until the residues become 
negligibly small within the function space when the boundary 
conditions are satisfied. 

6.2. Analogues. The extension from a plane, physical net to 
a cubical net does not appear to follow simply, but the electrical 
analogue for three dimensions is simple : 

An electrical network: Fig. C,6.1 is an isometric view of the 




.Fie;. G,6. 1. An isometric view of the typical, orthogonal star of the electrical 
network for the analogic solution of the three-dimensional Poisson's 
equation expressed in finite differences with 'grid length' v/(r/#). 
Applied potential Go corresponds to the non-zero right-hand side of 
Poisson's equation and the JP"s are the potentials of the same values 
as the wanted function. Potential G must be large compared with 
the -# 7 's, so that the resistance ft is also large compared with r. 

three-dimensional orthogonal star with six equal resistance arms 
r which are small compared with the starpoint feeder resistance R. 
Denote current in the arm a by I x due to potentials F 0) F x . 
Then, 

F -F x =rl x 

so that, on adding these six terms, 

) = rX(I x +I- x ) (6.4) 

X 
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But, with current I in the feeder arm, since electricity cannot 
accumulate at 0, then 

S(/*+/- x )+/,=0 (6.5) 

X 

while 

I = (G ~F )/R = G /R (6.6) 

provided G is large compared with F . Substituting C(6.6), 
0(6.5) in C(6.4) and then multiplying by J gives 



)-P t -0 = (6.7) 

X "> 

This is precisely C(6.3) when the grid length h = ^/(r/B). There- 
fore, the nodal voltages for a distribution of such stars throughout 
the function space supply an exact solution of the Poisson equation 
provided that the appropriate boundary conditions are satisfied. 

S. C. Redshaw 108 found experimental difficulty in matching the 
two-dimensional network resistances r. This difficulty can be 
avoided by using an electrically resisting continuum (solid or 
fluid) as the function space. The outer boundary of the continuum 
needs to be sufficiently far from the region in which the nodal points 
are to be defined so that the resistance r will be the same between 
any two points at the same distance apart. That is, the boundary 
must be at infinity, theoretically, so that it does not influence the 
resistance r. Now, setting up conducting nodal points as in Fig. 
C,6.1, the resisting continuum acts as r between each pair of 
points so that Fig. C,6. 1 is then the equivalent mesh. The applica- 
tion of potential G through the large resistance R at each nodal 
point completes the continuum form of the mesh. Much work 
has been done 61 using a tank of conducting fluid to solve 
Laplace's equation (i.e. with O = 0) but the simple extension of 
the technique to include Poisson's equation as here appears to 
have not been done previously. 

7. Laplace's equation solved by the iteration of errors 

Poisson's two-dimensional equation expressed in finite differ- 
ences is given in article C,5. When G = then Poisson's 
equation becomes Laplace's equation 

V 2 F = (7.1) 

or, for finite differences, 

FO = l(F!+F 2 +F 3 +F 4 ) (7.2) 

independent of the grid length h. 
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7.1. One-dimensional Laplace's equation. Suppose F is 
independent of E y and then, from Fig. C,2.1, F 3 = F = F 4 and 
then, from C(7.2), 



consistent with C(2.l).2. Now, the formal Laplace's equation is 

V*F=F. J .. r = Q (7.4) 

Integration gives, with arbitrary constant A, B, 

F = AB X +B (7.5) 

Clearly, the finite-difference equation C(7.3) is satisfied exactly, 
with zero residues, when the F k 's fall on this linear curve. 

7.2. Pseudo - harmonic functions. Now, suppose some 
values F k ' in C(7.3) give 



with the residue r ' as quasi-zero in comparison with the ' observed ' , 
discrete values of the wanted function F. The values F k ' con- 
stitute an harmonic-function solution of the Laplace's equation 
expressed in finite-difference form in conformity with the spirit 
of the relaxational approach, as discussed in article C,4.5. 

But C(7.6) is satisfied on any continuous curve merely by 
choosing the F 3 ' 9 F ', F/ sufficiently close together. Notice that 
the grid length h has disappeared from C(7.3), since the right-hand 
side of C(7.4) is zero. Thus, any continuous function of R x 
constitutes a pseudo-harmonic solution of the finite-difference 
Laplace's equation. 

Any set of discrete values of F (spaced even distances apart) 
will be 'smoothed' on to a continuous curve which is a pseudo- 
harmonic solution of C(7.3).f Therefore, the question arises of 
whether the relaxational technique leads to convergence to a 
unique solution of Laplace's equation for any particular problem. 

7.3. Examples of pseudo - harmonic functions. For 

example, with 

F = cos R x (7.7) 

discrete values of F can be chosen from trigonometric tables to 
satisfy C(7.3) very closely with r ' in C(7.6) as small as we wish so 
that 'practically' it is quasi-zero but is never absolutely zero. 

t Author, 1951. 
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But, formally, C(7.7) in C(7.4) gives 

cos R X = Q (7.8) 

but the left-hand side is not zero except at R x = 77, so that 
C(7.4) is not satisfied in general although its finite-difference 
equivalent C(7.3) is quasi-satisfied within 'practical' limits. 

More generally, 

F = cos nR x (7.9) 

is a satisfactory pseudo-harmonic solution of C(7.3) giving the 
same terminal values of F for suitable, different values of n. 
Thus, more than one solution of C(7.3) is possible with the same 
boundary values for F. 

7.4. An artifice to transform Laplace's equation to a 
Poisson's equation. Laplace's equation is 

V 2 F == (7.10) 

If the operator V 2 is two-dimensional, then, with an arbitrary 
constant G 9 

V2J(R.R)0 = V*l(RJ+R v *)Q = G (7.11) 

With function H(R X9 R y ), suppose that 

T=jF+JGR.R (7.12) 

and then, 

V 2 # = G (7.13) 

which is Poisson's equation with the right-hand side constant.f 
Boundary conditions on F and/or its derivatives are now trans- 
formed to conditions on H and J6?RR as in equation G(7.13). 

The net analogue then gives G as a force of the same, but 
arbitrary, value at each node, while the electrical analogue gives 
the same-valued potential applied to each of the starpoint arms. 
Such a physical situation has a unique solution, so that the diffi- 
culty about convergence to a unique solution, as presented in 
articles C,7.2, C,7.3, appears to be avoided. However, the 
boundary conditions have not been discussed. This is best done 
by examples, of which one is given in article VII, 6. 

This artifice overcomes the difficulty that, if C(7.10) is to apply 
throughout a singly connected plane, for example, then the trans- 
verse forces on the net are zero and the analogy does not apply. 

f Author, 1951. It is unlikely that such a simple artifice has not been 
anticipated, but the present author has no other reference to it. The 
exponents of the relaxation method and analogues do not mention it. 
(See references 77 ' 108 .) 
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R. V. Southwell 77 does not discuss the difficulty. Again, when 
applying the electrical network to Laplace's equation, then 
S. C. Bedshaw 108 introduces a feeder connection into the centre 
of the field. This is a discontinuity in the laplacian field, so 
that Poisson's equation must be applied at that point and a 
' barrier ' boundary used to exclude it from the rest of the field, 
which then becomes doubly connected and so does not satisfy 
the requirement of single-connectivity. 

If equation C(7.13) is taken as three-dimensional, then, 

H =F+$GR-R (7.14) 

with the three-dimensional position vector R. 
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FOURIER SERIES 

1. Fourier series 

The representation of continuous or discontinuous periodic 
functions by a series of trigonometric terms was given by Fourier 
in 1811 110 .f Thus, under the conditions prevailing (or which 
we arrange to prevail), a function E(0), say, is represented by the 
Fourier series F(0) } say, so that 

E(0)=F(0) (-77^0^77) (1.1) 

with 

F(0) = \A + (A n cos n0+B n sin n0) (1.2) 

when the constant coefficients, independent of 0, are given by 
E(0)cosn0d0 (n = 0,1,...) 




E(0)smn0d0 (n = 1,2, ...) 



(1.3) 



For the equality of E and F it is necessary that E(TT) = E(TT) 
and that E is continuous in the range 111>1 . 

1.1. Discontinuous functions. If E is discontinuous within 
or at the end-points of its periodic interval, then, with the sign 
for 'correspondence', 

T71 Tjl /I A \ 

E~F (1.4) 

Let a discontinuity occur at = and then at this point 111 * 1 



Fig. D,l.l shows the state diagrammatically. 

f This mode of representation provecf so unpalatable to Fourier's con- 
temporaries that its publication was delayed some twelve years while the 
ideas were revised on what constitutes a function. The beginnings of 
modern analysis resulted. 
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2. Differentiation and integration of Fourier series 

The Fourier series is differentiable term by term when 

E = F (77 ^ 6 ^ IT) (2.1) 

and dE/d0 is also differentiable * J ] - 2 . In the deformation problem 
these conditions are satisfied (or arranged). 

2.1. Derivatives from the right and the left at a point. It 

may happen that the derivative dE/dO does not exist at a point 



+ O 



E(0) 



E(0) 
F(0) 




e 



FIG. D,l.l. The discontinuity in a function E. The Fourier representa- 
tion F of E converges to F , the mean value of E at the discontinuity. 

where there is a cusp or acute or obtuse ' corner ' of the curve 
E(6) vs. 6, for example. However, for the continuous functions 
we consider there will be a derivative (dE/d6) e _ eo+ Q to the right 
of and a derivative (dE/d6) e ^ 0o _Q to the left of . The 
Fourier series F(0) is differentiable termwise at each of these two 
points and each derivative converges to the appropriate derivative 
ofE(0) 111 - 2 . Thus, 

dE dF (0 = 



2.2. Mean derivatives. The derivative of F(0) at any point 
in its periodic interval is always m - 3 

( ) 



( d l\ -.i\t*?\ (m\ 

w.-tr Hw..^o + w.. 
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provided that there are right- and left-hand derivatives d 2 E[d6* 
at the point. Fig. D,2.1 shows the state diagrammaticaJly. 
One may think of the 'corner' of F as 'rounded' by not quite 
fitting the ' corner' in E and with the slope the mean of the two 
values for E just on each side of the point 9 . 

A similar proof gives the higher-order mean derivative at a 
point in terms of the right- and left-hand derivatives. 

2.3. Integration. The conditions imposed on E(6) for term- 
wise integration ofF(6) are less rigorous than those for differentia- 
tion ll1 - 3 but are certainly covered by those already given. 




Fiu. D,2.1. A discontinuity of slope in the continuous function E. The 
slope of the Fourier representation A 1 of K converges to the mean 
value of the slopes of E at the point. 

3. Harmonic analysis 

Frequently it is required to express a set of discrete observations 
E k (B) as lying on a curve H(6), say, given by the addition of a 
finite number N of trigonometric terms. Thus, similar to article 
D,l, there is given the approximate equality, 

E(8) == H(6) (3.1) 

with 

H(6) = A + S (A n cos n6+B n sin n6) (3.2) 



The A'a and J5's are determined, so that the continuous function 
H(9) passes through the E k values. Usually the interval is 
subdivided into 12 or 24 segments. The method of determining 
the A' $ and .#' is simple but too lengthy to be given here. A 
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concise account with methodical tabular working is given by 
E. T. Whittaker & G. Robinson 93 - 3 , for example. 

For a given set of arbitrary observations in the range 
a g g 6 there is usually more than one possible choice of 
interval of periodicity which may be greater than interval (a,6). 
The choice of interval is frequently governed by the boundary 
conditions in the physical problem. Whatever choice is made 
cusps and corners do not occur for H(6) 3 so that it is differentiate 
any number of times, although E(0) might appear to have cusps 
and corners and hence to be undifferentiable at such points. 
Note carefully that H -> E as closely as we wish by merely sub- 
dividing interval (a,6), or sub-intervals in this range, into suffi- 
ciently small parts. Thus, from the very nature of the discrete 
observations in an experiment, they may always be associated 
with functions that are continuous and differential;)] e. 
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GLOSSARY 

The primary purpose of this glossary is to collect, for easy reference, 
the more unfamiliar technical terms introduced by the author to 
describe the new physico-mathematical ideas of the theory. The 
commonplace terms of the subject are not given here usually, but 
are, of course, described in the general text where appropriate. 

Stress 

Tensile, stress is orthogonal to and acting outwards from the surface 
of an element of volume. This is a positive normal stress. 

Compressive stress is orthogonal to and acting inwards to the surface 
of an element of volume. This is a negative normal stress. 

One-stress loading is given to a substance when the stress throughout 
the body is either simple tensile or simple comprcssive. 

Two-stress loading is given to a substance when the complex stresses 
at each point of it can be reduced to only two orthogonal normal 
stresses. 

Three-stress loading is the general case. Every complex stress 
system at a point can be reduced to three mutually orthogonal principal 
normal stresses (or two, or one, as particular cases). 

Stress dyadic with its scalar, principal normal stress components those 
of the one-stress, two-stress or three-stress loading as appropriate for 
the point. 

Stress invariants are combinations of the scalar stress components of 
the stress dyadic which retain their arithmetical values for any direc- 
tions to which the dyadic is referred. 

Stress transfer is the rotation of the principal normal stresses at a 
point relative to the local substance. 

Partial-increment stress dyadic is one in which increments of scalar 
stresses appear but not increments of the unit dyads. 

Auxiliary normal stresses at a point are those acting on planes 
normal to the face diagonals of an elemental cube and, when used 
appropriately, are 'equivalent' to the complementary shear stresses. 

Octahedral stress is a vector stress acting on a plane normal to a 
stress octahedral direction having equal angles with all three principal 
normal stress directions defining the stress-space. 

Octahedral normal stress is the component of the octahedral stress 
parallel to the stress-space octahedral unit vector. Scalarly, it is J the 
value of the first stress invariant equal to the sum of the normal 
stresses. 
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Octahedral sfiear stress is the component of the octahedral stress 
normal to the stress-space octahedral unit vector. 

Plane stress is plane, two-dimensional two-stress. Thus, it is inde- 
pendent of the coordinate normal to its plane of distribution. 

Curvilinear plane stress is two-dimensional two-stress distributed over 
a curvilinear surface. 

Generalised plane stress theory considers stresses and strains averaged 
over the thickness of a plate. The normal stress on all planes parallel to 
the stress-free main faces of a plate is hypothesised as identically zero. 

Quasi-plane stress theory is similar to the generalised plane stress 
theory except for fewer arbitrary assumptions. The normal stress on 
planes parallel to the stress -free main faces of the plate is not hypo- 
thesised as zero. 

Modified Maxwell stress function is the direct, three-dimensional 
extension of the Airy two-dimensional stress function. It is given by 
leaving off the three distinguishing superscripts from the three Maxwell 
stress functions said to be independent one from another. (Each of 
the three Maxwell stress functions removes from the stress dyadic the 
necessary property of invariant transformability and, therefore, they 
are not acceptable to represent the stress dyadic.) 

Strain 

Normal strain is suffered by an element when it is initially and 
currently rectangular. (Generally, the element can be of different 
curviliuearity in the two states.) 

Applied extensile strain usually induces transverse contractile strain. 

'True' normal strain parallel to the edges of the orthogonal element 
in one direction is the relative displacement between the ends of these 
edges per unit length of the currently deformed element. 

' Nominal ' normal strain is the relative displacement per unit length 
of the initially undeformed element. 

Unit stretch is the relative displacement (absolute- displacement) 
between the ends of a line element (in general, not in the principal 
normal strains directions) per unit current length of the line. 

Er is coined from 'extension ratio' which is the current length of a 
line element divided by its initial length. 

tier is coined from * squared extension ratio' and is (er) 2 . 

Inver is coined from ' inverse extension ratio ' and is the initial length 
of a line element divided by its current length. 

Invser is coined from 'inverse squared extension ratio* and is 
(inver) 2 . 

Strain metric is a scalar relation between the gradients of displace- 
ment and the initial and current lengths of any elemental line in the 
continuous elastic body. Thus, the quadratic strain metric gives the 
ser when the coordinates are those of the point in the undeformed 
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elastic body, and the invser when the coordinates refer to the deformed 
elastic body. The linear strain metric gives the er when the co- 
ordinates refer to the undeformed elastic body, and the inver when the 
coordinates refer to the deformed body. 

Strain dyadic has three mutually orthogonal, scalar, principal normal 
strains of the same values as the unit stretches for the corresponding 
directions. 

Strains for general directions are the coefficients of the strain dyadic 
when it has been transformed invariantly from its principal directions. 

Strain invariants are combinations of scalar strain components and 
each retains its arithmetical value for any directions to which the 
strain dyadic is referred. 

Strain transfer is the rotation of the principal normal strains direc- 
tions at a point relative to the deformable substance local to that 
point. 

Partial-strain at a point for a given principal normal strain component 
is the strain in that direction less the effects of the two transverse 
partial-strains. 

Partial-increment strain dyadic is one having increments of scalar 
strain but not increments of the unit dyads. 

Auxiliary normal strains at a point are those in the directions of the 
face diagonals of an elemental cube and, when used appropriately, give 
a measure of the shear strains. 

Octahedral strain is best visualised as a vector relative-displacement 
between the ends of the strain-space octahedral unit vector. (See 
volume I, article 111,10.) 

OctaJiedral normal strain is the component of the octahedral strain 
parallel to the strain-space octahedral unit vector. Scalarly, it is J of 
the value of the first strain invariant. 

Octahedral shear strain is the component of the octahedral strain 
normal to the stress-space octahedral unit vector. 

Reference spaces 

Spatially peed axes are those relative to which the body may move 
as a whole and obey the Newtonian laws of motion. 

Locally convected axes are in the principal normal strains orthogonal 
directions from a typical point of the deformed body and are also 
orthogonal in the undeformed body but at some other spatial orienta- 
tion. If these axes are regarded as imbedded in the local, deformable 
substance then, generally, they arc not orthogonal at any state other 
than the initially undeformed and currently deformed states. 

Deformable reference is a set of orthogonal trajectories given by the 
aggregate of all the locally convected axes and changing its curvili- 
nearity from the initially undeformed to the currently deformed state 
but remaining orthogonal at these end states. 
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Whole-body converted axes are a non-deformable orthogonal set with 
their origin at an arbitrary point of the body and are tangential to the 
locally convected axes at that point. 

Displacement is the rectilinear vector joining the initial and current 
positions of a point relative to an arbitrarily chosen reference line, 
lines or space that can be locally infinitesimal or generally finite. 

Spatial-displacement is that relative to the spatially fixed space. 

Absolute-displacement is usually given in differential form and is the 
linewise displacement of one end of an elemental line relative to its 
other end. 

Relative-displacement in differential form is the displacement of one 
end of an elemental line vector relative to its other end as seen from 
the locally convected reference space. The three components of the 
differential relative-displacement relative to the local reference each 
equals the differential absolute-displacement of the corresponding 
component of the elemental line vector relative to the locally convected 
axes. Relative-displacement as an entity is the summation, or integra- 
tion, of its differentials between the origin of whole-body convected 
axes and the typical point considered. (Otherwise, it is the line integral 
of the strain dyadic between the two points.) 

Straining -displacement is that relative to the whole-body convected 
axes. 

Spatial convection-displacement is the difference between relative- 
displacement and spatial-displacement when the origin of the whole- 
body convected axes does not translate. 

Wlwle-body convection-displacement is the component of spatial 
convection- displacement given by the difference between straining - 
displacement and spatial-displacement. 

Straining convection-displacement is the component of spatial con- 
vection-displacement given by the difference between relative -displace- 
ment and straining-displacement. It is due to the distribution of 
strain at all points of the body other than that typical point on which 
attention is focussed in the equations. 

Deformation-displacement is the elastic -displacement component plus 
the plastic -displacement component of elasto -plastic straining relative 
to the whole-body convected axes. 

Doublet vector field is one consisting of two added vector fields 
components of which the solenoidal (rotational) components are equal 
but of opposite sign. Thus, the doublet is lamellar but each of its 
components is not lamellar in general. (See article A,32 of volume I.) 

Complementary doublet vector fields are equal and all components, 
whether implicit or explicit, are in one-one correspondence. 
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Initial positions 

Spatially initial position is relative to the spatially fixed axes and is 
given, by current position minus spatial-displacement. 

Relatively initial position is relative to the deformable reference and is 
given by current position minus relative-displacement. 

Instantaneously initial position is relative to the whole-body con- 
vected axes and is given by the current position minus straining- 
displacement. 

Rotations 

Spatial-rotation is that of the locally convected axes relative to the 
spatially fixed reference. 

Straining -rotation is that of the locally convected axes relative to the 
whole-body convected axes. 

Whole-body rotation is that of the whole-body convected axes relative 
to the spatially fixed reference. 

Stress -strain 

Stress-strain parameters quadadic has as its scalar coefficients the 
phenomenological values found to relate the stress and strain partial- 
increment dyadics. The principal normal strain directions are chosen 
arbitrarily as those with respect to which the physical parameters are 
defined. After invariant transformation to general directions the 
quadadic scalar coefficients include direction cosines for the orientation 
of the strain dyadic and so are not physical parameters. The quadadic 
in prefactor double scalar product with the partial-increment stress 
dyadic gives the partial-increment strain dyadic. 

Anisotropic substances are those in which the principal directions of 
the stress and strain dyadics are not parallel at a typical point. 

Isotropic substances are those in which the principal directions of the 
stress and strain dyadics are parallel at a typical point. 

General isotropy is the condition when the stress-strain parameters 
are not isotropic. 

Restricted isotropy is the condition, when the stress-strain para- 
meters are isotropic. 

Octahedral-parametric surface for a point is that defined by the 
octahedral shear stress and strain and the isotropic plastic modulus. 

Yielding 

Equivalent normal stress for yielding hypo the tically replaces a 
complex stress loading. It is only different from octahedral shear stress 
by a numerical factor. 

Stress-tube is the vector sum of the principal normal stresses. 
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Strain energy 

Unit strain energy is the energy of straining per unit current volume. 
If the unit initial volume is taken then the context distinguishes 
the two cases. 

Zero strain energy function occurs in the straining of incompressible 
substances. Although of zero magnitude its derivatives with respect 
to strain are not zero and it is seen, to influence the stress-strain relations 
discussed with respect to strain energy. 
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Abbreviation 

er, ser, inver, invser, 241, 347 
for differentiation, 29 
Abrupt yield in 

mild steel, 10-12 

plastic flow theory, 115 
Absolute -displacement, 349 (see vol. T, 

art. 1,3) 
Absolute stresses in incompressible 

substance not prescribable by 

measured strain energy function, 

240 

Acceleration of particle (Euler), 116 
Aggregate of 

crystals, 6, 124 

long kinked molecules, 16 
Algebraic simultaneous equations, solu- 
tion by various methods, 319-321 

Aluminium tube loaded with axial 

tension and torsion, 130 
Amorphous continuum in theory, 5 
Analogy for 

relaxation compxitational technique 

and 

electrical continuum, 329 

electrical network, 326329 

plane net loaded at nodes, 321, 

325, 326 

torsion and 

constant -vorticity fluid flow, 263, 

267, 268 

deflected membrane, 267, 268 

irrotational fluid flow, 263, 281, 

282, 292 

Angle of twist for cylinder, 77, 261, 262 
Anisotropic 

stress-strain parameters for isotropic 

substance, 47, 50, 85, 113, 124 

substance, 60, 350 
Annulus 

elastic, loaded with 

normal stress, 171-173 

and shear stress, 175 

elasto-plastic, loaded with normal 

stress, 200-213 



Annulus 

residual stresses, 194-199 
Anomaly in 

homogeneous straining of rubber 

sheet, 230-233 

twist of axis in torsion theory of 

Saint-Venant, 293 
Aritiself- conjugate component of vector 

gradient of vector, 310, 311 
Applied forces one -one with 

each of complementary doublet 

vector fields, 30, 134, 349 

strains in rubber for any sequence of 

application, 228, 246, 247 
Approximate classical infinitesimal 

strain theory, 146-150 
Arbitrary 

hydrostatic pressure, so-called, 244- 

246 
strain energy independent of, 243 

plastic flow strain under constant 

load, 123 

straining-displacement, 30, 31 

stresses and the zero strain energy 

function, 247 

Areal dilation, 158 

Artifice transforming Laplace's equa- 
tion to Poisson's equation, 331 

Atomic lattice, 124 

not perfect in metal crystals, 124 
accounts for work-hardening, 124 

slip in jumps, 124 
Atomistic approach to yield, 124 
Attractive and repulsive forces between 

atoms, 124 
Auxiliary normal 

strains for shear strains, 62, 348 

stresses equivalent to shear stresses, 

51, 52, 346 
Average (mean) for plate 

relative-displacement, 156 
potential, 168 

strain dyadic, 151, 156 

compatibility conditions, 156, 157 

of Saint-Venant, 154 
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Average (mean) for plate 

strain dyadic 
components, 153 

stress, 151, 155, 156, 232, 235 

first invariant, 152 

potential, 157 

stress -strain relations, 153 

Axis of twist for torsion of cylinders, 
263 

Biharmoiiic equation for stress function 

of Airy, 148, 149, 154 
Body force, 41, 42 

potential, 144 
Bonded strain gauges, 1, 337 
Boundaries for relaxation technique, 

323, 325, 331, 332 
Boundary conditions for torsion theory 

basal solution for specialised theory, 

273, 280 

of Saint-Venant, 264-266 
Boundary 

layer of How, xi 

of yield not sharply defined, 205 

skin stresses, 197, 198 

and pseudo -harmonic functions, 

199 

stresses in torsion theory of Saint- 

Vonant, 293 
modified, 293 

value problem 

boundary at infinity, 154, 222 

method of solution, 135 

Brass loaded 

simple tension, 13 

tube 

axial tension, axial torsion, 

internal pressure, 129, 131 
torsion increases length, 79-81 

Cantilever, quadrantal, classical solu- 
tion, 185-189 

adapted to finite elastic strain, 

186-189 

Cartesian coordinates, 294 
Circle of yield, 126, 127 
Circular hole in deformed elastic sheet 

loaded by simple tension 

classical solution, 179-183 

adapted to finite strain, 184, 

185 

transverse stress has little effect 

on planewise strains, 183 

experiment on rubber, 164-166 



Circular hole in duralumin plate 
yielded by radial pressure 

experiment with expanded collet, 

166-170 

interpretation 

plastic moduli, 209, 210 

yield boundary located by 

strains, 205 

theory, 203-205 

migration of particles gives new 

elastic plate, 201-203 

Classical theory of infinitesimal strain- 
ing, 33-37, 146, 221 

adaptation to finite strain, 147 

strains and spatial -rotation defini- 

tions, 150 

solutions by complex variable, 

158-161 
Coaxiality of stress and 

elasto-plastic strain 

duralumin, 108-111 
steel, 97, 111, 112 

strain -velocity for flowing metals, 

115 117, 119 
Coefficient of fluid viscosity 

extension, 117 
--shear, 110 
Compatibility of 

increment strains, 141, 217, 218 

physically non-linear stress -strain 

relations, 251 

quadratic strains, 247-249 

strains, 133, 217 

- average (mean) for plate, 156, 

157 
Saiiit-Venant's conditions, 141, 

146-148, 221 
and the modified Maxwell 

stress function, 222 
necessary but not sufficient, 

147, 150, 154, 182 

two -stress strains, 141 
Complemen t ary 

doublet vector fields, 134, 177, 

349 

straining convection-displace- 
ment implicit, 177 

shear stresses, 40, 41 
Complex displacement, 162 
Complex potential, 280, 281 

a second form, 315 

Complex self-conjugate dyadic, 315 
Complex strain, 47 

dyadic from complex variable, 

162 



356 



SUBJECT INDEX 



Complex variable, 313 

function, 313-315 

differentiability conditions of 

Cauchy, Riemann, 314 

grad grad of, 315 

orthogonality of components, 314 

vector gradient of, 315 

Complex variable solutions of plane 

problems using 

Saint-Venant's compatibility con- 

ditions, 158, 159 

solution for plane stress does not 

satisfy, 160, 161 

relative-displacement, 1 62 
Complex vector, 315 
Compression test, 2 
Compressive stress is negative, 346 
Confocal ellipses shear-stress trajec- 
tories, 289-292 

comparison with Saint -Venarit's 

solution, 291-293 
Confusion of term 'plasticity', 122 
Conjugate 

complex function, 283 

complex variable, 313 
curl of 

curl of self-conjugate dyadic, 309 

dyadic, 308 

stress potential, 271, 272 
Construction of Mohr transforms self- 
conjugate dyadic, 297, 298 

Continuity 

equation for incompressible fluid, 

114, 115, 268 

of spatial-displacement, 150 
Continuous function represented by 

polynomial, 316 

trigonometric series, 333, 336 
Contraction 

is negative strain, 4 

transverse, induced by applied 

increment strain, 25, 47, 48 

strain, 4, 47 

Convected axes 

local, 133, 348 

whole-body, 29, 34, 54, 56, 349 
Convection-displacement 

spatial, 349 

straining, 133, 134, 349 

whole-body, 29, 30, 37, 349 
Convection of line elements, 177-179 
Convergence of 

Fourier series, 333-335 

relaxation process, 321, 330 
Converse stress-strain relations, 140 



Coordinates 

cartesian, 294 

curvilinear, 295 

cylindrical, 301, 302 

elliptical, 289, 290 

spherical, 302, 303 
Copper loaded 

simple tension, 13, 91 

tube 

axial tension and 

internal pressure, 86, 87, 130 

interpretation of measure- 
ments, 86-94, 113 

torsion, 130 

torsion, 79 

Correspondence, one-one of forces and 

experimental strains in rubber, 228 

not with spatial doublet vector 

field, 30 

straining doublet vector field, 30, 

134 

Cosines relationships, 299 
Couple, 252 
Criteria for maximum shear stress, 

46 
Criterion of yield, 123-126 

distortional energy, 125127 

maximum shear stress, 125-127 
Cross-elasticity modulus (coefficient) of 

M. Reiner, 62, 75 
Cross (vector) product, 295 
Crystal 

aggregates loaded, 6, 124 

of metal loaded, 124 
Crystalline structure of metals, 5, 6 

mathematical theory neglects, 5 
Cupro-nickel thin-walled tube loaded 

by torsion, 79 
Curl 

conjugate, of curl of self-conjugate 

dyadic, 309 

of self-conjugate dyadic, 307, 308 

of vector, 311 

operator, 303 
Curvilinear coordinates, 295 
Curvilinear stress 

dyadic, 136 

partial-increment. 137 

homogeneous, 44 

plane, 76, 347 
polar, 136 

Cylinder, circular hollow from flat 

plate, 189-194 
Cylinders of metal and rubber extended 

by torsion, 74 
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Cylindrical coordinates, 301, 302 

operator 

- curl, div, grad, 303 
grad grad, laplacian, 304 

self-conjugate dyadic 

curl of, 308 

divergence of, 307 

vector gradient of, 306 

vector gradient of vector, 309 
self-conjugate and antiself-con- 

jugate components of, 310 

Deformable reference, 133, 348 
Deformation-displacement, 39, 349 
Deformation 

crosses crystal boundary, 6 

energy yield criterion, 125 

initial position, 39 
Deviatoric normal stress, 116 
Differentiability conditions of Cauchy, 

Riemann for complex function, 314 
Differential geometry of deformable 

element for infinitesimal strain, 34 
Differentiation with finite differences, 

317, 318 
Dilation 

areal, 158 

due to plastic strains. 26, 124 
Direction (unit vector) of vector, 294 
Disc loaded normally, 174 
Discontinuity of stress in plastic flow, 

117 

Discontinuous functions represented 
by Fourier series, 333, 334 

differentiation and integration, 334, 

335 

Dislocational rotation, 38, 149, 293 
Dislocations, atomic, 124 
Displacement, 349 

complex, 162 

potential, 143, 219 

and strain dyadic, 143, 219 

and stress potential, 145 

Distortions, local, of atomic lattice, 124 
Divergence of 

self-conjugate dyadic, 307 

vector, 311 

Dot (scalar) product, 295 
Double 

scalar product, 304 

vector product, 145 

Doublet vector field, 30, 134, 177, 349 

complementary, 349 

spatial, not one-one with forces, 30 

straining, one-one with forces, 30 



Duralumin 

e last o -plastic modulus, 24 

loaded with simple tension, 7, 8, 9, 

19, 20, 24, 26, 27 

plastic modulus, 24, 110, 111, 209, 

210 

plate with circular hole loaded by 

radial pressure 

experiment, 166-170 

theory, 200-213 

transverse contraction ratios, 26, 27 

tube loaded with 
torsion and axial 

. compression, 101-106 

tension, 106-108 

. interpretation of measure- 
ments, 108-111 
Dyad, 296 
Dyadic, self-con jugate, 296 

complex, 315 

geometrical invariant transforma- 

tion of Mohr, 296, 298 
- invariants, 297 

principal components, 297 

principal directions, 296, 297 

vector component, 298 

maximum value of tangential 

component, 299, 300 
Dyadic of strain, complex, 162 

Effect of Poynting, 55, 74 
Elastic-displacement, 38 
Elastic 

increment strain, 18, 19, 24 

limit is misnomer, 9 

modulus 

secant (Young), 18 

tangent, 18, 19 

strain, 6-9 

post-yield, 9, 53 

transverse contraction ratio for 
increment strain, 25 

total strain (Poisson), 25 

Elasto-plastic 

increment 

partial-strain, 48 

strain, 23, 24, 48 

modulus not convenient, 24 

strain, 12, 13, 51, 53, 109, 110, 112 

stress-strain relations 

general isotropy, 50 

restricted isotropy, 5 1 

tangent modulus, 23 
Ellipse of yield, 126 
Elliptic coordinates, 289, 290 
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Equilibrium 

of element 

rotational, 41 

translational, 76, 215 

stress equation, 76 
three-stress, 215 

two-stress, cartesian, cylindrical, 

polar, 137 
Equivalence of relative-displacement 

and straining-displacement, 134 
Equivalent normal 

strain, 83 

- stress, 83, 350 
Er (extension ratio), 3, 15, 234 
Escalation, 319 
Experiment on 

aluminium 

tube under torsion and axial 

tension, 130 
--- brass 

simple tension, 13 

tube under torsion, 7981 

axial tension, internal pressure, 

129 

copper 

simple tension, 13 

tube under axial tension, internal 

pressure, 86, 87, 130 
torsion, 129, 130 

cupro-nickel tube under torsion, 79 

duralumin 

plate with expanded circular 
collet, 166-170 

simple tension, 7-9 

tube under axial torsion and axial 

compression, 101106 

tension, 106-108 

iron tube under axial tension and 

internal pressure, 130 

lead cylinder under torsion, 70, 79, 81 

nickel tube under axial tension and 

internal pressure> 130 

rubber 

sheet under tension, tension, 

226-228 

anomalous analysis, 231-235 

simple tension, 14-17 

sheet with circular hole, 164- 

166 
--steel, 128 

simple tension, 1012 

tube under axial tension 

internal pressure, 86, 88 

torsion, 94-96, 130 

internal pressure, 129 



Experiment on steel 

unstable primary yield, 10 

yield, 128-131 
Extensile strain, 347 
Extension 

is positive strain, 4 

ratio (er), 3, 15, 234, 347 

viscosity coefficient, 117 
Extrusion of metals, 114, 115 

Finite differences differentiation, 317, 

318 
First invariant of 

partial-increment of 
strain dyadic, 140 

- stress dyadic, 45 

self-conjugate dyadic, 297 

strain dyadic, 83, 140 

stress dyadic, 45, 137 
Flow 

boundary layer, xi 

- - modulus 

ofMises, 118, 119 

alternative to, 119 

of metals during extrusion, 114, 115 

plane, incompressible, 115 

plastic 

-theory of Tresca, etc., Keuss, 

114-118 
alternative formulation of 

Mises' theory, 119-121 
Flow-strain (stress-fluidity), 115 
Fluid, incompressible, hydrodynamical 

theory, 114 
Force between two atoms, 124 

Gauge length, 1 
General isotropy 

elastic, 47, 50 

elasto-plastic, 48, 50 
Generalised 

Hooke's law, 205 

plane stress of Filon, 151-154, 347 
Grad grad of complex function, 315 
Grad (nabla) operator, 303 

Harmonic 

analysis, 335 

function, 196 
Heterogeneous 

strain, 133 

stress, 132 
Homogeneous 

strain, 133 
local, 132 

stress, 43, 44 
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Hydrodynamical theory for incom- 
pressible fluid, 114 
Hydrostatic pressure, 114 
Hy drostereo - dynamics, 123 
Hysteresis loop, 8, 9 

Idemfactor, 59, 296 
Incompressible 

fluid hydrodynamical theory, 114 

plane flow, 116 

substance (rubber) stresses, 17 
Increment 

displacement, 3 

partial-strain, 47 

strain, 3, 4 

increment relative -displacement, 

143 

straining- displacement, 49 
Incremental plastic strain theory of 

Tresca, etc., Reuss, 114-123 
Infinitesimal strains theory 

classical of Navier, Cauchy, 146 

adapted to finite strains, 147 

complex variable solutions, 158- 

161 

straining-rotation is quasi-zero, 149 
Initial position, 350 

deformation, 39 

instantaneous, 29, 30, 32, 33, 350 

relative, 350 

spatial, 29, 30, 350 
Intermediate (elasto-plastic) stress 

state of metal, 115 
Interpretation of tests 

copper and steel tubes under axial 

tension and internal pressure, 
86-94 

duralumin tubes under torsion and 

axial tension or compression, 

108-111 
steel tubes under torsion and axial 

tension, 96-100 
Invariant, first, of self -conjugate 

dyadic, 297 

increment 

strain, 140 

stress, 45 

invser, 241 

ser, 229 

strain, 140 

stress, 46, 137 

Inver (inverse extension ratio), 3, 15, 347 
Invser (inverse squared extension 
ratio), 15 

dyadic, 241, 242 
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Irrotational strain, 135, 178, 179 
Isotropic substance, 350 
Isotropy 

definition of F. D. Murnaghan, 242 

general, 47, 360 

restricted, 47, 350 

of stress-strain parameters (experi- 

mental), 113, 121, 122 
Iteration of 

errors in wanted function, 320 

wanted function, 319 

Laplacian 

equation, 315 
solved by 

electrical continuum, 329 

iteration of errors, 329-332 

transformed to poissonian equa- 
tion, 331 

operator, 304 

finite differences, 318, 319 

Lead cylinder under torsion, 70, 79, 81 
Line, surface and volume related 

integrals, 311 

Local distortions of atomic lattice, 124 
Locally convected axes, 133, 348 
Logarithmic (natural) strain, 4 
Lower yield, 10 

Maximum shear stress 

criteria for, 46 

yield criterion, 125 

Metal states (elastic, intermediate, 

fluid) due to stress, 115 
Metric of strain, linear and quadratic, 

347, 348 

Migration of particles, 124, 201, 202 
Modified 

plastic flow theory of Misos, 119- 

121 

stress function of Maxwell, 220, 347 
and Saint -Venant compatibility 

conditions, 222 

torsion theory of Saint-Venant, 269, 

270 
Modulus 

cross-elasticity (M. Reiner), 55, 75 

elastic, nominal (Young) and true, 

17, 18 

elasto-plastic, 23, 24 

flowofMises, 118, 119 
alternative to, 119 

of vector, 294 

plastic, 23 

secant and tangent, 18 
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Moment 

distribution, 320 

due to elemental force, 252, 253 
Motion equation of fluid particle, 114, 

116 

Nabla (grad) operator, 303 
Natural (logarithmic) strain, 4 
Negative strain is contraction, 4 
Nominal 

elastic modulus (Young), 17 

strain (Cauchy), 2, 347 
stress, 6 

Normal 

and shear loading on elastic- annulus, 

175-179 

loading on 

annulus 

elastic, 171-175 

elasto-plastic, 166-170, 200- 

213 
sphere, 223-225 

strain, 2, 347 

nominal (Cauchy), 2, 347 

- principal, 49 
true, 2 

stress and 

shear stress on elastic strip, 

70-72 
small shear stress on elastic strip, 

72, 73 

stress, 40, 44 

principal, 44 

Notation for 

direction subscripts, 204 

scalars, vectors, dyadics, quadadies, 

294, 295 
Null vector, 70 

Octahedral 

curve, 83, 84 

directions in stress-space, 82 

shear increment stress and strain, 85 

strain, 348 

normal and shear, 83, 348 

stress, 346 

normal and shear, 82, 83, 346, 347 

Octahedral-parametric surface, 84, 85, 
350 

One -one correspondence of forces and 
displacements, 30, 134 

One-stress, 1, 346 

Orthogonal reference systems, 300-303, 
305 

Orthogonality of components of com- 
plex function, 314 



Partial-increment dyadic 

strain, 49, 135, 216, 348 

stress, 44, 137, 346 
Partial-strain, 47, 348 

increment, 47 
Passive product, 296 

Phase difference of strews and elasto- 
plastic strain for 

duralumin, 109, 110 

steel, 96, 97 
Plane 

flow, incompressible, 115 

strain, 148 

stress, 132, 347 
curvilinear, 347 

generalised of Filon, 151-153, 

347 
Plastic 

flow theory 
of Mises, 117 

alternative formulation, 119- 

121 

incremental strain (flow) theory of 

Trosca, etc., Reuss, 114-123 

strain (permanent), 8 
term unsatisfactory, 10 

tangent modulus, 23 
Plastic -displacement, 3 8 
'Plasticity' term confusion, 122 
Plastico-dynamics, 123 
Poissoman equation* 144 

solved by 

__ electrical continuum, 329 

electrical network, 326, 328 

iteration of errors, 321-325, 327, 

328 

net analogue, 325 

Positive strain is extension, 4 
Post-yield strain, 8 

elastic, 9, 53 
Potential 

complex, 315 

theory extended to dyadics, 

250 

trough, 124 
Primary 

elastic strain, 7 

yield, 8 

unstable for mild steel, 10 

Principal normal 

strain, 49 

directions, 49 

trajectories, 133 

stresses, 44 
directions, 44 



361 



SUBJECT INDEX 



Product of vectors 

passive, 296 

scalar, 296 
double, 304 

vector, 294 

double, 145 

Pseudo -harmonic 

function, 330 

stress solutions, 199 
Pure shear 

strain, 52, 53 

stress, 52, 53 

Quadad, 296 

Quadadic of stress-strain parameters, 

135, 138 
Quadratic strain 

compatibility, 247-249 

metric, 241 

theory, 228, 229 

of other writers, 240-249 

B. R. Seth, 241 

Cauchy, Green, 241 

collected formulae, 245, 246 

comparative comments, 246, 

247 

F. D. Murnaghan, 242 

M. Mooney, 243 

B. S. Kivlin, 244 

W. Kuhn, L, R. G. Treloar, 

243 

Quasi -homogeneous strain, 132 
Quasi-plane stress, 155-158, 347 
Quasi -stationary flow, 117 

Reference space, 348 

is deformed body, 3, 4, 31 
Related line, surface and volume 

integrals, 311 

Relative-displacement, 37, 38, 133, 134, 
349 

and strain, 134, 218 

cartesian, cylindrical, plane polar 

stresses, 142 

complex variable solution, 162, 163 
Relatively initial position, 350 
Relaxation method, 320-332 
Residual stresses in annulus, 194-199 
Restricted isotropy 

elastic, 48 

elasto-plastic, 51 
Rotation, 29, 38, 133, 350 
Rubber sheet loaded with 

simple tension, 14-17, 20-23 
circular hole in sheet, 164-166 



Rubber sheet loaded with 

tension, tension, 226-228 

anomalous analysis, 231-234 

strains independent of loading 

sequence, 228 

Scalar (dot) product, 295 

double, 304 
Secondary yield, 9 
Secant modulus, 18 

Self -con jugate dyadic, 296 

invariants of, 297 

Ser (squared extension ratio), 15, 347 

dyadic, 229, 241 

Shear and transverse normal stresses 

on elastic strip, 70-72 
Shear strain 

definition of Cauchy, 150 

pure, 52, 53 

simple, 54, 56 
Shear stress, 40, 44, 51 

complementary, 41 

maximum value, 40, 41, 45 
criterion for, in thin sheet, 46 

maximum, yield criterion, 125 
- pure, 52, 53 

simple, 54 

Shear viscosity coefficient, 116 
Shearing of plane lamina 

elliptical, torsion of, 289-293 

infinite with hole 

circular, 285-287 

elliptical, 288, 289 

long strip, 284 

changing width abruptly, 287, 288 

semicircular indentation, 287 

Simple compression, 1 
Simple shear 

strain, 54, 56 

stress, 54 

Simple shear stress applied to sheet 

elastic, 54, 56 
anisotropic, 60 

general isotropy, 61, 64 

restricted isotropy, 61-64 

elasto-plastic, 65, 66 

general isotropy, 65, 66 

restricted isotropy, 66-69 

Simple tension, 1, 5 

on infinite sheet having circular hole, 

170-185 

Simultaneous algebraic equations solu- 
tion by various methods, 319-321 

Skin effects, 197, 198 

Slip planes at yield, 124 
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stress on elastic strip, 72, 73 
Spatial 

convection-displacement, 349 

doublet vector field, 30 
Spatial-displacement, 29, 30, 33, 34, 36, 

37, 349 

gradients ami 

strain and spatial-rotation, 160, 

151, 222 

stress, 35 

Spatial -rotation, 34, 350 

- and spatial -displacement gradients, 

35 

antiself -conjugate dyadic, 150, 222 
Spatially 

fixed axes, 348 

initial position, 29, 30, 350 
Specialised sequence for direction sub- 
scripts, 294 

Sphere loaded normally, 223-225 
Spherical coordinates, 302, 303 

operator 

curl, div, grad, 303 

- grad grad, laplacian, 304 

self-conjugate dyadic 
curl of, 308 

divergence of, 307 

vector gradient of, 306 

vector gradient of vector, 310 
self- conjugate and antiself -con- 
jugate components of, 310, 311 

Squared extension ratio (ser), 1 5, 347 

dyadic, 229, 241 
Steel loaded 

simple tension, 10-12 

tube 

axial tension and 

internal pressure, 86, 88 

interpretation of measure- 
ments, 86-92 

torsion, 94-96 

interpretation of tests, 96- 

101 

Strain, 2, 347, 348 

applied extensile, 347 

dyadic, 33, 48, 134, 138, 215, 348 

and displacement potential, 143 

partial -increment, 49, 138, 216, 

348 

invariants, 348 

logarithmic, 4 

nominal (Cauchy), 2, 347 

normal, 2, 347 

positive, is extension, 4 



shear 

pure, 52, 53 

simple, 54, 56 

transverse contractile, 347 

true, 2 

Strain and relative-displacement, 134, 
218 

cartesian, cylindrical, plane polar 

stresses, 142 
Strain ellipsoid, 241 

inverse, 229, 241 
Strain energy, 351 

gradients in strain-space define 

stress, 237 
incompressible substance, 238 

per unit initial and current volumes, 

236, 351 

zero function, 240 
Strain-gauge of electrical resistance- 
wire, 1, 166, 170 

Strain metric, 347 

linear, 348 

quadratic, 241 

Strain trajectories, principal normal, 

133 
Strain transfer, 348 

elastic does, 52-56 

plastic does not, 48, 53 
Strain -velocity, 115 

Strains compatibility conditions, 133 

of Samt-Venant, 141, 146-148, 221, 

222 
allow spurious solutions, 38 

two-stress, cartesian, cylindrical, 

plane polar, 141 
Straining convection-displacement, 1 33, 

134, 349 
Straining-displacement, 28-30, 32, 33, 

36, 37, 48, 349 

increment, 49 

Straining doublet vector field, 30 
Straining-rotation, 133 
Stress, 346 

defined by strain energy function, 

237-240 

discontinuity in plastic flow, 117 

dyadic, 39, 43, 346 

partial-increment, 44, 215, 346 

principal directions, 46 

principal directions, 44 

gradients can be steep at skin, 198 

in real substances, 5, 6 

invariants, 346 

nominal, 6 
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Stress 

normal, 40, 44 

quasi-plane, 347 

shear, 40, 44 

maximum value, 40, 41 

transfer, 62, 346 

true, 5 

vector, 40, 41, 44 

vs. strain for 

copper and brass, 13 

duralumin, 6-9 

rubber, 14-16 

steel, 11, 12 

Stress equation of equilibrium, 76, 

215 

Stress-fluidity (flow-strain), 115 
Stress function of 

Airy, 145 

and Saint-Venaiit's compatibi- 
lity conditions, 148 

Boussinesq, 265, 26G 

Maxwell modified, 220, 347 
and Saint-Venant compatibility 

conditions, 222 
Stress -mvser parameters, 241 
Stress potential, 144, 219, 220 

and displacement potential, 145, 

220 

Fourier representation, 196 
Stross-ser parameters, 228 

related to stress-strain parameters, 

235 

Stress-space, 346 
Stress-strain, 350 
dyadic, 250 

parameters as functions of octa- 

hedral stresses, 92, 93, 113 

quadadic, 135, 138, 139, 216, 350 

relations 
elastic 

general isotropy, 50 

physically non-linear, 249-251 

restricted isotropy, 32, 35, 50 

elasto -plastic 

general isotropy, 50, 51, 85, 

138, 139, 216 

restricted isotropy, 51, 139, 

140, 216, 217 
Stress-tube, 350 
Stresses 

curvilinear, 43, 44 

cylindrical, 136 

plane 

cartesian, 43 

polar, 136 



Stretch, 2 

unit, 347 

Surface, line and volume related 
integrals, 311 

Tangent modulus, 18 

elasto-plustic and plastic, 22, 23 
Tensile stress, 346 

Theorems of Stokes and Gauss, 311 
Thin 

spherical shell containing pressure, 

224 

tube loaded normally, 175 
Three-stress dyadic, 214, 346 
Torque applied to piano sections of 

body, 254-256 
Torsion and axial tension (approximate 

analysis) oil clastic tube, 82 
Torsion of 

frustum of hollow clastic sphere, 

256-260 
non-cylindrical body, specialised 

theory, 270-276 
basal solution, 273, 280-284 

piano elliptical lamina, 289-293 

right cylinder 

arbitrary Saint- Vonant's theory, 

263-269 
dinlocational rotation in, 270, 

293 

elliptical 

hollow, 278, 279 

solid, 276-278 

modification of, 269, 270 

circular, Coulomb's theory, 261 

tube, approximate analysis, 261 
elastic, 77, 78 

elasto-plastic, 79 

Trajectories of principal normal strain, 

133 
Transfer of 

strain, 54, 348 

elastic does but plastic does not, 53 

stress, 53, 346 

Transition zone of yield boundary, 206 
Transverse 

contractile 

increment strain, 4 

strain, 347 

increment contraction ratio (tan- 

gent), 4 
Transverse contraction, 2 

ratio, 4 

secant (Poissoii) and tangent, 4, 

8, 25 
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Trigonometric series of Fourier, 333- 
336 

differentiation and integration, 334, 

335 
True 

elastic modulus, 18 

increment strain, 3 

strain, 2, 347 

stress, 5 
Two-stress, 43, 346 

Unit 

strain energy, 351 

stretch, 55, 59, 347 

accounts for Poynting effect, 55 

vector (direction) of vector 294 
complex, 315 

Upper yield, 10 

Vector 

complex, 315 

modulus and direction of, 294 
product (cross product), 295 

double, 145 

Vector component of self -conjugate 
dyadic, 298 

increment 

strain, 49 

stress, 44, 137 

strain, 49 

stress, 40, 41, 44 
Vector field, 294 

doublet, 30, 177, 349 
relative, 134 

spatial and straining, 30 

Vector gradient 

of complex function, 315 

of vector, self-conjugate and anti- 
sclf-conjugato components of, 310 

operator (grad or 'nabla'), 303 
Vector stress, 40, 41, 44 ,215 

normal and shear components 40, 

41, 44 

Vursor operator, 57 
Virtually irrotatioiial strain, 135 



Viscosity coefficient of 

extension, 117 

shear, 116 

Volume, surface and lino related 
integrals, 311 

Whole-body 

convectod axes, 29, 349 

convection- displacement, 29, 37, 

349 

geometry, 33 

observer, 29 

rotation, 29, 350 

infinitesimal, 33 

Work-hardoning, 8 

Yield, 350 

boundary not sharp, 205 

circle, 126, 127 

due to radial pressure in hole in 

duralumin plate 

experiment, 166-170 

theory, 200-213 

by other writers, 212 

ellipse, 125, 126 

force for two atoms, 125 

not influenced by hydrostatic pres- 

sure, 118, 125 ' 

primary, 8 

unstable for mild steel, 10 

secondary, 9 

upper and lower, 10 
Yield criterion, 123 

atomistic approach, 124 

distortional energy, 125 

experiments, 128-131 

maximum shear stress, 125 

phenomenological ,125 

Zero 
strain energy function, 240, 35 1 

straining-rotation in infinitesimal 

deformation, 149 

whole-body rotation, 30 
infinitesimal, 33, 35, 36 
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